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ABSTRACT - This paper is a study of semitotal blocks in fuzzy graphs. During the study some interesting results
regarding the semitotal blocks in fuzzy graphs are obtained. It is observed that when ‘B’ is a block of a given fuzzy graph
G:(V, o, ), then degree of the vertex B in semi total block fuzzy graph TstgF(G) is equal to the sum of the membership grade of the
vertices in that block and the number of edges in TstgF(G) related to block B is |V(B)| with membership grade minimum of
o(u), o(B). Finally, the resultis |EssF(G)| = | EF(G)| + [VB) | + [V(By) | +... + [v(BYI.
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1. INTRODUCTION

A finite graph G = (V, E) consists of a finite nonempty set of objects, V = {v,, v,, ...} called vertices and
another finite set, E = {e1, €2, ...} of elements called edges such that each edge ek is identified with an unordered pair
{v, vj} of vertices. An edge associated with a vertex pair {v,, v;} is called a self- loop. The number of edges
associated with the vertex is the degree of the vertex, and d(v) denotes the degree of the vertex v. If there is more than
one edge associated with a given pair of vertices, then these edges are called parallel edges (or) multiple edges. A
graph that has does not have self-loop or parallel edges called a simple graph. Two vertices are said to be adjacent if
they are the end vertices of the same edge. A finite alternating sequence of vertices and edges (no repetition of edge
allowed) beginning and ending with vertices such that each edge is incident with the vertices preceding and
following it, is called a walk and an open walk in which no vertex appears more than once, is called a path. A graph
said to be connected if there is at least one path between every pair of vertices in G, otherwise it is called disconnected.
In a connected graph, a vertex whose removal disconnects the graph is called a cut-vertex.

In this paper, we consider only finite simple graphs.

Rosenfeld [11] considered fuzzy relations on fuzzy sets and developed the theory of fuzzy graphs in 1975.
Rosenfeld has obtained the fuzzy analogues of several basic graph-theoretic concepts like bridges, paths, cycles, trees
and connectedness and established some of their properties. Later on several authors Nagoor Gani and Radha [10], M.S.
Sunitha and Mini Tom [7] were studied about fuzzy graphs. Fuzzy graph theory is now finding numerous applications
in modern science and technology especially in the fields of information theory, neural networks, expert systems, cluster
analysis, medical diagnosis, control theory etc.

2. FUZZY GRAPHS

In this section some necessary literature is collected which presents the basic concept of this paper.

2.1 Definition: A fuzzy graph(f-graph) [7] is a triplet G : (V ,o,l) where V the vertex set, o is a fuzzy subset of V
and p is a fuzzy relation on o such that p(u, v) <o(u) A o(v) forallu,ve V-

2.2 Note: (i) We assume that V is finite and non empty, W is reflexive and symmetric. (i) In all the examples o is
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chosen suitably.  Also we denote the underlying crisp graph [7] by G* :(c*, u*) where ¢* ={u € V : o(u) >0}
and p* = {(u,v) € V xV : y(u, v) >0}. Here we assume ¢*= V.

2.3 Definition: A fuzzygraph H : (V, t, v) is called a partial fuzzy sub-graph of G : (V, o, 1) ift(u) <o(u) for
allu, v e 7~ and v(u, v) < p(u, v) for all edges (u,v) € v*. In particular, we call H: (V, 7, v) afuzzy sub-graph
of GI(v, 0, Y.

2.4 Definition: If t(u) =o(u) Yue t*andv(u, v) = u(u, v) ¥(u,v) € v*¥ and if in addition t* = c*, then H is
called a spanning fuzzy sub-graph of G.

2.5 Definition: A weakest edge of a fuzzy graph G: (V, o, M) is an edge with least membership value.

2.6 Definition: A path P of length n is a sequence of distinct nodes ug ,uy,.....un such that p(uij—1, uj) >0,
i =1,2,3...n and the degree of membership of a weakest edge in the path is defined as its strength.

2.7 Definition: If up = u, and n > 3, then P is called a cycle and a cycle P is called a fuzzy cycle (f-cycle) if it
contains more than one weakest edge.

2.8 Definition: The strength of connectedness between two nodes u and v is defined as the maximum of the strengths of
all paths between u and v and is denoted by CON Ng (u, V).

Au — v path P is called a strongest u — v path if its strength equals CONNGg (u, V).

2.9 Definition: A fuzzy graph G: (V, o, W) is connected if for every u, v in 6*, CON Ng (u, v) > 0.
Throughout this paper, it is assumed that fuzzy graph G is connected.

2.10 Definition [7]: An edge of a fuzzy graph is called strong if its weight is at least as great as the strength of

connectedness of its end nodes when it is deleted and a u — v path is called a strong path if it contains only strong edges.
In a fuzzy graph the strongest path need not be a strong path and a strong path need not be the strongest path [7].

2.11 Definition: An edge (u, Vv) is a fuzzy bridge (f-bridge) of G if deletion of (u, v) reduces the strength of
connectedness between some pair of nodes [7]. Equivalently, (u, v) is a fuzzy bridge if and only if there exist x, y

such that (u, v) is an edge on every strongest X — y path.

2.12 Definition: A node is a fuzzy cutnode (f-cutnode) of G if removal of it reduces the strength of connectedness
between some other pair of nodes [7]. Equivalently, w is a fuzzy cutnode if and only if there exist u, v distinct from w

such that w is on every strongest u — v path. A connected fuzzy graph G: (V, o, J) is a block if G has no fuzzy cutnode.

2.13 Definition: A connected fuzzy graph G : (V ,o,u) is a fuzzy tree (f-tree) if it has a spanning fuzzy sub-graph
F : (V, o, v), which is a tree, where for all edges (x, y) not in F there exists a path from x to y in F whose strength is
more than p(x, y).

3. BLOCKS IN FUZZY GRAPHS

This section explains blocks in fuzzy graphs with some examples which will render better
comprehension. The definition of ring sum of two fuzzy graphs is introduced with required examples. It is
also observed that the ring sum of two fuzzy graphs is also a fuzzy graph.

3.1Definition: A connected non-trivial fuzzy graph having no fuzzy cut vertex is a block in fuzzy graph.

3.2 Example: Consider the fuzzy graph G:(V, o, W) where V = {vi, V5, V3, Vs} and o(v1) = 1, 6(V2) = 1, o(v3) = 1,
o(vs) = 0.5 and p(vy, Vo) = 1, p(Va, Vg) = 0.5, p(vs, v4) = 0.5, i(vy, v3) = 1}. In this fuzzy graph there are no fuzzy cut
vertices. Therefore, this fuzzy graph is a block in fuzzy graph G:(V, o, J)

1
Vi 1 Vo 1

0.5

Vs 1 05 Vs 05
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3.3 Note: A block of a fuzzy graph is a fuzzy sub-graph that is a block and is maximal with respect to the
property in Definition 3.1.

3.4 Example: The set of all Blocks in fuzzy graph G is denoted by SBF(G)

3.5 Example: Consider the following fuzzy graph G:(V, o, i). Where V = {V1, V5, V3, V4, Vs, Vg, V7, Vg, Vg,
V1o, V11} with 6(v;) = 0.8, o(vz) =1, o(vs) = 0.7, 6(vy) = 0.8, 6(vs) = 0.8, o(vs) = 0.8, o(v7) = 0.8, 5(vg) = 0.8,
o(Vg) = 0.7, o(vy) = 0.8, o(vyy) = 0.8 and p(vy, Vo) = 0.4, (V2 Vv3) = 0.2, (v, va) = 0.2, p(vs, Vg) = 0.5
M(Va, Vs) = 0.2, u(vs, Ve) = 0.2, p(vs, Ve) = 0.5, U(Ve, V7) = 0.2, p(v7, Vg) = 0.5, p(vs, Vo) = 0.2, M(Vs, V1) = 0.2,
M(Vs, V1) = 0.2, H(V1g, V11) = 0.2}

0.5

0.8

| Fig-35G:(V,0, 1) |

3.6 Example: (i). Consider the fuzzy graph G:(V, o, ) in figure -3.5(above). There are five blocks in fuzzy
graph G:(V, o, M). They are B;F(G), B,F(G), B:F(G), BsF(G), BsF(G). These blocks are shown in figure 2.
Where B;F(G) is a block having vertex set {V1, V,, V3} with o(v;) = 0.8, o(V;) =1, o(vs) = 0.7 and p(vy,
Vo) = 0.4, 1(va, v3) = 0.2, u(vy, V3) = 0.2, B,F(G) is a block having vertex set { Vs, V,} with o(v3) = 0.7, 6(Vy)
=0.8and u(vs, v4) =0.5, B3F(G) is a block having the vertex set {Vs, Vs, Ve, V7} with o(v3) = 0.7, o(Vs)
= 0.8, 6(Ve) = 0.8, 5(v7) = 0.8, and u(vs, vs) = 0.2, (Vs Ve) = 0.2, p(Vs, V) = 0.5, U(vs, V7) = 0.2, B4F(G) is
block in fuzzy graph having the vertex set {V7, Vs} with o(v7) = 0.8, o(vg) = 0.8, and W(Vv, vg) = 0.5, BsF(G)
is block in fuzzy graph having the vertex set {Vs, Vg, V1o, V11} With 6(vg) = 0.8, 6(vg) = 0.7, (V) = 0.8,
o(v11) = 0.8 and p(vs, Vo) = 0.2, |(Vs, V11) = 0.2, U(Vs, Vio) = 0.2, Y(Vio, V11) = 0.2}
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In this example, SBF(G) = { B:F(G), B,F(G), BsF(G), BsF(G), BsF(G)}

3.7 Note: All blocks in the fuzzy graph are fuzzy sub-graphs of the given fuzzy graph

Here an operation on fuzzy graphs is introduced.

3.8 Definition: Let G;:(Vy,01, M1), G2:(V2,02, Ho) be two fuzzy graphs. Then the ring sum of these two fuzzy graphs is
a fuzzy graph G:(V, o, W) defined as V = V; U V,,

o) if uev, m@) if woe (§-E,)
o) = o,(u) if ueV, and p(uv) =<, (uv) if uv e (E,—-FE). Where uv denotes the edge
o () A opu) if ueV,nV, 0 it w e (ENE,)

between the vertex u and the vertex v.

3.9 Example: Let Gi:(Vi,01, M1), Ga:(V;,02, K2) be two fuzzy graphs as shown below:

Ve 1 1
Vi
Vi 08 07 V, 1 05
r Ve 1 '
04 02 06
02 05 /s 06
05
J 03
) Vi 1 Vi o1 09 V, 1
Vs 1 09 v 1
4
Fig-3.9G=G,;® G,
Fig-39 Gui(Vi 01, W) | [ Fig3.9Go(Va 02 ) |

3.10 Note: The fuzzy graph obtained by the ring sum operation is also a fuzzy graph.

4. SEMI-TOTAL BLOCK FUZZY GRAPHS

This section gives the definition of semitotal block fuzzy graph TssF(G) of a fuzzy graph and observation of
some interesting results. Finally, it is proved that ESTBF(G)| = | EF(G)| + |V(Bl)| + |V(Bz)\ +... 0+ \V(Bk)

4.1 Definition: The semi-total block fuzzy graph denoted by Ts1sF(G) of a fuzzy graph G:(Vsrers, Osters, Hstere) IS
defined as the fuzzy graph having the vertices set Vsrere = V(F(G)) U B(F(G)) and two fuzzy vertices are
adjacent if they corresponds to two adjacent vertices of F(G) or one corresponds to a block B of F(G) and other
to fuzzy vertex v of F(G) and the membership grade of those new vertices and edges are defined as follows:

_| oreU) if ue V(F(G) —— | g )if w e VRG( ))
7srerc () {max {o() / if ueBl<i<n e ﬂSTBFG(UV)_{min{ osterc (U), Osrere (Bi) J1<i<n}

where B; denotes the i"" block in Fuzzy Graph.

4.2 Example: Consider the following fuzzy graph G:(V, o, W), Where V = {V1, V,, Vs, V,} with o(v;) = 0.8,
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o(vy) = 0.9, o(v3) = 0.7, o(vy) = 0.8, and p(vy, vz) = 0.8, t(vy, V3) =0.2, (v, V) =0.2, H(vs, V) =0.5. Then B;F(G)
is a block having vertex set {V1, V,, V3} with o(vy) =0.8, o(v2) =0.9, o(v3) =0.7 and p(vy, v2) = 0.8,  p(vy, v3) =0.2,
M(vy, v3) = 0.2, B,F(G) is a block having vertex set { Vs, V4} with 6(v3) = 0.7, 6(vs) =0.8 and p(vs, v4) = 0.5.

Vi 08 Vi 08 Vi 07

V2 09 Vs 08

[Figa26V.0p) | [ Fig42BFG) | \ Fig-4.1, B,F(G) \

Then the semi total block fuzzy graph (STBFG) of above blocks is a fuzzy graph G:(Vsrtere, Ostere, Msters) having
the vertex set Vsrare = {V1, V2, V3, V4, BiF(G), B,F(G) } with o(vy) = 0.8, o(v2) = 0.9, o(v3) = 0.7, o(v4) = 0.8,
o(B;F(G)) = 0.9, o(B,F(G)) = 0.8} and p(vy, Vo) = 0.8, p(vz, v3) = 0.2, p(vq, v3) = 0.2,  p(vs, v4) = 0.5,
H(v1, B:F(G)) = 0.8, p(v2, BiF(G)) = 0.9, p(vs, BiF(G)) = 0.7, p(vs, BoF(G)) = 0.7, H(va, B.F(G)) =0.8.

We denote B;F(G), B,F(G) as By, B, respectively. Then for this example SBF(G) = { B;F(G), B,F(G)} = By, By}

Now the semi total block fuzzy graph of TsrgF(G) of the fuzzy graph shown in the above figure is

B: 09

Fig-4.2,

0.8

4.3 Note: Since every edge of fuzzy graph G:(V, o, J) is also an edge in the semi total block fuzzy graph with same
M -value (membership grade), every vertex of fuzzy graph G:(V, o, W) in the semi total block fuzzy graph with same
M -value (membership grade), the fuzzy graph is a fuzzy sub-graph of semi total block fuzzy graph. That is G:(V, o, W)
contained in G:(Vsrere, Osterc, Msterc).

4.4 Definition: Let G:(V, o, J) be a fuzzy graph and B be a block. Then a fuzzy edge in semi total block fuzzy graph is
said to be fuzzy edge related to block B if one the end vertex of that fuzzy bridge is B.

4.5 Example: In example 4.2, the fuzzy edge v,Bs, viBy, v3B; are the fuzzy edges related to block By, and v3B,, v4B;
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are the fuzzy edges related to block B,.

4.6 Lemma: Let B be a block of a given fuzzy graph G:(V, o, W). Then,
(i) degree of the vertex B in semi total block fuzzy graph TstgF(G) is equal to the sum of the membership grade of the
vertices in that block.

(ii) The number of edges in TstgF(G) related to block B is |V(B) | with membership grade minimum of o(u), o(B).

Proof: Let B be a block in fuzzy graph G:(V, o, 1) . Suppose block B contains k vertices say, { vi, Vo, . . ., W} = V(B).
Since for each v;, (1 < i < k) in block B, there is an edge between the vertex v; and vertex B in TsgF(G) with
membership grade as minimum of o(v;) and o(B). This is true for all vertices v;, in block B. Thus the degree of the
vertex B in TsrgF(G) is equal to sum of the membership grade of the vertices in block B. (ii) Since block B contains k
vertices, so there are k edges with one end vertex B in TstgF(G) with the membership grade as minimum of o(v;) and
o(B)}. Therefore, the number of edges related to block B is k = |V(B) |

4.7 Theorem []: |EseF(G)| = | EF@G)| + VB | + [V(B,)| +... + [V(BY|.

Proof: Let G:(V, o, W) be a fuzzy graph and By, B,, . . ., By, be the blocks in fuzzy graph G:(V, o, 1). Suppose
TseF(G) the semitotal block graph of fuzzy graph G:(V, o, ). Write SBF(G) = { B;F(G), B,F(G), . . . BnF(G)}.
If ‘e’ is any fuzzy edge between two vertices in fuzzy graph G:(V, o, W), then ‘¢’ is an edge in E( F(G)). Otherwise, the
edge formed in between a vertex and a block B;F(G) in semitotal block fuzzy graph TstsF(G). Suppose B be a block with
k vertices. Then by above lemma the number of edges in TsgF(G) related to block B is \V(B) | with membership grade

k
minimum of o(u), o(B). This is true for all blocks in fuzzy graph G:(V, o, W). Thus Z|V(Bi)| is the number of
i=1
edges that are related to different blocks in fuzzy graph G:(V, o, H). Hence the number of edges in semitotal block fuzzy
graph TsrsF(G) is [EsreF(G) | = | EF@)| + [VBY) | + [V(B) | +... + [v(BY.
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