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Abstract. In this paper we will find the relation between the fractional integral op-
erator I® f (z),and a special case of the integral operator J, xf (z) introduced recently by
Salah And Darus [6],then we illustrate some subordination and superordination properties
of J, »f (#) in the special case where n = 0.
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1 Introduction

In recent years, considerable interest in fractional differential equations has been stimulated
due to their numerous applications in the area of physics and engineering. There are several
kinds of fractional derivatives, which are generalizations for derivatives of integral order. For
the purpose of this paper the Caputo’s definition of fractional differentiation will be used
related to Srivastava and Owa definitions for fractional operators in the complex z-plane.

Definition 1.1(see [6]) Caputo’s definition of the fractional-order derivative is defined as

oppy L ARG
D f(t)_ I‘(n_a)/a (t— a+1—ndT

7)

where n—1 < Re (a) < n,n € N, and the parameter « is allowed to be real or even complex,
a is the initial value of function f.

Definition 1.2 (see [7]) The fractional derivative of order « is defined as

wpn 1 d [ f@
DZf(Z)F(l—a)clz/(z—t)adt70<a<1
0

where f is analytic in simply-connected region of the complex z-plane containing the origin
and the multiplicity of (z — )™ is removed by requiring log (2 — t) to be real when

(z—1t) > 0.

Definition 1.3(see [7]) The fractional integral of order « is defined by
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z

If (2) = ﬁ/f@)(z—t)“*ldt,ogaa
0

where f is analytic in simply-connected region of the complex z-plane containing the origin
and the multiplicity of (z — ¢)*~ " is removed by requiring log (z — t) to be real when (z — t) >
0 note that I?f(z):%f(z) ifz>0and 0if 2 <0

Using Caputo’s definition 1.1, Salah and Darus have recently introduced the following inte-
gral operator.

Definition 1.4(see [6])

Jn,)\f (Z) =

Lt N oy [ 0T
o

I'(n—=2) z— M
where Q"f (z) = T'(2 —n) 2"D?f () is the generalization operator of Salagean derivative
operator and Libera integral operator (see [6]).

if n = 0 then
Jonf (2) = =7—5"2 /f ) (z—t) " tat, (-1 < A< 0)
setting —\ = « we can simply write

Jaf (2) =T 2+ ) 2717 f ()

Jor0<a<l1.

The purpose of this paper is to study the fractional differential subordination
B B B
2%Jagn z2%Jaf 2% Jago
(I‘(2+a)) (2) < <F(2+a) @ =\re+a) @

(za_lJ“gl)u (z) < (W)# (2) < (Za_lJag2># (2),n=>1

2+ I2+a) I'2+a)

and

2 General properties
Theorem 2.1 For 0 < a < 1 and f is continuous function, then

L DISf(2) = 55 f(0) +I2Df (2),D = L

2. ITD2f (2) = DI S (2) = [ (2)

8. DJuf (2) = S2ESF(0) = 2Jaf (2) + JuDf (2)
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Proof. For the proof of (1) and (2) see [1] and proof of (3) follows by computing the 1st
derivative of Jof (2) =T (2 + a) 27 *I2 f (2)

Lemma 2.1. Let f (z) be a non-increasing function then for z; < zo we have

Proof.

['(2+a)f(21) S ['(2+a) f(22)

Jaf (21) =T 2+ )2 "L (1) = =072 =Ty

=Jof (Z2>

3 Subordination and Superordination

Let F,G be analytic functions in the unit disk U.The function Fis subordinate to G,we
write F' < G,if G is univalent , F (0) = G (0) and F (U) C G (U).Or given two functions
F,G, which are analytic in U, the function F is said to be subordination to G in U if
there exists a function w,analytic in U with w(0) = 0 and |w(z)] < 1,Vz € U, such
that F(2) = G(w(2)),Vz € U. Let ¢ : C2 — C and let h be univalent in U.if pis
analytic in U and satisfies the subordination ¢ (p(z) zp (z)) < h(z) then p is called a
solution of the differential subordination. The univalent function ¢ is called a dominant
of the solutions of the differential subordination , p < ¢. If pand ¢ (p(z),zp/ (z)) are

univalent in U and satisfy the differential superordination h(z) < ¢ (p(z) 2p (z)) then
p is called a solution of the differential superordination. An analytic function ¢ is called
subordinant of the solution of the differential superordination if ¢ < p. Let H be the class
of analytic functions in U and H [a,n] be the subclass of H consisting of functions of the
form f(z) = z 4+ apnz™ + app12" Tt + - - -let A be the subclass of H consisting of functions
of the form f(z) =z + ag2® + - - -.

Definition 3.1(see[2]|Denote by @ the set of all functions f (z) that are analytic and

injective on U — E(f) where E(f) = {( €0U :lim.¢ f(2) = oo} and are such that
F Q) #0.CeoU ~E(f).

Lemma 3.1(see [3]) let g (z) be univalent in the unit disk U and 6, ¢ be analytic in a domain
D containing ¢ (U) with ¢ (w) # 0 when w € ¢(U). Set Q(2) = zq (2) ¢ (q(2)),h(z) =

0(q(z)) +Q (z) .suppose that

1. Q (#) is starlike univalent in U ,and

2. R { zg(g} >0,z € U.If

0(p(2)+2p (2)¢(p(2) < 0(q(2) +2q (2)¢(q(2)), then p(z) < q(2) and q(2) is the
best dominant.

Lemma 3.2(see [4].) Let ¢ (z)be convex univalent in the unit disk U and ¢,y € C with .if
p(z) is analytic in U and ¢p (2) +vzp (2) < ¥q(2) +vzq (2),then p(z) < ¢(z) and ¢ (z) is
the best dominant.

lemma 3.3(see [5].) Let ¢ (z) be convex univalent in the unit disk U and ¢, ¢ be analytic
in a domain D containing ¢ (U) .Suppose that
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1. zq (2) ¢ (q(2)) is starlike in U, and

2. %{ﬂ'(q(”)} >0,z €U.

#(q(2))

If p(z) € Hq(0),1] N Q, with p(U) € Dand ¥ (p(2)) + zp (z) ¢ (2) is univalent in U and
(g (2))+2q (2)9(q(2)) <9 (p(2))+2p (2) ¢ (p(2)) then ¢ (2) < p(2) and ¢ (2) is the best
subordinant.

lemma 3.4(see [2].) Let g (z) be convex univalent in the unit disk U and v € C. Further
;assume that R {7} >~ 0 .if p(z) € H[g(0),1] N Q ,with p(z) + vzp (2) is univalent in U
then q (2) +vzq (2) <p(2)+7v2p (=) implies ¢ (z) < p(2) and ¢ (2) is the best subordinant.
Theorem 3.1. Let f, g be analytic functions in U such that f(0) = ¢ (0) = 0,4 (0) = 1,

(F(inia) Ja g) (z) be convex univalent in U satisfies

29" (2) 2 e 1
R{1+ gI(Z) +(B 1) g(Z) +g,(z)+’y}>0
B>1,9(z)#0,g (2)#0,z€U.
If
s B
(s ar) €4

and the subordination

B ' B '
ey zf (= z¢ zg (2)
(rma) Jaf) (2) [1 + 5 f<z>)} = (F<2+a> J“g) =) {1 e

holds, then

}ﬁec

(sziia)*]agﬁﬁ (2) < (F(;ila)g]ag)ﬁ (2)

e

B
and (% Jag> (z) is the best dominant.

Proof. We are to apply lemma 3.2 setting

p(z) = (F(;‘*‘a)

e}

B
Jaf> (2) = (12f)°

and

First we show that
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+7

28129)" () [ + 129 (2)] ik (124) () 202 (2)
1

BI29)" (2) 124 (2) B29)" " (1) 129 (2) v
D S M B kU O BT o S
g9 (2) 9(2) 9 (2) v
Hence ¢ (z) is convex univalent function in U , Now we will show that
p(2) +72p (2) < q(2) + 724 (2)
R{7} > 0,¢ = 1.
By the assumption of the theorem we have
p(2) +72p (2) =
2 ’ 2f () 2 ’ 2 (2)
(Fora™r) @[+ 9775 < (rras) @105

Thus in view of lemma 3.2, p(z) < ¢ (z)and ¢ is the best dominant
Theorem 3.2. Let f,g be analytic function in U such that f(0) = ¢g(0) = 0,9 (0)=1

denote
G(e) = Froy |12 - 22
such that
R {2 N Zg;fj) N (u—l)zgg(g(a)c:(z)} S0

Assume that

RAYS . o B AL
z [(W> } is starlike univalent function in U .If (W) (2) e A

and the subordination

(%)u (2) {1 +p <zf(§'§) - 1)} =< (%)“ (2) {1 +p (Zg(i’)z) - 1)}
holds, then

(%)H (2) < (%)M (), >1and (Z;(;%(‘;)g)ﬂ (z) is the best dominant
Proof. our aim is to apply lemma 3.1 setting

po=(to2t) o= (5 @

2+ «) z
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and

00 = (25228) 0= (£2) @

First we show that

R{Q*?x?}>o
()] G (2) | (1) T ()G (2)
R{”%¢@>}‘R{”*G@>+ 1e) }>“

By setting 0 (w) = w and ¢ (w) = 1.
It can be easily observed that 6 (z), ¢ (z) are analytic in C . We let

/ ’

Q(2) =2q (2) ¥ (2) = zq (2)

h(z)=0(q(2) +Q(2) = q(2)+2q (2).

By the assumptions of the theorem @ (z) is starlike univalent in U and that

D\ o fy O [, G () (i- DT (@) G ()
R{Q@)}‘R{”%qw>}‘R{”*G@>+ 9C) }>0

Now we will show that

p(2) +2p (2) = q(2) + 24 (2)
p(2)+2p (2) =

22 VT A\ B zf (2) B 221 T\ " s zq (2) B
(F@+®>(){1+M<f@) 1)}*<r@+w>(”{1+“<gu> 1)}

= q(2)+ 24 (2).

So in view of lemma 3.1 ,p(z) < ¢(z) and q is the best dominant.

o

B
Theorem 3.3. Let f,g be analytic in U such that f(0) = g(0) = 0 ,(15(2‘_];‘5)) (2) be

a B
convex univalent in U and (;(2{&?5)) (2) e H[0,1] N Q.

Assume that

B ’
2%Ja zf (2)
(F(2+c{)) () [1 + 6y f(;E) ]
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is univalent in U where R {F} > 0. If
a B
(Foth) (e a
and the subordination
B B
2%Ja zg (2) 2%Ja
(feks) @ {Hm 28 ] (fekh) @ [Hﬁ 5 ] p=1
holds. Then:
o o\B g \P g \B :
(F(2fj)) (2) < (F(zfa)) () and (ﬁ) (2) is the best subordinant.

Proof. We will apply Lemma 3.4. setting

e B
pe) = (oL ) @ =wzry

and

4() = (mj;))ﬁ () = (I%9)°

4(2) + 724 () = (g))ﬁ () |1+ 87

r2+a

29 (2)
9(2)

< (#2eh) @ |14 513§] =) 4030 2.
So in view of Lemma 3.4 ,q (2) < p(z)and ¢ (2) is best subordinant.

a— M
Theorem 3.4. Let f,g be analytic in U such that f(0) = g(0) = 0, (%) (2) be

convex univalent in U. Let

- n !
z K%) (z)} be starlike univalent function in U,

a—ly ¢ H ( ) . X
(W) (2)q1+p f( ; be univalent in U and
a=17 H .
(7ZF(2+Q) ) (z) € HNQ with

a—1 H
,u(a—2)>0<r(27+Ja)f) (2) e A

and the subordination

2271 Jag H 2q (= 227 f H 2f (2
() o {14 (22 1) b < () @ fren (F5 1) |-

Holds then
(res) o= (Fes) o

)

where p > 1,and
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- 1
(zr(z#) (2) is the best subordinant.

Proof. Our aim is to apply Lemma 3.3. Setting

re=(toet) = (5 @

And

Za—ljag H Igg 2
q(z) = (W) (Z)—( > ) (2).
By taking ¢ (w) = w and ¢ (w) = 1.
It can easily observed that ¥ (z), ¢ (z) are analytic in C .Thus

Now we will show that
q(2) +2q (2) <p(2) +2zp (2)

q(2)+2q (2)

(2 Mg\ . zg/(z)_ 22T P\ ; zf/(z)_
- (Fees) ”{”“(m 1)}<<r<2+a>) ”{”“(M 1)}

—p(2)+2p (2).

Thus view to Lemma 3.3 , ¢ (2) < p(2)and ¢ (2) is the best subordinant.
Theorem 3.5. Let f, g1, g2 be analytic functions in U such that

/ o B o B
f(0)=91(0)=g2(0),95(0) =1, and (ﬁ(z‘ji(gyl)) (2), (13(2‘]_%2)) (2) be convex univalent
in U satisfying

205(2) | 2(B—1)gy(2) . 1
R{1+ () + = T PAw) + 7} >0,8>1.

If ( 2 Jaf )5 (z)e HNQ (M)B (2) [1 +0 Zf/(z)} is univalent in U and satisfies
T(2+a) ' \T2+a) RN e)

B 4 B ’ B ,
2o 29,(2) 2% Jo zf (= 2% Ja 295 (2)
(Ftt) @ {1 i "gll(Z)} < (Fd) @ {1 +h fé))] < () {1 A ggf<z>}
f>1,7v€C,R{7F} >0, then

2%Jagn A 2%Jo f A 2%Jag2 A h th t 2%Jagn A ; h b t,
o) (2) = (foray) () < (fEsa5) (2) such that ( +5¢%5 ) (2) is the bes
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subordinant and (f:zgjgj)la (2) is the best dominant.

Proof. Combining Theorems 3.1 and 3.3 the result follows.

Theorem 3.6. Let f, g1, g2 be analytic functions in U such that
£(0) = g1 (0) = g2 (0) = 0, gy (0) = 1 be convex univalent in U.

—1

Denote Gy (z) = 4 [gQZ(Z) — ggz(f)} such that

T'(x)

R {2 1 28 (‘Z)> 4 s QF(“G?(Z)} > 0. Also let

92(%)

- I ! - w ’
z KZF(;%?) (z)} ,Z [(%) (z)} be starlike univalent in U and

21{,({) {1 +p < f((')z) — 1>} be univalent in U and

1”) )€ H[0,1]NQ with s (a—2) > 0.

T'(2+a)

(%
(%

T(2+a) z) € an € subordination

za—lJa I 2 /(Z) a 1J 12 zf/ o
( 1"(2+a£)]1> (2) {1 + < ggll(z) — 1>} =< (71“(2-1-0[) ) (2) {1 + i ( f(i)) -1
a— Iz /
=< (mfjag’) (2) {1 +u <Z;;(<5> - 1)} holds, then
o1 H o1 . H o1 " 2 Lyl " H .
(F(Tja;’) (2) < (F(T;)f) (2) < (NTLE’) (2), 1> 1 and (F(T’a?) () is the

- p
best subordinant and (ﬁ) (z) is the best dominant.

Proof. Combining Theorems 3.2 and 3.4 the results follows
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