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ABSTRACT— In this paper, we study the uniformly convergent method on equidistant meshes for the convection-
diffusion problem of type;

Lu=—eu" +bu'"+cu=f(x), u(0)=0, u(l)=0
where L* the formal adjoint operator of L.
At the end of the this paper we will generate the scheme;
ePi 1 h (e”i — 1)

“oir Vi Ui Ui = (fi—a Uy 5 \erir
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1. INTRODUCTION

We consider a uniformly convergent method, called I1’in-Allen-Southwell Scheme. First of all, we will show how to
construct such a method. Then, numerical results can be done similar manner in future study.

2. CONSTRUCTION OF UNIFORMLY CONVERGENT METHOD

We describe a way of constructing a uniformly convergent difference scheme. We start with the standard derivation of
an exact scheme for the convection-diffusion problem given above. The formal adjoint of L is defined by

L= —sd—z -
dx?2 x
Lu=—eu”" +bu'"+cu=f(x), u(0)=0, u(l)=0 @

Consider the following problem on the unit interval 2 = (0,1). Let g; be local Green’s function of L* with respect to the
point x;; that is
L'gi=-egi =bgi =0 in(x_1,x) U (x5, Xi41) (2
Let us impose boundary conditions

9i (xi—1) = gi(xi41) =0
And impose additional conditions

e (gi(x7) — gi(x) = 1.

Now

Xi+1 Xit+1

f(Lu)gidx= ffgidx
Xi-1 Xi-1

Xit1 Xi Xit+1
f (Lu)g;dx = f (—eu" +bu') g;dx + J- (—eu" + bu') g;dx
Xi-1 Xi-1 Xi

Then apply integrating by parts
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Xi Xit+1
f (—eu" + bu')g; dx + f (—eu" +bu') g; dx
Xi-1 Xi
Xi Xi+1
=(—eu' + bu)gi(x)|§:f_1 - f (—eu' + bu)g; dx + (—eu' + bu)gi(x)|§i”1 - f (—eu' + bu)g; dx
Xi-1 Xi

= [(—ew' (x7) + bu(x; ) g; (x; ) — (—eu’ (x;—1) + bu(xi—1 ))g; (x;—1 ) ]
+ [(—ew Gripr ) + buxisg ))gi(xivs ) — (—eu’ (") + bu(x; ) gi(x;) |
- fol (bwgide— [ (bwgdx + [T (eu)gidx + [T (eu)g; dx
From properties of Green’s function (g; (x;_,) = g;(x;+1) =0)and —e g;" — b g; = 0)

Xi+1 Xi+1

f (Lu) g dx = f fgidx = —e'G)gi(x) + ew (giGe) + (2u(0)gi G, + (u(0)gi )1+

Xi-1 Xi-1

Xi Xi+1
+ f (—eg;' —bg;)udx + f (—eg{ —bg;) udx
Xi—1 Xi

Since u' is continuous on (x;_4, x;+1) then we have

= [eu(x)gi () — e ulxigi (1) 1+ [e ulxip)gi(xi1) — e ulx)gi () ]
The identity can be written as

Xi+1

—egi(xi-1) iy + w; + £9;(Xiy1) Ui = (f — cw) f gi dx
Xi-1

General solution of second order differential equation (2) is given by
—eg;/ —bgi=01s

- e\ _bx
g =+ (—2)eTe € (riyx) ©)

bx

g0 =ci+cp(=2)eTe € (xpxia) @

We have four unknowns c;, c,, ¢; and c; , hence we need four equations:
gi (xi—) =0, gi(x;41) =0, &(gi(x7)— gi(x) =1 and from continuity of g; at x;
9:(xi) = gi(x)
Imposing boundary conditions
E\ _bxiq

9i(xi—1) =c1 t ¢ (_E)e e =0

, , &\ _bxita
gt =ci+c(~p)e e =0
By taking derivative of the equations (3) and (4)

,( _) ( b)( S) _bxj_4 _bx;
X )= C |l ——|\——)e £ =cCce ¢
gi\X; 2 c b 2

_bx; _bx;

gl =y (=2)(-5)e e =cree

&

Apply for the equation € (gj(x;7) — g{(x;) =1 and get

_bx _bx; p by
s(cze e —cye s)=1 = c,—C =cecs
We have written g;(x;) = g;(x;}) from continuity of g; at x = x;
9i(x;) — gi(xi-'-%=0 ,

&\ _bx ., &y _bxi

C1+c2(—5)e € —(c1+c2(—5)e € ) =0
and then we have

14 ’ € —ﬁ
(¢r —c1) + (e _Cz)(_z)e e =0
Let us simplify that

bx;
a = —
bh
pPi = e
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We can write
bxiyq bx;+h ﬁ bh e bx;i_q bx;—h ﬁ _bh o
e ¢ =e ¢ =ec,ec=e%Piagnd e ¢ =e ¢ =ec.e & =e%Pi

We transform the equations
&

€ +c (— ;) e"%itPi = 0

& —i—D:
c1+c —;)e “mPi =0

(=) +(cz—¢2) (_ %) e =20

Plug the equation (7) into the equation (8) we get
, 1

(c1—c) = 7
After using symbolic programming MATHEMATICA we obtain

1/ ePi-1 e% ( 1-e"Pi
1= b \ePi—e~Pi)’ €2 = e \ePi-e~Pi

f_ 1(ePi ,_ e%if 1-efi
= b(epi—e_pi)’ €2 = e (epi—e_pi)
Let us impose the equations (10) and (11), then we can rewrite the equations (3) and (4) as follows

_ g\ -bx 1( ePi-1 e%i [ 1-e”Pi g\ -bx
gt =a+e(-3)e = J(Gem) + T Gem) (-3) e (12)

, e\ bx 4/ ePiq e\ DX @iy q-ePi
gi(x;—) =c+ Cé (_ ;) e ¢ = ;(epi_e_Pi) + (_ Z) e ¢ _(epi—e_pi) (13)

&

Taking derivative equations (12) and (13),

g \ePi — e~ Pi
1/ 1—efi
(ot
90 e(epi—e‘/’t>

bx; bh . .
where a; = ' and p; = . We can easily obtain

L 1/ efi—1
it = (22

ePi — e~ Pi
L lrePi-1
9i(xiva) =7 (m)
Now, we can calculate the integral using g; and g;*
Xit1 Xi Xit+1
G- [ gar=G-co| [orax+ | gt ax
Xi—1 Xi-1 Xi

Xi

( ) J<1< epi—1>+e“i<1—e“’i>( €> _b_x)d
= — —_— _— —_— £
f cu b \ePi — e~ Pi e \ePi — e~ Pi b € x

Xi-1
Xit+1

+f <1<e‘/’i—1>+e“i< 1—efi ) ( e) _b_X) d
- - _— &
b \ePi — e~ Pi & \ePi —e~Pi b € x
xi
Integrate with respect to x;
ePi-1

= - ewly LA (D) (Y
_(f_cu)[b(epi—e_pi)'xlxi—l+ g \ePi—e™Pi b/’ £ € glxi—l

A A ) () ()
(L= et(2=¢ *\(_& _° :
b \ePi—e~Pi Xl g \ePi—e~Pi b/’ £ € Xi

Remember that x;,1 = x;+ h,x;_1 = x;—h and x;.; —x;_1 = h.
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Finally, it can be written as follows

Xi+1
) [ siax= -0 5) ()
(f —cu gidx = (f cu)b P
Xi-1
Xi+1
—egi(xi1) Wiy +u; + £9;(Xiy1) Wi = (f — cw) f gi dx
Xi-1
efi—1 1—e™Pi _ h reft—1
o eVt Ui i = (fi —ci Up) 5 (m)
Re-arranging above equation and get we get
ePi U U 1 U - U h refi—1
~ g gV U g Ve = Gima ) 5 (G

This result is exactly same a EI-Mistikawy-Werle scheme in [6].

Example 1: In equation (1), if we choose b=1, ¢=0, u(0)=0, u(1)=0 and f(x) = 2x we get exact solution
X 1 X 1

1—ez—x2+x?ez+ 2e —2ec — 2ex + 2ex ez
1
—1+e¢
Above, the solution changes rapidly in the interval (1 — &, 1). That is, there is an & wide boundary layer around x = 1 as
& — 0. This shows that the boundary layer thickness gets thinner as e gets smaller. Therefore, it remains important to
develop effective algorithms for the numerical solution of such problems.

u(x) =

T | =——c=10? . ]
2\
v =102 ‘4"|
ogf |'= ='e=10* $
' "
I
0.6 7
04 .
0.2F 7
0_ .

Graphics 1: Exact solution of equation (1) for different & values.

3. CONCLUSION

In fact, we have obtained Analytical Construction of Uniformly Convergent Method for Convection Diffusion
Problem.
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