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ABSTRACT----      In this paper, we will introduce a new adjustment of the homotopy analysis method (HAM) to obtain 

approximate or accurate solutions to problems BVPs. The results showed that this proposed amendment is very effective 

compared to the basic homotopy analysis method (HAM), where in most cases solutions are accurate in the first 

iteration. Some examples will be given to illustrate the suggested method. 
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1. INTRODUCTION 

    In this work, we consider the singular two-point boundary value problems (BVPs) of the type  

                                          (1) 

 subject to the boundary conditions 

𝑢(0) = 𝑎  and 𝑢(1) = 𝑏                                                                                             (2) 

where 𝑎, 𝑏 are constants, and  𝜌(𝑥), 𝜎(𝑥), 𝛽(𝑥), 𝑧(𝑥) are continuous functions. The equation  (1)-(2) appeared in different 

fields , including the mechanical inhibits, in chemical reactions and  many applied maths disciplines [13]. Obtaining 

approximate or accurate solutions to this type of problem  is of great importance because of the wide application of this 

equation in scientific research. Given the importance of this type of equation, it has become a point of view for many 

researchers. the above problems solved by homotopy-perturbation method (HPM) [8] . Junfeng Lu [9] used variational 

iteration method (VIM) to search for approximate solutions of singular two-point BVPs. Approximate solutions have also 

been obtained in researchs[5],[7],[16].  

   Homotopy analysis method (HAM) [14] has been used to solve many singular initial value problems with diverse 

variations and  some modificationss  of HAM have published d to facilitatee  and accurate the calculationss  and 

accelerates the rapid convergenceof the series solutiona and reducee the size of worke [2-4],[6],[11],[12],[15,16]. In 

this work, we present anew approach of  homotopy analysis method (HAM) to obtain approximate solutions of the singular 

two-point BVPs (1)-(2).  

 

2. BASIC IDEAS OF STANDARD HAM 

    To illustrate the basic idea of the standard HAM and to achieve our goal of improving the method , we will assume the 

following non-linear differential equation             ℵ[𝑢(𝑥)] = 𝑧(𝑥)                                                                                                          (3) 

 

 
 

          (1 − 𝑝)𝐿[∅(𝑥; 𝑝) − 𝑢0(𝑥)]  = 𝑝ℎℋ(𝑥){ℵ[∅(𝑥; 𝑝] − 𝑧(𝑥)}                            (4) 
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        ∅(𝑥; 𝑝) = ∑ 𝑢𝑟(𝑥)𝑝𝑟+∞
𝑟=0 ,                                                                                    (5) 

where 

         𝑢𝑟(𝑥) =
1

𝑟ǃ

𝜕𝑟∅(𝑥;𝑝)

𝜕𝑝𝑟 |𝑝=0                                                                                       (6) 

 

    𝐿[𝑢𝑟(𝑥) − Χ𝑟  𝑢𝑟−1(𝑥)] = ℎℋ(𝑥)𝑅𝑟(𝑢𝑟−1
⃑ (𝑥)),                                                     (8) 

where, 

   𝑅𝑟(𝑢𝑟−1
⃑ (𝑥)) =

1

(𝑟−1)!

𝜕𝑟−1(ℵ[∅(𝑥;𝑝)]−𝑧(𝑥))

𝜕𝑝𝑟−1 |𝑝=0                                                           (9) 

and, 

𝑋𝑟 = {0                𝑟 ≤ 1
1      𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

                                                                                                     (10) 

 

Basic idea behind the new approach of HAM (naHAM) 
  The new technique of HAM is established. We consider the equation of type in (1) , In the modified homotopy analysis 

method. We will express the nonhomogeneous part  𝑧(𝑥) in (1) in Taylor series with respect to 𝑝,   

  

      𝑧(𝑥) → 𝒵(𝑥; 𝑝) = ∑ 𝑧𝑟 𝑝
𝑟∞

𝑟=0                                                                              (11) 

Where 

                      𝑧𝑟 = ∑
1

(2𝑟+𝑠)!
[

𝑑(2𝑟+𝑠)𝑧(𝑥)

𝑑𝑥(2𝑟+𝑠) ] 𝑥(2𝑟+𝑠)1
𝑠=0      

      

 
    (1 − 𝑝)𝐿[∅(𝑥; 𝑝) − 𝑢0(𝑥)]  = 𝑝ℎℋ(𝑥){ℵ[∅(𝑥; 𝑝] − 𝒵(𝑥; 𝑝)}                           (12) 

It is obvious that when, 𝑝 = 0 and  𝑝 = 1, equation (12) becomes: 
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∅(𝑥; 0) = 𝑢0(𝑥),            ∅(𝑥; 1) = 𝑢(𝑥) 

 

and the 𝑟𝑡ℎ-order deformation equation is 

                𝐿[𝑢𝑟(𝑥) − 𝑋𝑟𝑢𝑟−1(𝑥)] = ℎℛ𝑟(𝑢𝑟−1⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑ ⃑(𝑥))                                                 (13) 
 

where, 

   𝑅𝑟(𝑢𝑟−1
⃑ (𝑥)) =

1

(𝑟−1)!

𝜕𝑟−1(ℵ[∅(𝑥;𝑝)]−𝒵(𝑥;𝑝))

𝜕𝑝𝑟−1 |𝑝=0 

And 𝑋𝑟 as define by (10). Applying 𝐿−1 to (13) we get  

       𝑢𝑟(𝑥) = 𝑋𝑟𝑢𝑟−1(𝑥) + ℎ𝐿−1[ℛ𝑟(𝑢𝑟−1⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑ ⃑(𝑥))]  . 
      

3. APPLICATIONS 

Example 1: consider the singular two-point BVPs [8]  

 

 
                       𝑢0(𝑥) = 0  

And the linear operator  𝐿 will be take the form =
𝑑2

𝑑𝑥2 +
3

2𝑥

𝑑

𝑑𝑥
 . 

with the property  𝐿 [−
2𝑐1

√𝑥
+ 𝑐2] = 0 , where 𝑐𝑖(𝑖 = 1,2) are constants of integration. According to equations (8) and (9) 

we obtain, 

 𝑢𝑟(𝑥) = 𝑋𝑟𝑢𝑟−1(𝑥) + ℎ 𝐿−1 [(1 −
𝑥

2
) 𝑢𝑟−1

′′ +
3

2
(

1

𝑥
− 1) 𝑢𝑟−1

′ +
1

(𝑟−1)!

𝜕𝑟−1

𝜕𝑝𝑟−1
[(

𝑥

2
−                      1)  𝑢𝑟−1 − 𝑧(𝑥)]|

𝑝=0
]  

Then we obtain 

 𝑢1(𝑥) = ℎ(−𝑥2 +
29𝑥3

21
−

13𝑥4

36
−

3𝑥5

55
+

𝑥6

78
)  

 𝑢2(𝑥) = ℎ(−𝑥2 +
29𝑥3

21
−

13𝑥4

36
−

3𝑥5

55
+

𝑥6

78
) + ℎ(−ℎ𝑥2 +

37ℎ𝑥3

21
−

37ℎ𝑥4

42
+

8ℎ𝑥5

231
+                   

6947ℎ𝑥6

108108
−

43ℎ𝑥8

72930
+

ℎ𝑥9

13338
)  

            ⋮   
Then, the series solution expression by HAM can be written as: 

        𝑢(𝑥, ℎ) ≅ 𝑈𝑅(𝑥, ℎ) = ∑ 𝑢𝑖
𝑅
𝑖=0 (𝑥, ℎ)                                                                 (16) 

The equation (16) is the approximate solution set for the problem (1–2) in terms of the convergence parameter h. In order 

to obtain the valid area of the h curves, we will take the the 8th-order HAM at different values of x are drawn in Figure (1) 

. We will select the line segment parallel to the horizontal axis as a valid area for h that provides a simple way to adjust the 

proximity zone. 
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Hence, the series solution of (16) at h = -1  is 

𝑢(𝑥) = 𝑥2 − 𝑥3 +
16𝑥8

2431
−

3904𝑥9

340119
+

3266464𝑥10

1688511825
+

83292714574𝑥11

24350029028325
+ ⋯  ≅    𝑥2−  𝑥3  

 
 Then we get 

 𝑧0(x) = 5 −
29𝑥

2
 ,   𝑧1(x) =

13𝑥2

2
+

3𝑥3

2
,   𝑧2(x) = −

𝑥4

2
 ,  𝑧3(x) = 0  for all 𝑖 ≥ 3  

We choose the initial boundary approximation   

     𝑢0(𝑥) = 0     

And the linear operator  𝐿 will be take the form =
𝑑2

𝑑𝑥2 +
3

2𝑥

𝑑

𝑑𝑥
 . 

According to equation (13) we obtain: 

 𝑢𝑟(𝑥) = 𝑋𝑟𝑢𝑟−1(𝑥) + ℎ 𝐿−1 [(1 −
𝑥

2
) 𝑢𝑟−1

′′ +
3

2
(

1

𝑥
− 1) 𝑢𝑟−1

′ +
1

(𝑟−1)!

𝜕𝑟−1

𝜕𝑝𝑟−1
[(

𝑥

2
−              1) 𝑢𝑟−1 − 𝑧𝑟−1(𝑥)]|

𝑝=0
]  

Then  we obtain 

 𝑢1(𝑥) = ℎ(−𝑥2 + 𝑥3)  

 𝑢2(𝑥) = ℎ(−𝑥2 + 𝑥3) + ℎ(−ℎ𝑥2 +
8𝑥3

21
+

29ℎ𝑥3

21
−

13𝑥4

36
−

13ℎ𝑥4

36
−

3𝑥5

55
−

3ℎ𝑥5

55
+

𝑥6

78
+

ℎ𝑥6

78
)  

            ⋮   
Choosing the auxiliary parameter.  ℎ = −1, we get 

 𝑢1(𝑥) = 𝑥2 − 𝑥3  and  𝑢𝑟(𝑥) = 0  for 𝑟 ≥ 2 

Thus we obtain an exact solution at level  𝑟 = 1, when  ℎ = −1. Also, can be obtained approximate solutions when using 

different value of h.figure (2) show the absolute error at  ℎ = −0.99  and  ℎ = −1.01. 

   
Figure(2) : absolute errorof  𝑢8(𝑥) of naHAM 

of problem (14-15) at different values of  𝑥 𝑎𝑛𝑑 ℎ. 
 

 Example 2: We supposed  the singular two-point BVP[10] 

𝑢′′ +
1

𝑥
𝑢′ + 𝑢 − 4 + 9𝑥 − 𝑥2 + 𝑥3 = 0                  ,       0 < 𝑥 ≤ 1                        (17) 
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                       𝑢0(𝑥) = 0  

The linear operator  𝐿 will be take the form  𝐿 =
𝑑2

𝑑𝑥2 +
1

𝑥

𝑑

𝑑𝑥
 . 

with the property  𝐿[𝑐1 ln(𝑥) + 𝑐2] = 0 , where 𝑐𝑖(𝑖 = 1,2) are constants of integration. According to equations (8) and (9)  

we get, 

 

Then  we obtain 

 𝑢1(𝑥) = ℎ(−𝑥2 + 𝑥3 +
𝑥4

16
−

𝑥5

25
)  

 𝑢2(𝑥) = ℎ(−𝑥2 + 𝑥3 +
𝑥4

16
−

𝑥5

25
) + ℎ(−ℎ𝑥2 + ℎ𝑥3 +

ℎ𝑥6

576
−

ℎ𝑥7

1225
)  

            ⋮   
Then, we can write the serial solution by HAM as follows

 

The equation (19) is the approximate solution set for the problem (17-18) in terms of the convergence parameter h. In order 

to obtain the valid area of the h curves, we will take the the 8th-order HAM at different values of x are drawn in Figure (3) 

. We will select the line segment parallel to the horizontal axis as a valid area for h that provides a simple way to adjust the 

proximity zone. 

                         

 
 

Hence, the series solution of (19) at ℎ = -1  is 

𝑢(𝑥) = 𝑥2 − 𝑥3 −
𝑥4

8
+

2𝑥5

25
+

𝑥6

288
−

2𝑥7

1225
−

𝑥8

18432
+

2𝑥9

99225
+ ⋯  ≅    𝑥2−  𝑥3 
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Then we get 

 𝑧0(x) = 4 − 9𝑥 ,    𝑧1(x) =  𝑥2−  𝑥3,  𝑧2(x) = 0  for all 𝑖 ≥ 2  

 
         𝑢0(𝑥) = 0     

And the linear operator  𝐿 will be take the form =
𝑑2

𝑑𝑥2 +
1

𝑥

𝑑

𝑑𝑥
 . 

According to equation (13) we obtain: 

 

Then  we obtain 

 𝑢1(𝑥) = ℎ(−𝑥2 + 𝑥3)  

 𝑢2(𝑥) = ℎ(−𝑥2 + 𝑥3) + ℎ(−ℎ𝑥2 + ℎ𝑥3 −
𝑥4

16
−

ℎ𝑥4

16
+

𝑥5

25
+

ℎ𝑥5

25
)   

            ⋮   
Choosing the auxiliary parameter.  ℎ = −1, we get 

 𝑢1(𝑥) = 𝑥2 − 𝑥3  and  𝑢𝑟(𝑥) = 0  for 𝑟 ≥ 2 

Thus we obtain an exact solution at level  𝑟 = 1, whenℎ = −1. Also, can be obtained approximate solutions when using 

different value of h.figure (4) show the absolute error at  ℎ = −0.99  and  ℎ = −1.01.               

 
Figure(4) : absolute errorof  𝑢8(𝑥) of naHAM 

of problem (17-18) at different values of  𝑥 𝑎𝑛𝑑 ℎ. 

 

Example 3: Consider the singular two-point BVP [9], 

𝑢′′ +
1

𝑥
𝑢′ + 𝑢 −

5

4
−

𝑥2

16
= 0                  ,       0 < 𝑥 ≤ 1                                            (20) 

subject to the boundary conditions 

  𝑢(0) = 1  and  𝑢(1) =
17

16
                                                                                        (21) 

 
             𝑢0(𝑥) = 1  

the linear operator  𝐿 will be take the form =
𝑑2

𝑑𝑥2 +
1

𝑥

𝑑

𝑑𝑥
 . 

with the property  𝐿[𝑐1 ln(𝑥) + 𝑐2] = 0 , where 𝑐𝑖(𝑖 = 1,2) are constants of integration. Based on the  equations (8) and 

(9)  we get, 

 

Then  we have  
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 𝑢1(𝑥) = ℎ(−
𝑥2

16
−

𝑥4

256
)  

 𝑢2(𝑥) = ℎ(−
𝑥2

16
−

𝑥4

256
) + ℎ(−

ℎ𝑥2

16
−

ℎ𝑥4

128
−

ℎ𝑥6

9216
)  

            ⋮   
Then, we can write the serial solution by HAM as follows        

 
The equation (22) is the approximate solution set for the problem (20-21) in terms of the convergence parameter h. In order 

to obtain the valid area of the h curves, we will take the the 8th-order HAM at different values of x are drawn in Figure (5) 

. We will select the line segment parallel to the horizontal axis as a valid area for h that provides a simple way to adjust the 

proximity zone. 

                               

 
 

𝑢(𝑥) = 1 +
𝑥2

16
−

𝑥18

138078474102374400
+ ⋯  ≅ 1 +

𝑥2

16
  

 
Then we get 

 𝑔0(x) =
5

4
,  𝑔1(x) =

𝑥2

16
 ,  𝑔2(x) = 0  for all 𝑖 ≥ 2  

 
  𝑢0(𝑥) = 1     

And the linear operator  𝐿 will be take the form =
𝑑2

𝑑𝑥2 +
1

𝑥

𝑑

𝑑𝑥
 . 

According to equation (13) we obtain: 

 

Then  we obtain 

 𝑢1(𝑥) = −
ℎ𝑥2

16
  

 𝑢2(𝑥) = −
ℎ𝑥2

16
+ ℎ(−

ℎ𝑥2

16
−

𝑥4

256
−

ℎ𝑥4

256
)  

            ⋮   

 𝑢0(𝑥) = 1  and 

 𝑢1(𝑥) =
𝑥2

16
 ,  𝑢𝑟(𝑥) = 0  for 𝑟 ≥ 2 
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Thus we obtain an exact solution at level  𝑟 = 1, whenℎ = −1. Also, can be obtained approximate solutions when using 

different value of h.figure (6) show the absolute error at  ℎ = −0.98  and  ℎ = −1.01. 

     
Figure(6) : absolute errorof  𝑢8(𝑥) of naHAM 

                                             of problem (20-21) at different values of  𝑥 𝑎𝑛𝑑 ℎ. 
                           

4. CONCLUSION 

In this paper, we introduced a new modification of the homotopy analysis method for solving linear and non-linear singular 

two-point boundary value problems (BVPs). the results in the examples shown and demonstrated that the proposed method 

is better and gives the exact solution in only some iterations. Finally, we conclude that the suggested method is better than 

the standard homotopy analysis method. 
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