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ABSTRACT---- In this paper, we bring together the structure of  fuzzy topological space ,fuzzy module and that of 

fuzzy ring to form a combined structure, that of a fuzzy topological R-module.  Properties  of fuzzy topological R-module 

,topological R-submodule and its Properties  are also briefly examined. we proved many  theorems and corollaries as 

results shown in this paper.  
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1. INTRODUCTION 

As is known, a crisp  set is defined by dividing individuals into two types - members and non-members. One notices a 

distinction between members and non-members of the class represented in a crisp set . But many of the sets and categories 

we normally use do not show this feature. Its borders seem ambiguous, and moving from one member to another seems 

gradual and not surprising. This is called a fuzzy set that offers ambiguity by eliminating the boundary between members 

of the acute class of non-members. In our lives more cases are often not clear and deterministic and cannot be accurately 

described. Such cases are characterized by ambiguity or inaccuracy that cannot be answered only by yes or no. Lutfi Zadeh 

[8] in 1965 presented the idea of a fuzzy set to describe mathematically  in highly abstract and solving these problems gave 

a certain degree of membership to each member of a given set. This is actually the basic setting of the mysterious fuzzy set 

theory. Specify a fuzzy set as a generalization for the characteristic function of the set where the degree of element 

membership is more general than "Yes" or "No". 

 A mathematically fuzzy set can be determined by assigning to each potential individual in the universe of discourse a 

value that represents its grade of membership in the fuzzy set. This grade corresponds to the degree of compatibility of this 

individual with the concept represented by the fuzzy set . Membership scores are often represented by a number of real 

values ranging in the closed interval  period between 0 and 1. The concept of a mysterious group was applied in algebra as 

one of the first branches of the various branches of pure mathematics. The first paper on fuzzy group was published by A. 

Rosenfeld [7] in 1971, where the concepts of fuzzy subgroups and fuzzy subgroupoid  were introduced.In  this paper our 

aim to introduce  new notion which extend to the notion of fuzzy topological group and topological ring, this notion 

different almost on the last, that it  needs some  additional conditions , more than that, there is many  branches of  topological 

module  not studied  as fuzzy case until now ,because  the notion is complex   and difficult, here we started  the work and 

we full of hope to continue     in this field and  the interested from mathematicians. 

2.  PRELIMINARIES 

We begin with a few basic definitions and results as our prerequisites. 

Definition2.1 [7]  Let X be a non empty set and I be the closed interval [0, 1]. A fuzzy set μ on Xis a function on X into 

Iand the collection of all fuzzy sets on X is denoted by IX.The support of a fuzzy set μ, denoted by supp μ, is the crisp set 

{x ∈  X ∶  μ(x)  >  0}.A fuzzy set with a singleton as its support is called a fuzzy point, denoted by xt,and defined as, 

xt(z) = {
t,          for z = x
0       otherwise.

 

Here we note that a fuzzy singleton xt belongs to a fuzzy set μ (xt  ∈  μ) iff t ≤  μ(x). 

Definition2.2  [8] Let X and Y be two nonempty sets and f ∶  X ⟶  Y . If λ and μ are fuzzy sets on X and Y respectively 

then f(λ) and f −1(μ) are fuzzy sets on Y and X respectively, given by  
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f(λ)(y)  = {
sup{λ(x): x ∈ f −1(y)}, if  f −1(y) ≠ ϕ

0,                                                  otherwise
 

and 

f −1(μ)(x)  =  μ(f(x)).  
 

Definition2.3:[6]   Let X be a set and τ a family of fuzzy subsets of X .Then  τ is called fuzzy topology on X if satisfies 

the following conditions: 

(1) 1ϕ, 1X ∈ τ. 

(2) If λ, μ ∈ τ, then λ ∧ μ ∈ τ. 

(3) If λi ∈ τ ,for each i ∈ Λ, then ⋁ λi ∈ τ. 
The  ordered pair (X, τ) is called a fuzzy topological space (FTS, for short).Moreover ,the members of τ is said to be the 

fuzzy open sets and their complements are said to be fuzzy closed sets.  

Definition 2.4[6]: A fuzzy set λ in a FTS X is called a nbd. of a fuzzy point xt if and only if there exists a fuzzy open set μ 

in X such that xt ∈ μ ≤ λ 

A nbd . λ is said to be fuzzy open if and only if λ itself is fuzzy open A fuzzy point xt  ∈ A̅ if each neighborhood of xt  

intersection with A. 

Definition2.5 [2] Let (G, δ) be a fuzzy topological space. The induced topology τδ on the collection ϑ(G)of all fuzzy 

singletons of G is defined as the topology generated by σ =  {Vμ | μ ∈ σ}, where Vμ =  {p ∈ ϑ(G) | p ∈  μ} and hence 

(ϑ(G), τδ) is called an induced topological space. 

Definition2.6[4]: Let f be a function from a FTS X to a FTS Y . Then f is fuzzy continuous iff f −1(μ) is fuzzy open in X for 

each fuzzy open set μ in Y. This definition equivalents  the definition bellow. 

Definition 2.7[4]: Let f be a function from a FTS X to a FTS Y. Then f is fuzzy continuous iff foreach fuzzy point xt in X 

and each nbd. λ of f(xt) in Y , there exists a nbd μ of xtin X such that f(μ) ≤ λ 

Definition2.8[6]: A function f ∶  X ⟶  Y is called a fuzzy homeomorphism if f is bijective, fuzzy continuous and f −1 is 

fuzzy continuous  

Definition2.9[6]: The function f ∶  (X, T) → (Y, U) is called fuzzy continuous if, for every B ∈ U,f −1(B) ∈ T. The function 

f ∶  (X, T) → (Y, U) is called fuzzy homeomorphism if f ∶  (X, T) → (Y, U)is a bijection and both f and f −1 are fuzzy 

continuous. 

Definition2.10[8]: A fuzzy subset μ of a group G is called a fuzzy subgroup of 

G if, for all x, y ∈  G, the following conditions are satisfied: 

(i) μ(xy)  ≥  min(μ(x), μ(y)); and 

(ii) μ(x−1)  ≥  μ(x).  

 

Definition 2.11[5]: Let (R, +,∙) be a ring and μ be a fuzzy set in R, then μ is called fuzzy ring in a ring (R, +,∙) if for each 

x, y ∈ R: 

(1) 𝜇(𝑥 + 𝑦) ≥  𝑚𝑖𝑛 {𝜇(𝑥), 𝜇(𝑦)}. 

(2) μ(x)  =  μ(x−1). 
(3) μ(x ∙ y)  ≥  min {μ(x), μ(y)}. 

A fuzzy subring of a fuzzy ring μ is a fuzzy ring λ satisfing 

λ(x) ≤ μ(x) ∀ x ∈ R 

 

Definition2.12 [9,10]:Let R be a ring and let M be a leftR-module.A fuzzy set μ in M is called a fuzzy left R-module if 

for each x, y ∈ M and r ∈ R: 

(1)  𝜇(𝑥 + 𝑦)  ≥  𝑚𝑖𝑛 {𝜇(𝑥), 𝜇(𝑦)}. 
(2) μ(x)  =  μ(x−1). 
(3) μ(rx)  ≥  μ(x). 

(4) μ(0)  =  1. 
Definition 2.13 [5]: Let X be a group and U, V two fuzzy sets in X . We define UV and V−1  by therespective formula 

UV(x) =  supx1x2=x min(U(x1), V(x2)) and V−1(x) = V(x−1) for x ∈ X. 

Definition [3-5] Let X be a group and let (X, τ) be a fuzzy topological space (It is  not need that τ contains all constant 

fuzzy sets). Then (X, τ) is a fuzzy topological group if it satisfies the following conditions: 

(1) The mapping f ∶  (X, τ)  × (X, τ) ⟶ (X, τ) defined by f((x, y))  =  xy is fuzzycontinuous. 

(2) The mapping g ∶  (X, τ)  ⟶  (X, τ) defined by g(x)  =  x−1 is fuzzy continuous. This definition equivalents  the 

definition bellow. 

Definition Let X be a  group and let (X, T) be an FTS. (X, T) is called a fuzzy topological group or FTG for short if: 
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(1) For all  a, b ∈ X and any neighborhood  W of fuzzy point (ab)t, there are neighborhoods U  of at and V of bt such that 

UV ⊆ W. 
(2) For all a ∈ X and any neighborhood V of at

−1 , there exists a neighborhood U of at  such that U−1 ⊆ V. 

Definition2.14 [1]:  A collection ω of fuzzy nbds. of xt, for 0 <  𝑡 ≤  1, is called a fundamental system of fuzzy nbds. 

of 𝑥𝑡 iff for any fuzzy nbd V of 𝑥𝑡, there exists 𝑈 ∈  𝜔 such that 𝑥𝑡  ≤  𝑈 ≤  𝑉. 

 

3. MAIN RESULTS 

We starting our work by definition of fuzzy topological R-module. 

Definition 3.1: Let R be a fuzzy topological ring ,the set E is said to be  left fuzzy topological module on the fuzzy 

topological ring R if: 

(1) E  left fuzz module on R. 

(2) E  is a fuzzy topology  compatible with the stricture of   fuzzy group on E and satisfies the  following axiom : 

 The mapping R × E ⟶ E    defined by   (λ, x) ⟶ λx  is a fuzzy continuous. 

Proposition3.2 : If E be an  R-module over a ring R, (E, τ)  and  (R, δ) fuzzy topological spaces then  E is a left fuzzy 

topological module on R (left fuzzy topological R-module),If  it satisfies the  following conditions :- 

(1) A function from  R × E ⟶ E    ,((λ, x) ⟶ λx) is fuzzy  continuous. 

(2) A function from R × R ⟶ R, ((x, y) ⟶ x + y) is fuzzy continuous. 

(3) A  function from R × R ⟶ R, ((x, y) ⟶ xy) is fuzzy continuous. 

(4) A function from E × E ⟶ E, ((x, y) ⟶ x + y) is fuzzy continuous .  

(5) A function from E ⟶ E, (x ⟶ x−1) is fuzzy continuous .  

Proof: It is follows  directly from definition of fuzzy topological group ,fuzzy topological ring and fuzzy topological R-

module. 

From the Proposition above  and the equivalent  the concept of continuity  we can write, 

Proposition3.3 :If E be an  R-module over a ring R, (E, τ)  and  (R, δ) fuzzy topological spaces then  E is a left fuzzy 

topological module on R (left fuzzy topological R-module),If  it satisfies the  following conditions :- 

(1) ∀ (λ, x) ∈ R × E and ∀ V nbh. of ( λx)t in  E ,∃ U nbh. of λtin R and ,∃ W nbh. of xt in E such that UW ≤ V. 
(2) ∀ (x, y) ∈ R × R and ∀ V nbh. of( x + y)t in  R ,∃ U nbh. of xtin R and ,∃ W nbh. of yt in R such that U + W ≤ V. 
(3) ∀ (x, y) ∈ R × R and ∀ V nbh. of ( xy)t in  R ,∃ U nbh. of xtin R and ,∃ W nbh. of yt in R such that UW ≤ V. 
(4) ∀ (x, y) ∈ E × E and ∀ V nbh. of ( xy)t in  E ,∃ U nbh. of xtin R and ,∃ W nbh. of yt in E such that UW ≤ V. 
(5) ∀ x ∈ E and ∀ V−1 nbh. of xt

−1 in  E ,∃V nbh. of xtin E such that V ≤ V−1. 
Also, if we take  fuzzy singleton point 0tin above proposition we can write  equivalent proposition. 

Proposition3.4: Let R be a fuzzy left topological ring and E left fuzzy topological R-module. If  ω the fuzzy nbh. base of 

0t in E then ω satisfies the following conditions: 

(1) ∀ V ∈ ω  , ∃W nbh. of 0t in R and U ∈ ω such that WU ≤ V. 

(2) ∀ V ∈ ω  , ∃U, W ∈ ω such thatU + W ≤ V. 
(3) ∀ V ∈ ω, ∃U ∈ ω such that U ≤ V−1. 

(4) ∀ V ∈ ω and  ∀ at ∈ E, ∃W nbh. of 0t in R, such that Wat ≤ V. 

(5) ∀ V ∈ ω and∀ at ∈ R, ∃ U ∈ ω, such thatatU ≤ V. 

In the opposite case, if   ω is a filter base on E satisfies the condition from 1 to 5,then there exist unique fuzzy topology on 

E such that E left fuzzy topological R-module, and If  ω the fuzzy nbh. base of 0t in E. 
Corollary3.5 :If ω is a filter base of  left fuzzy  topological submodules  from  fuzzy  topological R-module  E and R is a 

discrete fuzzy topological space, then ω is a nbh. base of 0t in E. 

Proposition 3.6 Let E be a left  fuzzy topological R-module. Then: 

(1) ∀ a ∈ E, the fuzzy  translation fa(x) = x + a  From  fuzzy topological space E to itself is fuzzy homeomorphism. 

(2) ∀ a ≠ 0 ∈ R ,the left translation ga(x) = a. x  From  fuzzy topological space E to itself is fuzzy continuous. 

(3) For all invertible element  b  , the left translation gb(x) = b. x  From  fuzzy topological space E to itself is fuzzy 

homeomorphism. 

Proof: (1) Suppose  V any fuzzy nbh. of (a + x)t((a + x)t ≤ V) for any t ∈ (0,1] by proposition above ,there exists fuzzy 

nbh. U of at and fuzzy nbh. W of xt and U + W ≤ V ,from the definition of U + W,  and since 0 < 𝑡 ≤ 𝑈(𝑎)  we have 

(U + W)(y) ≥ W(x).  Also  fa(W)(y) = sup{W(α): fa(α) = y} = sup{W(α): a + α = y} = W(x). 
Hence,(U + W)(y) ≥ fa(W)(y), ∀y ∈ E. Therefore ,fa(W) ≤ U + W ≤ V,proving fa to be  a fuzzy continuous, ∀ a ∈ E. 
Defining ha: E ⟶ E by ha(x) = −a + x, we fined ha = fa

−1,i.e.,fa is bijectve.  Also ,ha = f−a and so ha is also fuzzy 

continuous. Hence,  fa  is a fuzzy homeomorphism. 

(2) Suppose  V any fuzzy nbh. of (ax)t((ax)t ≤ V) for any t ∈ (0,1] by proposition above ,there exists fuzzy nbh. U of at 

and fuzzy nbh. W of xt and UW ≤ V, from the definition of UW,  and since 0 < 𝑡 ≤ 𝑈(𝑎)  we have (UW)(y) ≥ W(x). 
Alsofa(W)(y) = sup{W(α): fa(α) = y} = sup{W(α): aα = y} = W(x). 
Hence,(UW)(y) ≥ fa(W)(y), ∀y ∈ E. Therefore ,fa(W) ≤ UW ≤ V,proving fa to be a fuzzy continuous. 
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(3) Suppose  V any fuzzy nbh. of (bx)t((bx)t ≤ V) for any t ∈ (0,1] by proposition above ,there exists fuzzy nbh. U of bt 

and fuzzy nbh. W of xt and UW ≤ V, from the definition of UW,  and since 0 < 𝑡 ≤ 𝑈(𝑏)  we have (UW)(y) ≥ W(x).  
 Also  gb(W)(y) = sup{W(α): gb(α) = y} = sup{W(α): bα = y} = W(x). 
Hence,(UW)(y) ≥ gb(W)(y), ∀y ∈ E. Therefore ,gb(W) ≤ UW ≤ V,proving  gb to be a fuzzy continuous. Since b be an 

invertible element of  R, we can Defining hb: E ⟶ E by hb(x) = b−1x, we fined hb = gb
−1,i.e.,gb is bijectve.  Also ,hb =

gb−1, and so hb is also fuzzy continuous. Hence,  gb  is a fuzzy homeomorphism. 

Theorem 3.7   Let R be  a left fuzzy topological module over topological ring  R ,  for each t  with 0 <  𝑡 ≤  1 and x ∈
 E, then: 

(1) If V is fuzzy open in  E ,  then xt  +  V is fuzzy open. 

(2)  If V is fuzzy closed in   E , then xt  +  V is fuzzy closed. 

(3)  If V is fuzzy open in  E  and W  any fuzz set in E, then  W +  V is fuzzy open. 

(4)  If V is a fuzzy closed in E and W any closed set it has only finite elements  its  grading  is non zero ,another 

elements its  grading  is zero, then W +  V is closed.  

Proof.(1) Suppose V fuzzy open in  E , since fa is a fuzzy  homomorphism from E onto itself  and therefore fuzzy open and 

fuzzy closed function. Now, 

fa(V)(y) = sup{V(x): x = fa
−1(y)} = (xt + V)(y) ,hence xt + V open. 

(2)  Similar  to (1) 

(3)  For each a ∈ E, let Wa  be fuzzy set in E defined by Wa(x) = min{W(a), (a + V)(x)} = min {W(a), V(x − a)} by 

translation each Wa is open.  Since W +  V = supa∈EWa ,the result follows. 

(4)  Since  W closed set it has only finite elements  its  grading  is non zero ,another elements its  grading  is zero, by (3) 

and the fact that  the union of finite number of closed sets is closed, the result follows. 

Theorem3.8[8]:Let {(Xα, τα)}, α = 1,2, … , n be a finite family of compact fuzzy topological spaces. Then product fuzzy 

topological space (X, τ)  is also compact. 

Theorem3.9: Let A , B and C be fuzzy subsets of a left  fuzzy topological 

R-module  E. 

(1) If A and B are fuzzy compact, then AB is fuzzy compact. 

(2) If C is fuzzy compact, then C−1 is fuzzy compact. 

 

Proof. (1) Let f ∶  E ×  E ⟶ E  be a map defined by f(x, y)  =  xy. 
Then f is fuzzy continuous. By Theorem 3.8, A×B is compact. 

Since the fuzzy continuous image of fuzzy compact set is fuzzy compact, f(A, B)  =  f(A ×  B)  =  AB is fuzzy compact. 

(2) Let f ∶  E ⟶ E be a map defined by f(x)  =  x−1. Since f is fuzzy continuous and the fuzzy continuous image of fuzzy 

compact set is fuzzy compact, f(C)  =  C−1 is fuzzy compact. 

Theorem3.10: Let E be a left fuzzy topological R-moule.Then E is fuzzy discrete module if and only if annihilator  of all 

elements in E is fuzzy open ideal in R. 

Proof: by definition and fuzzy translation  the prove immediately holds. 

Definition3.11 : Let E be a left fuzzy topological R-moule, a fuzzy subset M from E is said to be left fuzzy topological R-

submodule if: 

(1)        M left fuzzy R-submodule of E. 

(2) M fuzzy subspace of fuzzy topological space  E. 

Proposition3.12 :If M  a left fuzzy R-submodule from left fuzzy topological R-module E, then M with relative fuzzy 

topology is a left fuzzy topological R-submodule.  

Proof: from the definition 3.1 and the reduced any  continuous function on subset of𝑀 is continuous also, here we get any 

fuzzy R- submodule is a fuzzy topological R-submodule.  

Theorem3.13: Let E be a left fuzzy topological R-module and let M be left fuzzy topological R-submodule, then closure 

M is a  left fuzzy topological R-submodule. 

Proof: We must be prove, if at ∈ M̅ and bt ∈ M̅,then (a − b)t ∈ M̅ and if rt ∈ R,then (ra)t ∈ M̅. Let W be a fuzzy nbh. of 

a − b and let U, V nbhs. of a and b respectively such that U − V ≤ W,there exists x, y in M such that xt ∈ U , yt ∈ V ,but 

(x − y)t ∈ M and (x − y)t ∈ W ,therefore W ∧ M ≠ 0t and hence (a − b)t  ∈ M̅. Similar let  Ẃ be a fuzzy nbh. of ra and 

let Ú, V́ nbhs. of r and a respectively such that ÚV́ ≤ Ẃ,there exists x́, ý in M such that x́t ∈ U , ýt ∈ V ,but (x́ý)t ∈ M and 

(x́ý)t ∈ Ẃ ,therefore Ẃ ∧ M ≠ 0t and hence (ra)t  ∈ M̅, so M̅ is a left fuzzy R-submodule of E and hence M̅ a left fuzzy 

topological R-submodule. 
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