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ABSTRACT---- In this research article, a new two parametric measure of Entropy J,z (P) and its corresponding code
word length L,z (P) has been developed. The developed measures are the generalizations to some well known existing

measures. Besides, some noiseless coding theorems for discrete noiseless channel have been developed, and the results
thus obtained have been verified with the support of an numerical example. Also, at the end of this research article, a
comparative study in terms of monotonic behavior among the proposed entropy J.gz (P), Matahi’s entropy M,(P)

and Tsallis entropy T,(P) together with their respective average code word length measures have been made and
graphically displayed.
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1. INTRODUCTION

In the modern world, information is being transmitted through various means and in all such cases the same is being
carried from one person/place to another. There is no denying in this fact that we seek information only when we are in doubt
and we resort to the concerned quarters to remove our doubts. On the other hand, if an event can occur in just one way, there
is no uncertainty/doubt about it and no information is called for either. We get some information by the occurrence of an event
only when there was some uncertainty before its occurrence. Naturally, the amount of information received by the occurrence
of an event must be equal to the amount of uncertainty prevailing before its occurrence. Thus, uncertainty and information
are two sides of the same coin.

The modern information theory can be classified into the following three branches:
(i) Shannon Theory, due to C.E Shannon, [9] deals with mathematical models for communication problems. The concept
of ‘Entropy’ given by Shannon in his mathematical model, has been found useful in many different disciplines and has
penetrated into various fields like; linguistics, Psychology, Neurology economics, Business, Accounting, statistics, Biology
and Thermodynamics.

(i) Cybernetics, due to Norbert wiener deals with the communication problems encountered in living beings and social
organizations and
(iii) Coding Theory, a recently developed subject that deals with the theory of error correcting codes, finds applications

in problems of determining good encoding schemes to combat errors in transmission.

Information theory, the mathematical theory of communication, has two primary goals: The first is the development of
the fundamental theoretical limits on the achievable performance when communicating given information source over a given
communications channel using coding schemes from within a prescribed class. The second goal is the development of coding
schemes that provide performance that is reasonably good in comparison with the optimal performance given by the theory.
Information theory was born in a surprisingly rich state in the classic papers of Claude E. Shannon [9] and [10] which contained
the basic results for simple memory less sources and channels and introduced more general communication systems models,
including finite state sources and channels.

2. INFORMATION CONTENT AND SHANNON’S ENTROPY:

In information theory, the information content, self information or surprisal of a random variable is the amount of
information gained when it is sampled.

Definition: Given a random variable X = (x4, X5, ..., X,) With probability P = (p,, p,, ..., pn) having probability mass
function Px(x), the self- information of measuring X as outcome x is defined as:

x() = ~log[B(x)] = log(;->) (21)
Analogously: (2.1)
I(E) = ~log[p(E)] = ~ log(P).
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Entropy is the expectation of the self-information of all the outcomes of the random variable. Let a random variable
X = (Xq,X3, ..., Xy) With probabilityP = (p;, py, .-, Pn),Pi = 0and Yi; p; = 1, Shannon [9] has defined the following
measure of information and call it as entropy:
H(P) = — Y., pilogp; (2.3)

Let the probabilities of a transmission of n code-word be P = (p;, p,, ..., Py) With the corresponding lengths L =
(13, 15, ..., 1,) and these lengths satisfy the Kraft’s inequality [6] defined as:
n.oDli<1 (2.4)
Where, D is considered to be the size of code alphabet. Shannon [9] has proved that for all uniquely decipherable codes
satisfying inequality (2.4), the lower bound of the average code-word length give as,

L=2Xipili (2.5)
Lies between H(P) and H)P) + 1.
Campbell [2] considered the more general exponentiated mean code-word length as:
a—1
L, = ﬁlogD [Z{;l piD_li(T)]; a>0,a#1 (2.6)

And showed that for all uniquely decodable codes, satisfying constraint (3), the lower bound of (5) lies between
R,(P) and R, (P) + 1, where

Ry (P) = 1Tlmlogp[ iL1pi*la>0 a=1 (2.7)
Is Renyi’s [8] entropy.

3. CODING THEORY
Coding theory is the study of the properties of codes and their fitness for a specific application. Codes are used
for data compression, cryptography, error correction and more recently also for network coding. Codes are studied by
various scientific disciplines such as information theory, electrical engineering, mathematics and computer sciences — for
the purpose of designing efficient and reliable data transmission methods. This typically involves the removal of
redundancy and the correction (or detection) of errors in the transmitted data.

4. PREFIX CODE
Prefix code is a code in which no code word forms the prefix of any other code word. Such codes are also called Uniquely
Decodable or Instantaneous codes.

5. AVERAGE CODE WORD LENGTH
Consider a set of symbols (alphabets) S = {s4, s,, ..., sm} With their corresponding probabilities
S ={p1.,p2 - Pmp (Pi > 0,% p; = 1). If the symbol s, be assigned a code word of length 1;,i = 1, 2, ..., M, then the
definition for the average code word length is L = Y, p;l;, and the basic problem of Noiseless coding is to minimize
average code word Iength. (Noiseless Coding Theorem).

Shannon [10] established the first noiseless coding theorem which states that for all uniquely decipherable
codes, the lower bound for the arithmetic mean L = Y} p;n; lies between S(P) and S(P) + 1, where
S(P) = —Yi'p;logp; is Shannon’s measure of entropy.
Here in this communication, we have presented a new two parametric entropy measure Jqg (P) of order o and type fp along

with its corresponding average code-word length Leg (P) and an attempt has been made to test its genuiness in the line of
already existing measures in the literature of information communication.

6. NOISELESS CODING THEOREMS
The proposed measure is given as under:

1
af-1

[Z?p-z_aﬁ—l]; a*l >0, —0o < a< 2 (6.1)

IaB (P) = i
Corresponding to this measure, we propose the following average codeword length as:

1
af-1

Lg (P) = [E{‘piD(%l)(“” - 1] a1, >0, (6.2)

The parameters o and p may be considered as factors affecting the codes used for data compression and data
transmission, associated with the source alphabet with corresponding probabilities denotes as, [x;, p;].

Particular cases for (6.1) and (6.2):
(1). When a — 1 and $ = 1, the measure defined in (6.1) tends to Shannon’s entropy given as:
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S(P) = —Xi' pilogp;

(I). When a — 1 and B = 1, the measure defined in (6.2) becomes L = Y[ pjn;, which is optimal code-word length due to
Shannon [9].

(11).  When B = 1, the measure defined in (6.1) tends to Mathai’s entropy [6 ] communicated by Baig and Javid [1].

(IV). When B = 1, the measure defined in (6.2) tends to average codeword length corresponding to Mathai’s [6] entropy as
communicated by Baig and Javid [1].

In this section, we have developed some noiseless coding theorems corresponding to the proposed entropy measure.
Theorem 1:- For all uniquely decipherable codes
Jap(P) < Lag(P) (63)

Where

L= s [l |

a O(B 1
Proof:-By Holders inequality, we have
1 1
Yixiy; = (IrxP)P(EPy)e ;0<p<1lqg<0or0<q<lp<o (6.4)
-1
Setting X; =p;t D7M;

1

Vi = pit and p =-—t @0<p<1,q:i:q<0

Thus equation (6.4) becomes

57 (o) D [py]¢] > [{[piﬁ D““}T [ (it }H_ll :

Using Kraft’s inequality, we have

o] © < [ipd et
or, 5P [pe Z?[[pi]D“it]%
or, 2P [pil < XPp;D™' (6.5)

Dividing both sides by t, we get:

IA

el _ Z{‘[[pi]D“it]

t t

Subtracting n from both sides, we get:

DB t—1]

Zn Pl 1] Zn [pl

%, a,B>0, afp # 1 and p; = p;2~¢

(6.6)

Taking aff = %_t t

Thus equation (6.6) becomes:

. 2-a @ n 2—a af-d ni
2 ) 1] £ 2o o
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Dividing both sides by af3, we get:

1 - 1 _ ap-1 (ni)
aB_—12{1[(piz @®)-1] < praep i [(piz “B)D( ) _ g
That is Jup(A) <Lgg
Which proves the theorem.

Theorem 2:-For all uniquely decipherable codes,

Japp = Lapg

where,

o [( 2-08) (i) — (piZ—sD(%)(no)]

Whereeither a>1,<lorf=1,a<1

Lap T Otl3

Proof: - Since from (6.7), we have

i [(piz_aB)D(%)(m) - 1]

M) = 1]

Multiplying both sides by(af — 1), we have

S(p®) - 1] <37 [(pet)pled) e 1]
Substituting o =1, we have
£ =11 <5l -]
Subtract (6.11) to (6.10) and divide by (B — af3), we get

e 2t (77 - (0*F)]

< 525 [pemnpla) e — (pz-a)plF)e)

That is

Jagg < Lagg - This proves the theorem.

Theorem 3:- For all uniquely decipherable codes

Vagp <1 app

o L B

Where L

app = aB+(3+2

Proof:- The result can be easily proved by adding (6.10) and (6.11) and then dividing by
B+2).
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Theorem 4:-  For all uniquely decipherable codes

]/GB,B < L/(XB:B (6.15)
Where
/1 [zi“[{(piz-aﬁ)}—u
Vaws = s | 37l P)] (6.16)
And
o [t
L = = 6.17
7 5 | pflem T ¢40
To prove this theorem, we first prove the following lemma
Lemma 1: For all uniquely decipherable codes
Dl 11 =Y [z} -]
i=1 i=1
Proof of the Lemma. From equation (6.5) we have
X)) < Xi(py) DM
Subtracting ‘n’ from both sides, we get
PAEHERIEP(CHEESY
i i
Taking ap = %_t t= % , and p; =p*
we have
aB-1y .
o [{pif} - 1] <z [{p?‘“BD( B )(“‘)} ~1] (6.18)

Which proves the lemma
Proof of the theorem 4.

Substituting a =1 in (2.16), we have:

5 [{pi ) - 1] < 31 [fer#o50) -] (619)

Dividing (2.17) to (2.16), we get

af-1

3P [{pi*}-1] 2?[{1712_&613(“—)(“0]—1}

o 6] S sl o]

Dividing both sides by f — of3, we have
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epeny | e
Rl G I R

(6.20)

<L

= Vapp <Vapp:

The R.H.S. is a new exponentiated mean codeword length of order a and type 3 and is defined as:

T R o
P P ]

7. ILLUSTRATION
In this section, we shall verify the above proved theorems by taking into consideration numerical example.
Let a source memory has six characters with the following probabilities of transmission:

X A B C D E F
POX)[1/3 |1/4 |1/8 |18 |1/12 | 112

Moreover, by using above depicted data, we shall use Shannon Fanno encoding procedure to obtain uniquely
decodable code to the above message ensemble, and a comparative study among the Proposed Entropy J,g(P), Mathai’s
Entropy M. (P), Tsalli’s Entropy T, (P) and their corresponding Average Code word lengths shall also be carried out.

The outcome of J,g(P), M (P) and T, (P) together with their corresponding average code word lengths for different
values of a & fixed B=1 using Shannon encoding are displayed in the table 1 as under:

Table: 1
Values of Jug(P) , Mo (P), T,(P) and their corresponding code word lengths

for different values of a at fixed p=1, using Shannon encoding.

Shannon Proposed Entropy Mathai’s Entropy | Tsalli’s Entropy
P; | Fano Codeword Ii| a B
]a(} (P) La[} (P) Ma(P) Lu(P) Ta(P La(P)
1/4 00 2 020 |1 0.95 0.95 0.95 1.25 5.16 5.16
1/4 01 2 030 |1 1.02 1.02 1.02 1.40 4.47 4.47
1/8 100 3 040 | 1 1.10 1.10 1.10 1.54 3.90 3.90
1/8 101 3 050 | 1 1.20 1.20 1.20 1.66 3.41 3.41
1/16 1100 4 0.60 | 1 1.30 1.30 1.30 1.75 3.00 3.00
1/16 1101 4 070 | 1 142 142 142 1.82 2.66 2.66
1/16 1110 4 080 |1 1.56 1.56 1.56 1.86 2.37 2.37
1/16 1111 4 090 | 1 1.72 1.72 1.72 1.89 2.12 2.12

From the table: 1, as depicted above, we have summarized the following results:

1) That due to the increase in the value of alpha there is corresponding increase the in the value of proposed entropy
Js(P)and Mathai’s entropy M,(P) together with their respective average code word lengths. However, in case of
Tasalli’s entropy and its corresponding average code word length, its value decreases due the increase in the value of
alpha under Shannon Fanno encoding scheme.

2) That the average code word length in case of proposed entropy J.g(P) is less than the average code word length under
both Mathai’s entropy M, (P)and Taslli’s entropy T, (P), very considerably, though the values of both proposed entropy
Jop(P) and Mathai’s entropy M, (P) are same under Shannon Fanno Coding scheme.

3) That the proposed entropy J.s(P) and its corresponding average code word length L.z (P)is monotonic increasing with
the increase in the value of alpha.
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Next, we plot the Table 1 and see from the Fig.1 and Fig. 2, that both the proposed entropy J.;(P) and Mathai’s entropy
M, (P) are almost similar and Monotonic increasing with the increase in the value of o, but in case of Tsallis entropy T, (P),
the same is monotonic decreasing with the increase in the value of a. However, the average code word length in case of
proposed entropy measure is less than that of Mathai’s entropy and Tsallis entropy very considerably as is depicted in Fig. 2
below.
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Figure 2. Graphical Overview of Code-Word Lengths of Different Entropy Measures
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8. CONCLUSION

In this research article, we proposed a new two parametric measure of Entropy J.g (P) and its corresponding code
word length L,g (P) and we analyzed its main properties in the graphic-theoretic setting. We also compare the proposed

entropy with some already existing entropy measure observed that average code word length in case of proposed two
parametric entropy measure is less than that of compared entropy measures under Shannon Fanno encoding scheme which
makes it more efficient in terms of efficiency and redundancy of transmission/communication system.

9. REFERENCES

[1] Baig M.A.K. and Javid M., [2013]: Some New Generalizations of Fuzzy Average Codeword Length and Their Bounds,
American Journal of Applied Mathematics and Statistics, Volume 2, No. 2, pp. 73 — 76.

[2] Campbell, L.L. [1965]: A coding theorem and Renyi’s entropy, Information and Control, Vol. 8, pp. 423-429.

[3] Havrada, J. H. and Charvat, F. [1967]: Quantification methods of classificatory processes, the concepts of structural o
entropy, Kybernetika, Vol.3, pp. 30-35..

[4] Kapur, J. N. [1986]: A generalization of Campbell’s noiseless coding theorem, Jour. Bihar Math, Society, Vol.10, pp.1-
10.

[5] Kapur, J. N. [1998]: Entropy and Coding, Mathematical Science Trust Society, New Delhi.

[6] Kraft, L.J. [1949]: A device for quantizing grouping and coding amplitude modulates pulses. M.S. Thesis, Department of
of Electrical Engineering, MIT, Camridge.

[7] Mathai, A.M. and Rathie, P.N. [1975]: Basic Concept in Information Theory and Statistics. Wiley Eastern Limited, New
Delhi.

[8] Renyi, A. [1961]: On measures of entropy and information. Proceedings 4" Berkeley Symposium on Mathematical
Statistics and Probability, VVol.1, pp.541-561.

[9] Shannon, C. E. [1948]: A mathematical theory of communication. Bell System Technical Journal, Vol.27, pp.379-423,
623-659.

[10] Shannon, C. E. [1959]: Coding theorems for a discrete source with a fidelity criterion. In IRE National Convention
Record, Part 4, pp142-163,

[11] Sharma, B.D. and Taneja, 1. J.: Entropies of typea.,  and other generalized measures of information theory, Mathematika,
Vol.22, pp. 205-215.

[12] Tsalli’s C. [1988]: Possible Generalization of Boltzmann-Gibbs statistics, Vol. 52, pp. 479-487.

Asian Online Journals (www.ajouronline.com) 36



http://www.ajouronline.com/

