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ABSTRACT---- In this paper, we firstly give basic definitions and theorems for order statistics. Later, we show that r.
probability function of order statistics from discrete uniform distribution can be obtained in another form.
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1. INTRODUCTION

In literature, there are many papers about order statistics. [1] gave systematic account of some theory of ordered statistics
for discrete case. [2] studied order statistics of discrete distribution. [3] gave simple expression for the joint probability
function and applied some of our results to theory of order statistics for the discrete uniform distribution. [4] mentioned
applications, characterization, approaches for the statistical properties of order statistics of discrete distribution. [5] studied
on Markov property bearing structure and mentioned conditional Markov property of order statistics of discrete
distribution. [6] were given the distribution of the sample range of discrete order statistics. [7] found the first two moments
of discrete order statistics with different method. [8] gave algebraic expression values using probability function of sample
maximum from discrete order statistics. [9] obtained sample extreme moments of discrete uniform distribution order
statistics. [10] obtained m. moments of discrete uniform distribution order statistics. [11] found given m. moments of
sample extreme from discrete uniform distribution order statistics. In this study the r. probability function of order statistics
from discrete uniform distribution is obtained. [12] obtained mth raw moments of sample extremes of order statistics from
discrete uniform distribution and given numerical values are shown in table form.

2. METERIAL AND METHOD

2.1. Order Statistics

Let X,, X,,..., X, be random variables possibly dependent a necessarily identically distributed. By rearranging them in
no decreasing order of magnitude, we obtain order statistics X, <X, <,...,<X,,. Thus, X, =min

(X1 X500y X)), Xz the second smallest observation among X, X,,..., X, and finally X,, = max

n

(X,, X,,...y X)). Under stronger assumption that X; X,, ..., X,, are independent and identically distributed random
variables with an arbitrary cumulative distribution function F, we obtain that the cdf of X

rn?

F..(X)=Pr(X,, <x) =Pr(X,, X,,..., X, atleastrrv’samong X,, X,,..., X, <X)

rn —

=D Pr(Xy, X,,..., X, exactly jrv’samong X, X,,..., X,

ZZHZ(TJ [FOOTL-F)]™ s —0<X<o©. 2.1)
Furthermore, using the following equa{{c;n
(N i n—i e n! r nr
;(ijp =p) :gmt ‘a-t)""dt, 0<p<1 (2.2)
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the cdf of X,.,
F(x)

n! r-1 _ n-r
F. (X)= ! mt A-t)""dt
=g (rn—r+1),—c0o<x <00 (2.3)

can be written as. In this place, | is incomplete beta function. This expression of F,. (X) want to get discrete or continuous
any main mass is provided for. In discrete distribution, for probability mass function of X,..,, there are three approaches.

Approach 1 (Binomiaol Count)

For each possible value of X .
fr:n (X) = I:r:n (X) - I:r:n (X_) . (2-4)
Therefore,

fra () = i[?}([F(x)]‘ [1-F OoT™ ~[FOT - F O™} @9)

is written.
Approach 2 (Beta Integral Form)

From (2.3) and (2.4), using expression of F,. (X), probability mass function of X, is written;
F(x) nl
f,(X)= | —————t"(@1-t)""dt. (2.6)
F({) (r=Hi(n-r)!

Approach 3 (Multiple Argument)

For an observation value X, let us consider the following three different events; {X < x},{X =x},{X > x}
srespectively. The probability of this events are F(X—=),F(X) and 1-F(x). {X,, =X} event can occur in
r(n—r+1) differentways. i =0,1,...,r =1 and $=0,1,...,n—r including (r —1—1) units observation value is less
than x, (N—r —S) observation value is greater than x and in the remaining equal to x. Then it can be written
I Sl o) ) M LAY il o
i (r=1-(n—=r—=s)(s+i+1)!
Here, if X=0,then F(x-)=0.

3. RESULTS

Let probability mass function be f (x) =1/k and cumulative distribution function be F(x) = x/k ,x=1,2,...,k of
X Xy X
distribution function of X, ;

which are n unit independent and identically distributed random variables. From ( 2.1), cumulative

Fen (X) =Z(TJ(E](1—EJ Xx=12,.,k (3.1)

and from (2.6), probability mass function of X ., can be written as

n

F(x)

f() = [C(rinmu™@-u)""du
F(x-)
x/k
= JC(r ‘n)u"t@L—u)""du (3.2)
(x=1)/k

Theorem
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Let X,, X,,..., X, be random sample of size n from discrete uniform distribution and X . is r th order statistics.

Probability function of X, ;

fra () = le (i —1)!(:!—i +1)![(Xl:1ji1(k —;+1J“‘” _[Ejl(k ; XJM}
w00 Sl () - ()|

can be found with any of expression.
Proof
In (3.2), if we integrate for r =1,

k—x+1)" (k=x)
f. (x)= — (3.3)
w00 (K] ()
if we integrate for r = 2,

£, (x) = nl:(xlzlj (k —li(+1j“—l _[Ej (k ; XJH—1:| o o

if we integrate for r =3,

o (5 (5 e e

is obtained. Therefore, we conclude that

n! X—l r-1 k—X+1 n-r+l X r-1 k—X n-r+1
f"”(x):(r—l)!(n—r+1)!{( kj ( K j _[kj [kj }ff‘*"(x)' (39

From (3.3), (3.4), (3.5) and (3.6),

r n! X—1)Y " (k=x+1)""" (x) k=x)"
ot ST ]

is obtained. Similarly, in (9) if we integrate for r =n,

x\)' (x=1Y"
f (X)=|—| —| — 3.8
w0=(x) (%) 9
if we integrate for r = n—1,

fn—]_'n (X) = n[(%jn (%j _(Xlzljn (k _;( +lj:| + fn:n (X) (3'9)

and if we integrate for r=n—2,

nmm%{@ (k;)‘] —(Xﬁ ("‘;‘””nnm(x) (310

is obtained. Hence, we have

n' XY (k=x\" (x=1)(k-x+1\""
fr;n(X)=mKE) (T] —( ” )( ” j }frm(x). (3.12)

Using (3.8), (3.9), (3.10) and (3.11), we obtain

and
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oSl ] e

The following statement shows that (3.7) and (3.12) are equal.

T T e e

Now, let us prove the correctness of the above equality with the induction method. For I =1, we have

s gl )

(GRRGRr = HIGIR S

1

forn=2,

(] (o | ) 2
amgear)(zce)

(= - (2T | S KEJ( " i)i(k‘:“ﬂ

3k2+3x2—6kx+3k—3x+1 2 +3x? 6kx+3k 3x+1
k3
For r =m, let us assume that the equality holds, that is,

fun (X) = Zl i 1)!(2!“+1>!{(Xk1)1(kEHJM(Ej«% )}
Sl ] -

For r =m+1, we should show the accuracy of the equality as follows:

m+1 n! x—1 i-1 K—x+1 n—i+1 X i-1 K — x n—i+1
fm“"(x):g(i—l)!(n—nl)!{( K j ( ‘ ) _@ (Tj }
= Z

SrmlptE =]

n! (X—ljm[k—x-i-ljnm xjm( —xjnm _
If we add the term ol —_— to the both sides of (3.13),
mi(n—m){{ k k k k

1
k
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m+1 n! x—1 i-1 K—x+1 n—i+1 X i-1 K — x n—i+1
;(i—l)!(n—i+1)!( k j ( k j _(Ej (Tj

is obtained. If we open the sum on the right side of the equation for I = m , then we get

m+l nl x—1 i-1 k—X-I-l n—i+l X i-1 k—X n-i+l
g‘(i—l)!(n—iﬂ)!_[ k j ( k j _[Ej (T)
n [ (k=x)" (x=1V(k-x+1)"
zmzlli!(n—i)!_(ij(T) _( k M k j
L (x—ljm(k—x+1jnm_[fjm(k—x)”m ~ (x—l)m(k—x+1)nm_(zjm(KZEJ”m
mi(n—m)!{{ k k k k mi(n—m)!|\ k k k k
n n! V) (k=x\"" (x=1)(k=x+1)"
= 200! (EMTJ _( k M k j

This completes the proof.
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