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ABSTRACT— In this paper, we study the intuitionistic fuzzy representations of intuitionistic fuzzy groups. A
fundamental theorem of intuitionistic fuzzy representations of quotient groups has been derived. It is shown that every
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1. INTRODUCTION
The theory of representations has been a powerful tool used in the study of groups. It is concern with the
classification of homomorphisms of abstract finite groups into groups of matrices or linear transformations. Frobenius
developed the group representation theory at the end of the 19" century. The works of Burnside on representation theory
mainly focus on the group theoretical calculations which are easier to carry out in the group of matrices than in abstract
groups. The representation theory was developed using the notion of embedding a group G into a general linear group

GL(V). The theory has important applications to physics, especially in quantum mechanics.

In this paper, we study the intuitionistic fuzzy representations of intuitionistic fuzzy groups. A fundamental
theorem of intuitionistic fuzzy representations of quotient groups has been introduced. Moreover, an intuitionistic fuzzy

version of the famous Cayley’s theorem has also been derived.

2. PRELIMINARIES

In this section, we list some basic concepts and well known results on intuitionistic fuzzy groups for the sake of
completeness of the topic under study.

Definition (2.1)[2, 3] Let X be a non-empty fixed set. An intuitionistic fuzzy set (IFS) A in X is an object having the
form A = {(x, Ha(X), va(X))/ x € X} where the functions pa : X —[0,1] and va : X — [0,1] denote the degree of
membership (namely pa(x)) and the degree of non-membership (namely va(x)) of each element x € X to the set A
respectively and 0 < ua(X) + va(X) <I for each x € X.

Remark (2.2)(i) When pa(x) + va(x) =1, i.e. when va(x) =1 - pa(x) = pa°(x) . Then A is called a fuzzy set.

(if) We denote the IFS A={(X, pa(X), va(X)}/ X € X} by A = (LA Va)

Asian Online Journals (www.ajouronline.com) 81




Asian Journal of Fuzzy and Applied Mathematics (ISSN: 2321 — 564X)
Volume 03 — Issue 03, June 2015

Definition (2.3) [2] Let A and B be IFS's of the form A = {(X, Ha(X), va(X))/ x € X} and B = {(x, Us(X), va(X))/ x € X}.
Then
(i) Ac B ifand only if pa(X) < ps(X) and va (X) >vg(x) forall x € X.
(i A=Bifandonlyif AcBand B S A.
(i) A° = { (X, va(x), Ha(X))/ x € X }.
(iv) A N B = { (X, ta(¥) A Ha(X), va(X) V ve(X))/ x € X }.
(V) AU B = { (X, Ha(X) V Ha(X), Va(X) A va(X))/ X € X }.
Definition (2.4)[7] An IFS A = (ua va) of a group G is said to be intuitionistic fuzzy group (IFG) or intuitionistic
fuzzy subgroup of G (IFSG) of G if
0] HaGY) 2 paG) Apaly) () palX™) = pa®®)
i) va(xy) < va(X) v va(y) (iv) va(x?) =va(x) , forallx,y eG
Equivalently, an IFS A of a group G is IFSG of G if
Ay ) > pa(¥) A paly) and va(xy ) < va(x) v va(y) holds for all x, ye G.
Definition (2.5)[ 7] An IFSG A = (ua, va) of a group G is said to be intuitionistic fuzzy normal subgroup of G (In
short IFNSG) of G if
(i) nalxy) = pa(yx) (i) valxy) =va(yx) , forallx,yeG
Or Equivalently A is an IFNSG of a group G is normal if and only if
pa(Y X Y) = pa(x) and va(yt xy) = va(x), forallx,y eG
Definition(2.6)[ 7 ] Let A be intuitionistic fuzzy set of a universe set X . Then (o, § )-cut of A is a crisp subset C,  g(A)
of the IFS A is given by
Co p(A) ={x:x eX suchthat pa(X)>a,va(X)<p},where o, p e [0,1]with a+B<1.
Theorem (2.7) [ 7] If Ais IFS of agroup G . Then A is IFSG (IFNSG) of G if and only if C, 3(A) is a subgroup
(normal) of group G, for all o, B € [0,1] witha + 3 < 1.
Definition (2.8) [8] Let X and Y be two non-empty sets and f: X = Y be a mapping. Let A and B be IFSs of X and Y
respectively. Then the image of A under the map f is denoted by f (A) and is defined as

{v{ La(X) 1 x e FH(Y)} A va(x) i x e fHy)}
ﬂf(A)(y)z :

O ; otherwise 1 ; otherwise
Also the pre-image of B under f is denoted by f *(B) and is defined as

and v, (Y) ={

f(B)(x)=B(f(x)) ; VxeX

Remark(2.9) Note that u,(x) < yf(A)(f (x)) and v,(x) = vf(A)(f (x)) ; VxeX,

and equality hold when f is bijective.

Theorem (2.10)[ 8] Let f: G; = G, be surjective homomorphism and A be IFSG (IFNSG) of group G;. Then f (A) is
IFSG (IFNSG) of group G, .

Theorem (2.11)[ 8 ] Let f: G; = G, be homomorphism of group G, into a group G,, Let B be IFSG (IFNSG) of group
G,. Then f (B) is IFSG (IFNSG) of group G;
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3. INTUITIONISTIC FUZZY REPRESENTATIONS OF INTUITIONISTIC FUZZY GROUPS

Definition (3.1) [4] Let G be a group and M be a vector space over a field K. A linear representation of G with
representation space M is a homomorphism of G into GL(M), where GL(M) is the group of units in Hom, (M, M)

called the general linear group GL(M).

Definition(3.2) Let G and G, be groups. Let A be a intuitionistic fuzzy group on G and B be a intuitionistic fuzzy group
on G;. Let f be a group homomorphism of G onto G;. Then f is called a weak intuitionistic fuzzy homomorphism of A
into B if f (A) < B. The homomorphism f is an intuitionistic fuzzy homomorphism of A onto B if f (A) = B.
We say that A is an intuitionistic fuzzy homomorphic to B and we write A ~ B.

Let f: G =G, be an isomorphism. Then f is called a weak intuitionistic fuzzy isomorphism f (A) < B and f is an
intuitionistic fuzzy isomorphism if f (A) = B.

Definition (3.3) Let G be a group M be a vector space over K and T: G>GL(M) be a representation of G in M. Let A be
an intuitionistic fuzzy group on G and B be a intuitionistic fuzzy group on the range of T. Then the representation T is a
intuitionistic fuzzy representation if T is an intuitionistic fuzzy homomorphism of A onto B .

Example (3.4) Let G = (Z, +) and M be a vector space over R. Let T: G> GL(M) be defined as T(x) = Ty, where T,: M
- M, such that T,(m) = xm, for xeM. Then T is a representation.

Now, we defined the IFS A on G by

1 ;whenx iseven 0 ;when x is even
La(X) = . and v,(x) = ) , VxeG.
0.5 ;whenx is odd 0.2 ;when x is odd
Then A is IFSG of G. Let B be IFSG on the range of T defined by
1 :;when X iseven 0 ;whenxiseven
= and T)= , VT eT(G).
(1) {0.5 ; when x is odd va(T) {0.2 ; when x is odd «<T(G)

Then, we have
T(AT) =(/L‘T(A)(Tx)l VT(A)(TX))! where
(T =vi{uy(2): zeTHT)) and vy (T) =A{va(2): 2eT (T}

NOW’ :uT(A) (Teven) = V{IUA(Z) - Z eTil(Teven)} ::L. VT(A) (Teven) = /\{VA(Z) - Z eTil(reven)} = 07

and g () (Togg) = V{IUA(Z) P 2eT (T )} =0.5; Vi (Toga) = /\{VA(Z) -z ET_l(Todd)} =0.2.
T(A) = B. Hence T is an intuitionistic fuzzy representation of A onto B.

Theorem (3.5) Let A be an IFSG of G and N be a normal subgroup of G.

Let A, =(uAN ,VAN) ,where £, , v, GIN->[0,1] defined by

Ha, (XN) = v{ua(xn): neN} and Va, (XN) = A{va(xn): neN}, vxeG.
Then A is an IFSG of G/N.

Proof. Let A= (Ua, Va) be a IFSG of G and N be a normal subgroup of G.
Define Ay = (s, ,Va, ). Where 1, -, v, :GIN->[01]by

Hp, (XN) = v{ua(xn): neN} and Va, (XN) = A{va(xn): ne N}, ¥xeG
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Let xN, yN e G/N, where x, yeG, we have
H, SONYYND} = 22, LN}
= v{ua{xy}n) : neN}
=v{ pa({xy}niny) : ny, n, eN }, where n = n;n,, for some ny, n, eN
2 v { Halxn) A palynz) 1 ng, n2 €N}
2 [v{ba(xng) 1y N A [V{Ha(yn2) i nz eN 3]
= Ha(XN) A Ha(YN)
Thus, 2, [GN)JYNT = 44, OGN A 4, ON).
Similarly, we can show that Va, [(XN)(yN)] < Va, (xN) v Va, (YN).
Also, g1, {(xN)'} = Ha, (x*N) = v{pa(x* n) : neN}= v{pa(xn) : neN}= Hp, (XN)

Similarly, we can show that v, {(xN)'} = vy, ON).

Hence A\ is an intuitionistic fuzzy subgroup of G/N.

Theorem (3.6) (A Fundamental Theorem of Intuitionistic fuzzy representation)

Let G be a group, M be a vector space over K and T:G->GL(M) be a representation of G, then y: G/IN->GL(M) defined
by w(xN) = T(x) = Ty, V XxeG, is an intuitionistic fuzzy representation of G/N, where N is a normal subgroup of G.
Proof. Let A= (ua, Va) be a IFSG of G. Since T is an intuitionistic fuzzy representation, there exist an IFSG B on T(G)

such that T(A) = B. We have to prove that v is an intuitionistic fuzzy representation on G/N.

G —T 5 GL(M)
(/JA’ VA) N [ T 14
I x< I < G/N

(#ay > Vay)
Given w: G/N->GL(M) defined by w(xN) = T(x) = Ty, V X €G. Then wis a homomorphism of G/N into GL(M), for
XN, yN € G/N, where x, yeG, we have y( (XN)(yN)) = y( (xyN)) = T,, . Then for meM , we have
Toy(m) = (xy)(M) = x(ym) = Ty(ym) = T(Ty(m)) = (TT)(M) = Ty =TT,
Thus, we have  y( (XN)(YN)) = w(XN) y(yN).
Also, T (m) = (ax)(m) = ou(xm) = aTy(m) = (aT,)(m), formeM and aeK
o Tax=0aTy. Thus, we have y{(ax)N)} = .y (XN)
Hence w: G/IN->GL(M) is a representation .
Let A :(,uAN ,VAN),where Hp, +Va, - GIN >[0,1] defined by 12, (XN) = v{pa(xn): neN}

and Va, (XN) = A{va(xn): neN}, VxeG be intuitionistic fuzzy subgroup of G/N. Then

W (AT =Ly )T Vyao (), where s, (T) =v{p, ON) - XN ey (T,), T, ep(G/N)}
and v, ,(T,)=A{v, (N): xN ey (T), T, ew(G/N)|
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NOW, 11,5, (T,) =V {1y, ON) : XN ey (T,), T, ew(G/N)}
v{v{,uA(Z) ze XN, T, eT(G)}}
v{uA(Z) :ze XN, T, eT(G)}

IUT(A)(TX)-

Similarly, we can show that v, ., ,(T,) =vy ) (T,)-
Thus, w (A, ) =T (A)=B. Hence w isan intuitionistic fuzzy representation of A, onto B.

Example (3.7) Let G = {1, -1, i, - i }, a group under multiplication and M be a vector space over R. Let N = {1, -1}.
Then N is a normal subgroup of G. Let T : G - GL(M) be defined by T(x) = Ty, where T,(m) =xm, V xeG and meM.
Define the IFS A on G by

Ha(X) = {

Then A is IFSG of G. Let B be a IFSG on T(G), defined by

0 cwhenx=1or-1
and v,(x) = .., VxeG .
0.25 :;whenx=ior-i

1 ;whenx=1or-1
0.6 ;whenx=ior-i

0 :;whenx=1lor-1
and vy(T) = .., VT, eT(G).
0.25 ;whenx=ior-i

T)= 1 ;whenx=1or-1
#3577 106 whenx =i or-i
Then T(A)(T,) = (£t (To)s Ve (T,)), where

Ky (T = V{;UA(X) - X ET_l(Tx)} and V1w (T) = /\{VA(X) - X ET_l(Tx)}-
Thus, we have s, (T)) =1= f74 (Ty) and vy (Ty) =0 =v, (T,)

also, Hray (T;)=0.6= Hray (T;) and V1 (T;)=0.25= V1 (T.)

Therefore, T is a intuitionistic fuzzy representation of A onto B.

Now, G/N = {N, iN}. Let A = (quN ,VAN) , Where Hp, o Vi, G/N - [0,1] defined by

Ha, (XN) = v{ua(xn): neN} and Va, (XN) = A{va(xn): neN}, YxeG

be intuitionistic fuzzy subgroup of G/N.

Clearly, s, (N)=1,v, (N)=0and p, (iN)=06, v, (iN)=0.25

Let w: G/IN->GL(M) defined by w(xN) =T(x) = T« , ¥V X €G. Then we have

V(AT = (Hya) T Vi) (), Where g0, (T) = {1, (GN) : XN ey (T,), T, ep(G/N)]
and v, ,(T,)=A{v, (N): xN ey (T), T, ew(G/N)|

NOW, 1,5,y () =V a1, (N) : N ey (T,), T, ey (G/N)| =1

and v, ,(T)=A{v, (N): Ney™(T), T ep(G/N)| =0

Similarly, we can show that z,, ,(T.)) =1 v, a,(T.1) =0, 2,» ,(T;)=0.6, v, ,(T;) =0.25,

Hya)(T3)=06, v, ,(T;)=0.25
Thus, we see that (A, ) = B. Hence y is an intuitionistic fuzzy representation of G/N onto B.

Remark(3.8) when the general linear space, in short GL(M) is replaced by a group G', we get the following corollary,

which may be called as a “ fundamental theorem of intuitionistic fuzzy homomorphisms”.

Asian Online Journals (www.ajouronline.com) 85




Asian Journal of Fuzzy and Applied Mathematics (ISSN: 2321 — 564X)
Volume 03 — Issue 03, June 2015
Corollary (3.9)(i) Let T be an intuitionistic fuzzy homomorphism of A onto B where A is IFSG on G and B is IFSG on
T(G). Then y: G/IN > G', defined by y(xN) = T(x), V x G, is a intuitionistic fuzzy homomorphism of Ay onto B,
where Ay is an IFSG on G/N, N being a normal subgroup of G.
Proof. Straight forward.
(ii) Let T be an intuitionistic fuzzy homomorphism of G onto G’ and Ky be the kernel of T.  If T is an intuitionistic
fuzzy homomorphism of A onto B where A is an IFSG on G and B is an IFSG on G’, then v : G/K; > G’ is an

intuitionistic fuzzy isomorphism of AKT onto B where AKT is an IFSG on G/Kj.

Proof. Straight forward.

Example (3.10) Let G = ( Z, +), N = set of all even integers and G’ = {1, -1}, the group under multiplication. N is a
normal subgroup of G.

1 ; whenxiseven
Define T:G > G' by T(X) = . , VxeG.
-1 ; whenxisodd
Then T is a homomorphism of G onto G'.
Let A be the IFSG on G defined by
_ |t ;whenx iseven _ | s ;whenx iseven
Ha(X) = ) - and v,(x) = . -
t, ; when x is odd Sy ; when x is odd
where t>t, ; s<s, and t+s<1 ; t,+s,<1

Let B be IFSG on G’ defined by

t ;wheny=1 s ;wheny=1

tg (Y) = { and vy (y) = { , VyeG'

t, ;wheny=-1 Sy ;wheny=-1

Then, T(A)Y) = (ttra (¥): Ve (¥)), where

trmy () =v{ua ()1 x € THY)} and vy () =A{va(¥): x e THy)}.
Now, zir (D) =v{,uA(x): X € T’l(l)} =v{u\(x): xiseveninteger} =t and
Vi@ = /\{VA(X) C X € T‘l(l)} =A{va(X): xiseveninteger}=s

AlSO, sty (1) =v{uy(¥): x € TH(=D} =v{u,(X): xisodd integer}=t, and
Vi (1) = /\{vA(x) C X € T‘l(—l)} =A{va(x): xisodd integer} =s,

- T(A) = B, Therefore, T is an intuitionistic fuzzy homomorphism of A into B.

Now, G/N={x+N:xe G} Define Ay =(g, ,v, ), where 1, , v, :G/N->[0,1] by

My, 0+ N) = V{la(x+n) :neN} and v, (x+N)=A{va(x +n):ne N}, vxeG.

t ; xiseven
t, ; xisodd

S ; Xiseven

Clearly, u, (x+ N) :{ s, :xisodd
O 7

and v, (x+ N) ={
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Then w:G/N — G’ defined by w(x+N)= T(x), VxeG.
Now, (ALY = (£, ar (¥ Vyiany (¥)), Where
Hyingy () =V {ttp, (x+N) 2 x+ N ey *(y),y €G'} and

Vo (V) =A{va, (X+N): x+N ey (y).yeG'}

Thus, 44,5, @) =V {a, (x+N): x+N ey™(1),1€G'} =t and

1/§,,(AN)(1)=/\{VAN (X+N): x+N et//"l(l),leG'}=S.

Similarly, we get, u,,,(-D=t, and v, ,(-1)=s,.

Therefore, w(A,)=B. Hence y isan intuitionistic fuzzy homomorphism of A, onto B.
Remark (3.11) The fundamental theorem illustrates that every intuitionistic fuzzy representation or intuitionistic fuzzy

homomorphism on G gives rise to an intuitionistic fuzzy representation or intuitionistic fuzzy homomorphism on the
factor group G/N where N is a normal subgroup of G.
Proposition (3.12) Let A and Ay be IFSG of G and G/N respectively where N is a normal subgroup of G. If & is the
natural homomorphism from G onto G/N, then t is an intuitionistic fuzzy homomorphism of A onto Ay.
Proof. Since = is the canonical homomorphism of G onto G/N, =(g) = gN, geG. We have to show that = is an
intuitionistic fuzzy homomorphism of A onto B.
G —> G/N
(tpr VAU 0 (ﬂANv VAN)

Ix1
For every gN € G/ N, we have 7(A)(GN) = (4,4 (@N), v, (GN)), where

Homy (ON) =V {1, (2): ze 77 (gN)}

= v{u(@): 7(2)=9N}

= v{u,(z): ZN =gN}

= v{u(z): z=9n, ne N}

= v{u,(gn): neN}

= ua, (GN)
Similarly, we can show that v, (gN)=v, (gN).
Therefore, 7z (A)=A,.
Hence = is an intuitionistic fuzzy homomorphism of A onto A, .
Example (3.13) Let G = {1, -1, i, - i }; N ={1, -1}; groups under multiplication. Then
G/N ={ N, iN}. Consider the IFSG A on G defined by

Ha(X) = {

0 cwhenx=1or-1

1 :;whenx=1lor-1
and v,(x) = , VxeG

0.6 ;whenx=ior-i 0.25 ;whenx=ior-i

Consider that = : G = G/N is the canonical homomorphism, so that =(g) =gN, geG.
Define Ay = (£, ,Va, ) Where g, v, :G/N->[0,1] be the IFSG on G/N by
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1 ;if x=1 0 ;ifx=1
Hia, (XN) :{0.6 Cif X =i and v, (xN) :{0.25 ;if x=i

A(AYON) = (12,0 (XN), v, (XN)), where

to gy ON) =V {1, (2): ez (N)} and v, (XN) = A{v,(2): ze 77 (xN)}
NoW, 2,y (N) =V {1, (2): ze 2 (N)} =v {1, (2): ze{L -1} =1;

Ve (N)=A{va(2): ze 2 (N)f = a{v,(2): ze{L -1} =0;

AISO, 11, (iN) =v{11,(2): ze 7} (iN)} =v{p,(2): z{i,—i}} =0.6;

Ve (N) = A{vy(2): ze M (iN)} = A{v,(2): zefi,i}} =0.25.

. 7(A) =A,. Hence 7 is an intuitionistic fuzzy homomorphism of A onto A,,.

Now, we proceed to prove a proposition which gives us more insight into the relation between two

intuitionistic fuzzy groups which are intuitionistic fuzzy homomorphic.

Proposition (3.14) Let T be a homomorphism from G onto 6 and let A and B be IFSG of G and 6 respectively such
that T(A) = B. Let = be the natural homomorphism from G onto G/ N where N is a normal subgroup of G such
that N ={xeG: T(x) € N }. Then there 3 a homomorphism p from G / N to (_B/N and p is an intuitionistic fuzzy
homomorphism of A onto Bﬁ on G /N and E/N respectively.

Proof. Let T: G> 6 be the homomorphism of G ontoa , defined by T(g) = 5 ,9eG, a € 6 Let ©: (_3 > G/N be
the natural homomorphism. Then = o T = y is a homomorphism of G onto 6 / N and y(g) = (mro T) (9) =n(T(Q)) =
n(9)=g N,

The IFSG A on G/ N is defined by A (xN) = (x, (XN), v, (xN)), where

ty, ON) =v{n,(2): zexN} and v, (XN)=A{v,(2): zexN}

Now, w(N)=(xoT)(N)==n(T(N))= n(ﬁ) = N . .. Nisthe kernel of .
.. wis a homomorphism of G ontoé / N with kernel N. Hence 3 a homomorphism p of G / N onto 6 / N defined by

p (gN) = 6 N . We have to show that p is an intuitionistic fuzzy homomorphism of A onto BN .

G —T G
(£p,va) U (15, ve)
I < | Iz
(tn, va,) U (g, ve )L
G/N > G/N

For g N € G/ N, we have
PANEN) = (22,0, (GN), V00, (GN)), where
/Llp(AN)(EN) = V{ﬂAN (ON): gN e pfl@ﬁ)} and VP(AN)(aN) = /\{VAN (gN): gN € pfl(aﬁ)}
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Now, z2,n,(GN) =v{s, (gN): gN € p(gN)}

v{V{ua(gn): neN}, geG, T(g) =g, p(gN) =T (g)N)}
v{,uA(gn): neN, geG, T(g):§}

= v{u@): 2eT(9)}

= frn (9)

= (@) . 9€G

v{us(9): 7(9) =gN}

= v{ue(@: gex(gN)}

= 1, (GN)

= 415, (GN) [ '

- By Proposition (3.11), x is intuitionistic
fuzzy homomorphism of B onto B
Similarly, we can show that vp(AN)(EN) = Vg (EN)
p (Ay) =Bg. Hence p is an intuitionistic fuzzy homorphism of A, onto B_.

Example (3.15) Let G = (Z, +), 6 ={1, -1}, a group under multiplication.

— . 1 ; whenxiseven
Let f:G—>G bedefined by f(x)= .

-1 ; when x is odd.

Then f is a homomorphism of G onto (3 .Wehave N ={xeG:f(x) € N }

Let N = {1}. Then N is a normal subgroup of G .. N= {xeG:f(x)=1}=2Z
We know that N is a normal subgroup of G. Define the IFS A on G by

(x) 1 ;whenxiseven and (%) 0 ; when x is even ¥ X € G. Then A
= 1% = y ISHG N
Ha 0.5 ; when x is odd A 0.2 ; when x is odd o
is IFSG of G. Define the IFS B on G by
1 ;ify=1 0 ify=1
= and = , we have
#o (Y) {0.5 Lif y=—-1 Ve (¥) {0.2 Cif y=—-1

G/N={N,1+N} where N =set of even integers and 1 + N = set of odd integers.
Define A = (,uAN ,VAN) ,where g2, v, :G/N->[0,1] be the IFS on G/N by

(x+N) 1 ;whenx=0 and (x+N) 0O ;whenx=0 Then A
= 1| % = n |
Hay 0.5 :whenx=1 A 0.2 :whenx=1 oA is

an IFSGof G/N.Now, G/N ={1. N,(1) N}={ N ,- N}

Define IFS B on G/N by
— 1 ;wheny=1 — 0 ;wheny=1
N| = and N)| =

Heg (y ) {0.5 ; wheny =-1 Ve (y ) {0.2 ; wheny =-1

Clearly, By isIFSGon G/N.

Define p:G/N-> G/N by p(x+N)=fx) N =y N , where y = f(x).
Then, p(N\)=fO)N =1.N = N, p(L+N)=f1)N =(-1) N .
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Thus, we have P(A(YN) = (£,00) (YND, ¥, a,,(YN) ), where
Loy (YN = {20 (X+N): y =T (), x+N e p*(yN)} and
Voan (YN) = A{va (x+N) 1 y=f(X), x+N e o (yN)}
ﬂp(AN)aN):v{yAN (0+N): 1=f(0), N ep-l(ﬁ)}: v{,uAN(N)I p(N)=N}:1
and vp(AN)(l.N)zA{VAN (0+N): 1=f(0), N ep-l(ﬁ)}: A{VAN(N): p(N):N}:o

Similarly, we can show that z,, ,(-N)=05 and v, /(-N)=0.2.

wop(AN) = Bﬁ . Hence p is an intuitionistic fuzzy homomorphism of Ay onto BN .
Proposition (3.16) Let ¢ be an intuitionistic fuzzy homomorphism of A onto B where A and B are IFSGs of group G

and érespectively. Let N be a normal subgroup of G and N = ®(N). Then the canonical homomorphism

T 6 > G/N is an intuitionistic fuzzy homomorphism of B onto &N where BW is an IFSG of G/N and

w = o ¢ is an intuitionistic fuzzy homomorphism of A onto &N .

Proof.
G —? G
(tasva) (Hg,vg) U
I s
0 (g0 ve)
G/N

We know that = m o ¢ is @ homomorphism of G onto 6 / N where = is the canonical homomorphism from 6 onto
6 / N We have to show that = o ¢ is an intuitionistic fuzzy homomorphism of A onto BW . 1.e., to show that (m o ¢)(A)
= B,,.
Consider gN €G/N, (7o #)(AYGN) = (£r.gyn N, V(rp (GN) ), where
Heaesxn @N) = v {12,(2): 2 (2o ) HGN)| and v, (ON) = A{va(2): Z€ (m29) " (ON)}
NOW, 41z, gy (GN) =V {12,(2): 2 (m09)*(ON)}
= v{u(@): zeg™ (x@N))|
= Hy(n (ﬂ_l(éﬁ))
= g (ﬁ’l(éﬁ)) [+ ¢ is an intuitionistic fuzzy homomorphism, ¢(A) = B]
= . (@N
Aoy (9N)
= :Lliz'(B) (éﬁ)
= tts_(gN) [+ 7 is an intuitionistic fuzzy homomorphism, 7(B) = By |.
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Similarly, we can show that v, (GN) =vs_(gN)

. mwodg is an intuitionistic fuzzy homomorphism of A onto B_.

Example (3.17) Let G = R — {0}, 6 = {1, -1}, groups under multiplication.

1 ; when x is positive real number

. . , VXxeG.,
-1 ; when x is negative real number

Definef: G > G by f(X):{

Then f is a homomorphism of G onto (_3 . Define the IFS A on G by

1 : when X is rational 0 ;when X iss rational
Ua(X) = . and v,(x) = L ,V xeG.
0.5 ; when x is irrational 0.2 ; when x is irrational
Then A is IFSG of G. Define the IFS B on G by
1 pif y=1 0 pif y=1
= and = , we have
#e (Y) {0.5 Cif y=—1 Ve (¥) {0.2 Dif y=—1

BisIFSGof G .
Let N ={1}. Then N ={xeG: f(x) =1}= (0, ). N and N are normal subgroup of G and 6 respectively.
Now, G/N={xN,yN: xeQ", yeR"-Q"}.

Define A, :(quN ,VAN),where Hp, Va,  GIN >[0,1] be the IFS on G/N by

(zN) 1 ;whenz=x and (zN) 0 ;whenz=x
= Vv —
Hom 05 ;whenz=y A 0.2 ;whenz=y

Then Ay isan IFSG of G/N.Now, G/N ={1. N,(-1) N}={ N ,- N }.
Define IFS B on G/ N by

— 1 ; whent=1 — 0 ;whent=1
ﬂBW(tN) :{0.5 : whent=-1 and VBW(tN) :{

Clearly, By is IFSG on G/N.

Define p:G/N-> G/N by p(zN)=f@)N =tN , where t = f(2).

Then, p(xN)=f(x) N =1.N = N, p(yN)=f(y) N =(-1) N .

Thus, we have  p (A )(tN) z(,up(AN)(tN), Vp(AN)(tN) ), where

£, (END) =v{,uAN (zN): t =T (2), zN ep—l(tﬁ)} and

Vooasy (TN = /\{VAN (zN): t=f(2), zN < p—l(tﬁ)}
,up(AN)(l.N):v{,uAN (@L.N): 1=f(x), xN ep-l(ﬁ)}z v{,uAN(N): p(xN):N}zl

and Vp(AN)(l.N):/\{VAN (L.N): 1=f(x), xN epfl(ﬁ)}z A{VAN(N): p(xN):N}zo.

Similarly, we can show that z,., ,(-N)=0.5 and v, ,(-N)=0.2.
~ p(Av) = Bg . Hence Ay~Bg.
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Proposition (3.18)[5] ( Cayley’s Theorem)
Every group is isomorphic to a subgroup of A(S) for some appropriate set S.
It may be recall that the A(S) is the set of all one to one mapping of a set S onto itself.
Theorem (3.19) Any isomorphism y : G ~ A(G) gives rise to a intuitionistic fuzzy isomorphism between a pair of
intuitionistic fuzzy subgroups of G and y(G).
G —“5 AG)
Proof. (tpr va) Ul U (g Ve)

I x|
Let A be IFSG of the group G. By Cayley’s theorem, 3 an isomorphism y : G > A(G).

Let w(g) = ty, VgeG, where t; € A(G) defined as ty (h) = gh, V heG.
Define IFS B = (15,v5) : A(G) — | x| defined by

ts(ty) = 1,(9) and vy(t,) =v,(9), Vt, € A(G)

Then it is easy to verify that B is IFSG on A(G) and B(ty) = A(Q) , V tye A(G), geG.
Now, w(A)t,)=(1,wt,). V() ¥, cw(G), where
Hym () =V {1, (0 X ey ()} = 1, (9) and v, (t,) = A{va(X): Xy (t,)} =v,(9)
For t,,t, ey (G), we have
o Calh) = 4, () [ Tt =15, ]

= u,(gh)

> 11, (9) A 2, (D)

= My, ) A 1, (L)
Similarly, we can show that v, (t t,) <v, ;) Vv, (t)

/Lly/(A){(tg )71} = Hy,n (tg—l) = /UA(gil) =u,(9) = Hy (tg)'
Similarly, we can show that VW(A){(tg)_l}= V()
w(A) is an IFSG of y (G).
Also, w(A)(t,) = A(g)=B(t,), Vt, ew(G), and hence y(A) =B.
Hence y is an intuitionistic fuzzy isomorphism of A onto B.
Example(3.20) Let G = {1, -1}. Define isomorphism y : G> A(G) by y(9) = t5, VgeG, where ty is an automorphism on
G defined by ty (h) = gh, V heG. Define the IFS A on G by

=11 T g =] 0 T e aksissoro
Ha - 05 if x=-1 Va - 0.25 if X:_l- en A IS of G.
Let B be IFS on w(G) defined by

t) = 1 ifg=1 and (t) = 0 ifg=1
#e%e) =05 if g=-1 Yo%) " 005 if g=-1
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Then, w(A)t,) = (4w (ty): vy (ty)), ¥ t, €w(G), where
Hym () =V s (0 x ey (t,)] and v, () = A{va(): xey ' (t,)]
Now, s, () =V {:UA(X) - X€ Wﬁl(tl)} =1 and v, ()= /\{VA(X) - X€ Wﬁl(tl)} =0
Similarly, we can show that . (t;)=0.5 and v, (t,)=0.25.
- w(A) =B. Hence w isan intuitionistic fuzzy isomorphism of A onto B.
Definition (3.21) Let T be an intuitionistic fuzzy representation of a group G with representation space M and H be a
subgroup of G. Then the restriction of T on H is defined as (T [s)(X) =T (X), Vx e H
Proposition (3.22) If T is an intuitionistic fuzzy representation of G with representation space M and H is a subgroup of
G, T|w is intuitionistic fuzzy representation on H.
Proof: Since T is an intuitionistic fuzzy representation, there exists IFSGs A and B of G and T(G) such that T(A) = B.
We have to show that T |  is a intuitionistic fuzzy representation.
Fory e T(G), wehave (T |,,)(A)(Y)= (ﬂ(ﬂH oo (V) Ky, )(A)(y))l where
Herym (V) =V {00 xe (T 1) M} and vy (D) =A{va(0): xe (T 1))}
NOW, 44z, o (Y) =V {11, (X) - X (T 1))}
\ {,UA(X) FT LX) = y}
Vi, (X): T(x)=y, xeH}
Vi () T(X) =y, yeT(H)}
= v{m(): xeT (T (H)]
=t (Y), Where y e T(H)
= 4 (y), where y e T(H)
= Hay () (y)
Similarly, we can show that vy, ) (Y) = Vel (y)

. (T14)(A) =Bl - So, T|,is an intuitionistic fuzzy homomorphism of A|, onto B, .

Hence T|y is an intuitionistic fuzzy representation of Al onto Blr ).

Definition (3.23)[ 4 ] Two representations T and T’ with spaces M and M’ are said to be equivalent if 3 a K-isomorphism
S of M onto M'such that T'(g)(S) = ST(g), V geG. i.e., T'(g)S(m) = ST(g)(m), V geG and meM.

Definition (3.24) Let A be IFSG on G. Two intuitionistic fuzzy representations T and T’ of G with spaces M and M’ are
said to be equivalent of T(B)(x) = T*(C)(x), V xeG,

i.e., B(T(X)) = C(T'(x)), ¥ xeG, where B and C are IFSG on T(G) and T'(G) respectively.

G — GL(M)
TS 0 (/uB’VA) ‘L(/UB'VB)
GL(M) —Yerxe) 5 x|

Remark (3.25) The equivalence of intuitionistic fuzzy representation is an equivalence relation
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4. CONCLUSION
The theory of group representations has an applications in several branches of Mathematics and practical Physics. So the

study of its intuitionistic fuzzy version is expected to have many practical applications.
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