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ABSTRACT--- This paper is devoted for the study of a new generalization of M-series. Its various properties

including differentiation, recurrence relation, Laplace transform, Beta transform, Mellin transform, Generalized

hypergeometric series form, Mellin Barnes integral representationand its relationship with Fox's H-function and
a.p

Wright hypergeometric function are investigated and established. The integral operator M containing the
p.a;mnw .c*

a.p
generalized M-Series M (z)in the kernel is defined and studied namely its boundedness on L(a,b). Also

p.g;m.n
composition of Riemann — Liouville fractional integration and differentiation, and Hilfer's fractional derivative
a.p
operator with M are established.
p.a;mnw .c*

Keywords--- GeneralizedM-Series, H-function , Integral transforms,Fractional Integral and Differential Operators.

1. INTRODUCTION

In 2008 the mathematicianManoj Sharma [14] introduced the M-series
a a
pMy (al,...,ap;bl,...,bq;z ): pMq(z)
“ = (a), ...(ap) Sk
pMq(z)= k (1.1)
kZ::; (by), ---(bq )k I'(ak +1)

Where z, €[], Re(a)>0 and (aj )k ,(bj )k are the Pochammer symbols.

The series in (1.1) is defined when none of the parameters bj :S; ] =1,2,...,q is a negative integer or zero, If any
numerator parameter a; is a negative integer or zero, then the series terminates to a polynomial of z . From the ratio
test it is evident the series in (1.1) is convergent for all z if p <(, also if p = +1 its convergent absolutely or
conditionally when |Z | =1, and divergent if p >q +1.

The series in (1.1) is a particular case of the H - function of Inayat — Hussain [3]. The M-series is interesting because the

qu - hypergeometric function and the Mittag — Leffler functions [1,11] follow as its particular cases, and these

functions have recently found essential applications in solving problems in physics, engineering and applied sciences.

Further extension of both Mittag — Leffler function and generalized hypergeometric function Fq is called generalized

M-series introduced and studied by Sharma and gain [15] where ,
a,ﬂ _ * (al)k .(ap )k Zk

M(z)

pa = (by), ...(bq )k I'(ak +p)

The series in (1.2) is convergent for all z if P <(Q +Re(a), also it is convergent for |Z|<5=0{“ if

1.2)

p=q+ Re(a) and divergent if p >Q + Re(a).
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On the other hand many authors stated and proved interesting examples of the special functions of fractional calculus
[6,9] (SF of FC), a notion that gained recently an important role in the theory of differentiation of arbitrary order and in
the solution of fractional order differential equations.

Salim and Faraj [11] defined a fractional integral operator gg‘quw C+(z ) containing the generalized Mittag-Leffler

function E Q"sﬁf‘p(z ) in its kernel , they studied that operator on L (a,b ) space of Lebesgue measurable functions namely
its boundedness.

In continuation of studying special functions of fractional calculus Sharma and gain [15] gave representation of the

a.p
generalized M-series M (z ) with formulas of fractionalcalculus operators
P

In this paper a new generalization of M-series introduced by the authors as,

a,p a,f
p,!;{lm,n(al""’ap;bl""’bq;Z )= p’Mm’n(z)
aﬂ 0 (al)km...(ap) Zk
M (z)= A (1.3)
pgimn kZ:;; (by),, ...(bg| )kn I(ak +p)
where z,a, S €C, Re(a)>0 and m,n are non-negative real number (1.4)

The conditions of convergence of the series (1.3) is discussed and established, also all possible special cases of the M-
series (1.3) are stated.Recurrence relations, Derivation formulas, Laplace transform, Beta transform, Mellin transform,

a.f

MellinBarnes integral representation of M (z)are established, also its relationship to Fox's H-function and
p.q;m,n

Wrighthypergeometric function is under concentration.

The integral operator defined by

[p,q;n?‘r?w ,c+(pJ(X )= ](X - )ﬁil pE’;'in[W (x -t )a}”(t )dt (1.5)

C
containing the generalized M-series (1.3) in its kernel is investigated and its boundedness is proved under certain
conditions.
Theorems of composition of fractional calculus operators,
X
p) 1 v
(140)0) =5 0 j (x-t)p(t)dt  (2e0,Re(2)>0) (1.6)
and
d S
A -1
(DCAp)(X):(d—Xj (1570)(x) s =[Re(4)]+1 L7
with integral operator defined in (1.5) are given and proved.

As a matter of fact if w =0, m =1 and n =1, then the integral operator (1.5) corresponds essentially to the Riemann-
Liouville fractional integral operator defined in(1.6).
The generalized fractional derivative operator D" ¢ known as Hilfer's derivative [2] is written as,

(027 o)) {1202 (140 ) @9)

Dc“;" yields the classical Riemann-Liouville fractional derivative Dc“+ when v =0, also if v =1 it reduces to Caputo
fractional derivative.

Throughout this paper, we need the following well-known facts and rules
¢ Beta transform (Sneddon [17])
1
B{f (z);a,b}:J‘zafl(l—z)bflf (z)dz Re(a)>0,Re(b)>0 (1.9)

0
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o Laplace transform (Sneddon [17])

L (z);s}:'[e’szf (z)dz Re(s)>0
0
and
n-1
L t—;s L n>0
F(n) s"
eMellin transform (Sneddon [17])
Wl{f (x);s}:f *(s):J'sz (z)dz n>0
0
and the inverse Mellin transform is given by
C+ioo
VS PR B —sg *
f(z)=M*f (s),z}_m_c:!- 275 (s )ds cell

o\Wright generalized hypergeometric function (Srivaslava and Manocha [18])
P
I'(a; +A;n
(al,Al)...(a ) o H (a +An) 2N
p g ) Z q nt
" TTr(b; +8;n)

n!
j=1
oFox's H-function (Kilbas and Saigo [4])
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(1.10)

(1.11)

(1.12)

(1.13)

(1.14)

m,n
Hp'q z

(b1, ) e (bg 3y

j=m+l j=n+1

o Generalized hypergeometric function (Rainville [10])
P
. (e
o F (al,...,ap;ﬂl,. ) Z 'q:l —I
(),

i1

eFubini's theorem (Dirichlet formula) [12]

j.dx ].f (x,t)dt :j.dtj.f (x,t)dx

t

:;le.h(x t)dt =Eaixh(x ,t)dt}+h(x X)

e Caputo fractional derivative [12]

(o)) =12 S p(x)

L (a,b) Space of Lebesgue measurable function on [a,b]

L<a,b)={g<x):||gn1:j|g<x>|dx<w}

Also we need the following relations [10]
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(1.16)

(1.17)

(1.18)

(1.19)

(1.20)

144



Asian Journal of Fuzzy and Applied Mathematics (ISSN: 2321 — 564X)
Volume 02 — Issue 05, October 2014

INa+n
. (a). = (r(a)) (1.21)
. [(a+1)=ol () (1.22)
()T (8)
. B(a,p)= 1.23
(@)= T p) (1.23)
. (@), =(a),(a+n), (1.24)
r(s)r(1-s)=—2= 1.2
. ()r(1=s)=— (1.25)
2. BASIC PROPERTIES
Some special cases of the generalized M-series K)Iﬂ (z) are the following
p.g:mn
(i) When m=n =1, in (3.1) we get the generalized M-series introduced by Sharma and gain [15]
a.p o p = (&), () 2
M (z)=M(z)= k 2.1
p,q;l,l( ) p,q( ) é(bl)k ---(bq )k T(ak +5) b
(ii) For m=n=1 and f=1 in (3.1) the result will be the M-series defined by Sharma [14]
al * |3 ...la k
M (Z)=“7(Z)=Z(l)k ), s (2.2)
paiLl P.q = (o), ,,,(bq )k I'(ak +1)

(iii) The generalized Mittag — Leffler function [11] introduced by Salim and Farajyields when p =g =1 in(3.1) , For
more result see also [11,16]

a,p X

1,{\;{'n,n( Esl’gln Z kn (ak +ﬂ) (23)
(iv) For p=0, g=1 n=1and b, =1in (3.1) , the Wrighthypergeometric function W (z ;a,ﬂ) [6] comes
aﬂ
M l( lz)—oq’{(ﬂ,a) ; z} (2.4)
(v) The generalized hypergeometric function Fq (z)[8] when @ =f=1and m =n =1, with arbitrary p,g we have
11 © (&), ...(a k
p!\txll:1~1(z ) ) kJH% o Fq ((ai )f ;(bj )j ' ) (25)

Theorem 2.1:

The series in (1.3) in absolutely convergent for all values of z provided that pm <qn+Re(a), moreover if

pm =gn +Re(« ) the series converges for |z| <& =a*

Proof:
a.p
Rewriting M (z )in the form of power series dez
p.g;m,n p q m, n
a), ... a
when d, :( i ( p)km and applying

(b1 -+ (0 )kn T (ak +p)
M =73 {1+(a—b)(2++b—l) +0 [%H ,see [19]

I'(z +b)
we get,
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‘Ckﬂ =|(a1)km+m”‘(ap)km+m . (bl) (bq)kn . (Otk +/B) | |
Cx ‘ (G (ap)km (B2 ) b) . T(ak +B+a)
m m 2a1+m 2a
o el
nk)™" +m+ (nk )" +L+ 1
o 2 O{WJ ) [1 ok ] O{wka
a +—a(2/)’+a) . 1 ,
o[ O[(wfﬂ"
~ mm™ kP
then |Sk . L/—>0ask »wand pm <gn+Re(a)

a.p
which means that the M (z ) converges for all z provided that pm <qn +Re(«)
p.g:mn

if pm =qn +Re(«), then the series converges for |z| < 5 =a“ and at the case of |z| = 6 = a“ the series can converge on
conditions depending on the parameter (see e.g. in [6])

Theorem 2.2:
If the condition in (1.4) is satisfied, then
K)lﬂ 3 a,,\ﬁﬂ d a|’\§|i+l 26
qu;m,”(z)_ﬂpvq;m,n(z)+azprQ;m,n ( ' )
Proof:
apB » (g a k
()3 e E oy 2

o
=
~—
&)
—_—
£
=
=
—
g
=~
+
=
~
—_
S
=~
+
=
~

(
:i (31)km...(ap ) ak 2 . % (al)km"'(ap)km B2
(by)yy---(2), T(ak +5+1) 45 (by),, (b ), T(ak +A+1)

m
r
o (al)km...(ap )k kz¥t = (al)km...(ap )km 2K

=z m +
k—O( l)kn (aq )kn F(ak +ﬁ+1) K =0 (bl)kn (bq )kn F(ak +ﬂ+l)
W’ d w° hich is (2.6
=ﬂpyé\;/|m’n(2)+az d—zp’(l!\;/lm’n(z) which is (2.6)
Theorem 2.3:
If the condition (1.4) is satisfied, then for s €0

(;_st [Z " p,E;)': Sz )} =2 :ﬁ (w2 ) @.7)

Proof:
Beginning with
k

(:zj { ﬂlp:mn(wz )}:é <(q)?m F(a\;(erﬂ)(;_ZT(zakm—l)
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> ( ) Wk ak +p-s-1
kZ:;; (o), (ak+ﬁ)(0‘k+ﬂ—1)(0!k+ﬁ—2)...(ak+ﬁ_5)z s

b
—; ﬂ—s—lz ; ( ) w ;o @ ps

_ 5 p-s-1 a
( ) ['(ak +p-5) =2 p,f!\;/lm,n(wz )

Theorem 2.4:
If the condition (1.4) is satisfied, then

z 51 a,B o 5 a,p+1 o

-l.t p’(I]\;/Im]n(wt ):z p’(I]\;/Imyn(wz ) (2.8)
Proof
].tﬂ M (Wt“)dt :i(al)km (ap )km W ].tak+ﬁ—1dt
5 p.g;m,n = (bl)kn .(bq )k F(ak +,b’)
Zﬁz(al)km.. (ap)km w K . alaﬂ (Wz“)

— (bl)kn”'(bq )kn ['(ak +B+1) p.gim.n

3. pamn TN TERMS OF OTHER FUNCTIONS
a,p
In this section we write M (z ) in terms of Wright generalized function, generalized hypergeometric function, Mellin
p.,q;m,n
Barnes integral and Fox's H-function.

«f (Z)_i (@) -+ )., z

paim.n _k:o (bl)kn"’(bq )kn I'(ak + )

_ir(aﬁkm)mr(ap +km) r'(b;) F(bq) _ r(k+1) z*
& T(a) F(a,) T(o+kn) (b, +kn) T(ak +5) k
T(by)-T(by) & T(a+km)--- T(a, +km) T(k+1)
T(a)-T(ay) &T(by+kn) - T(by +kn) T(ak +5) k!
Hence, we can write ) (?/I: ) (z ) in terms of the Wright generalized functions
«f (Z)zl“(bl) .1"(bq)p+1 N (a,m).....(a,.m).(L1) -
p.gim.n I'(a) ..F(ap) (by.n)...., (bq,n) (B.a)

Theorem 3.1:

Let (1.4) be satisfied with a¢=s<l] , then M (z) can be written in terms of the generalized hypergeometric
p.q;m,n

functions as

p.g;m,n F(ﬂ) mp+l ng+s (32)

where A(s, 3) is S-tuple g,ﬁsl p+s-1

K)Iﬂ (z)—L . {1,A(m,al) ..... A(m,ap) ‘mm™ z]

- A(s,B).A(nby)...., A(n,bq) ‘nM g”
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Proof:
Let a=s el] , then

1 . LA(M,ay),..., A(m,ap) m™
T () mp+t nass A(s, B),A(n.by), ... A(n,bq) " g

a.p a.p

Now in order to writt M (z) in terms of Fox's H-function, we first express M (z) as Mellin — Barnes type
p.,q;m,n p.g;m,n
integral.
Theorem 3.2:
a,p
Let (1.4) be satisfied then M (z) is represented in the MellinBranes type integral as
p.gim,n
ap 1-s -ms)...[(a, -ms)(=z )" ds
W ()=t I(s)r(1-s)r(a,-ms)...T(a, ~ms)(-z) 33)

p.g;m,n 27i Y L(p-as)r(b 1—ns)...F(bq—nS)
Where |ag (z )|<7z; the contour of integration begins at the and ending at ic and intended to separate the poles of
integrand at s =—n for all n €[] (the left) from those at

. P b +k Y
:(a. +kj andats{ it j for all n el U{0} (to the right)
m n )

Proof:
evaluating

1 ¢T(s)r(1-s)r(a—ms).. F(ap—ms)(—z)_sds
27i 1 I(p-as)l (bl—ns)...l"(bq—ns)
as the sum of residues at the poles s =0,-1,-2,... we get
k o (s)T(1-s)r(a —ms).. 1“(ap—ms)(—z)_S
kz_;ik{ I(B-as)r(b,—ns)...T (bq—ns) ]
koo (—1)k (s+k)[( —ms)I"(a, ms) F(a —ms)( )_5]
I(

=2 0 B—as) (b, — F(bq—ns)

—s+k—0 sinz(s+k )
I F( )ir @)y 2t

)kn_ ( q)kn I'(ak + )

a,p , :F(bl)...l“(bq)'i [(s)I'(1-s)r(a—ms).. 1“(&1p—ms)(—z)_s ds
p,tln\'/lm,n( ) I'(a) ..F(ap) 27riJ. I(p-as)l (bl—ns)...l"(bq—ns)
(by)--T(bg) o0 . (0),(1-a,m)....,(1-a,.m)
I'(a ..r(ap)Hp”’q{ (02),(1- @), (1-by,n),....(1-by,n) ¢4
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ap
The last equation is just a representation of M (z) in terms of Fox's H-function
p.q;m,n

a.p
M (z
4. INTEGRAL TRANSFORMS OF p’q”“v“(

a.p
In this section, the image of M (z ) under Beta, Laplace and Mellin Barnes transforms will stated and proved in the
p.gim,n

following theorems.

Theorem 4.1: (Beta transform)

B{ « (XZG);M}:r(5)r(bl)...r(bq)

p.aim,n F(al)...l"(ap)

(L1).(7.0).(a,m),..., (ap m)
P+2‘{Jq+2|:(ﬁ,a),(7+5a) (bl ) lllll (bq n) (4-1)

when (1.4) is satisfied and Re(5)>0, Re(y)>0
Proof:
N S N KT

< r(al)km'”(ap)km x" i ok+y-1 -1
2O b, T A e

= T(a),, - ap)km x ¥
ZKZ:;; (b)) -(b),  T(ak+) plok+7.9)
:r(ﬁ)r(bl)...r(bq)i T(a,+km)...T(a, +km ) (y+ok )T (1+k ) Xk

T(a)..T(a,) £ZT(by+kn)...T (b, +kn)T(ak +B)T(y+8,0) K
_T(8)r(by)---T(by) v {(11) (7.0).(a,m).....(a,.m) _X}
Fa)-T(a) " " (Ba)(r+6,0)(byn)en(bgon)

Theorem 4.2: (Laplace transform)

1 (o) _s7T(by),.,T(bg )
'L{ p,th\:/lm,n( ) }_ l“(al)...l“(ap)

(,m)....(a,,m).(7.0).(11) L]
p+2 q+l|:(bl ) ..... (bq,n),(ﬂ,a) 5 (4.2)

Proof:

{271 qrin(xz ) } J.z“e’SZ p&j’n(xz")dz

0 (al)km (ap)km Xk OcestZy+O'k—l
:é(bl)kn (bq )kn F(ak +ﬂ)r(7+0k)£—r(7+ak) dz

(3 ) x*

(@) (%) x 27t
:Z(bl)k (bq)kn (ak +ﬂ)r(7+0k) L{F(]/-H.Tk)’ }
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‘7F(b1 F(b ) [(a+kpy) F(a +km)l"(;/+o-k )1"(1+n)(xs“’)k

.T(a,) kZ; (b +ky ). T(bg +k, )T (e +B) k!
(b) {(al,m) ..... (ap,m),(y,o),(l,l)_ X

s’yl“(bl)...

—

(by.n)....(bg.n).(B.x) " s

Theorem 4.3: (Mellin transform)

Wl{ a.p ' }:F(bl)...l"(bq) (s)r(1-s)r(a—ms).. 1"(ap—ms)w’S

rxc'q\;/lm,n(_wz)'S F(al)...l“(ap)l“(ﬂ—as) (b, —ns)...T (bq—ns)

(4.3)

Proof:
a.p

According to theorem 3.2 and using (13), M (—WZ ) can be written as
p,g;m,n

)= r(by)... ( )J.F() (1-s)r'(a,-ms).. 1"(ap—ms)(wz)_S
p.aim n 27rl I'(a)... ( )L [(B-as)l (bl—ns)...F(bq—ns)

ds

:F(s)l"(l—s)l"(al—ms)...l"(a —ms)
T(B-as)T(b;—ns)...T(bg —ns Jw

where f 7 (s)
at c+ioo;c el
B r'(by)...I"(b .
hence M (—WZ)ZL((])M_l{f (s);z}
p.aim.n F(al)...F(ap)
now applying Mellin transform to both sides , we get

Wl{ a.p ' }_F(bl)...(bq) (s)r(1-s)r(a,—ms).. F(a —ms)w’S

M (wz)is |= T(a)...T(a, )T(B-as )T (b —ns). Fqu‘“s)

p,g;m,n

which proves (4.3)

5. FRACTIONAL CALCULUS GENERATING M-SERIES

and L is the contour of integration that being at ¢ —iocoand ends

In this section we consider composition of the Riemann — Liouville fractional integral and derivative and Hilfer's

a.p
fractional derivative (1.6) — (1.8) with M (z) defined by (1.3)
p.g:m,n

Theorem 5.1:
Letcel  a,fel with Re(a)>0 and M,N >0 then for X >C we have

p1 OB a Bl BBA «

@{(t —c) p,!}{'m,n(w (t—c) )}(x)z(x —c)* pan(w (t-c)) (5.1)
Proof:
Beginning with Ic{[(t—a)ﬂ_lJ(x)=r{/1(ﬂ)ﬂ)(x a)ﬂ”1 ' then
+
. ap X (al) ...(ap) Wk K

I*{t—cﬂlM Wt—Ca:|X= km km T ()
| t-e) pyq:m,n( (t=c) ) (x) kzz(;(bl)kn...(bq)kn I(ak +p) © [t =]

_ =, (8 "'(ap )km w I'(ak + ) [x -
= (by),,, ...(bq )kn [(ak +p) T(ek +5+2)

(x —c )4 “n” (W (x —c)“)

p.q;m,n
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Theorem 5.2:
If the condition of theorem 5.1 is satisfied, then
p1 DP a B2 %P p
D/ {(t —c) p’L\/;Im’n(w (t—c) )}(x):(x —c) p’!]\/;Im’n(w (x —c) ) (5.2)
Proof:
Beginning with def. of D/ in (1.7)
DA -1 K)Iﬂ « (d ¥ | s B K)Iﬂ P
Sl M o)) o) = - | |1t -e) T M fw (e -c))|(x)

Now making use of (5.1) and (2.7), yields

(o oo i oty

a1 “B~A ( a)
=(X —C M (w(x —c
( ) p.g:mn ( )
Now we can get a similar result concerning the composition of Hilffer's fractional derivative with (1.3) contained in

Theorem 5.3:
Letcel , a,Bel with Re(a)>0and m,n>0, 0<u <1, o<v <1and Re(B)>u+vV—uv thenfor X >C
a, a,p—u
DY {(t —c)ﬂf1 p’!]\/;Iin(w (t —c)a)}(x)z(x —c)/“H p,g?lm,n(w (x —c)a) (5.3)
Proof:
Beginning with D" [(t —c)ﬂ_l}z%(x —c)’H_l, then

rfier o S or e
_ = (al)km '"(ap )km w r(ak +ﬁ) ak 4 A1

_Z;(bl)kn (o), T(ak+p) T(ak iy ’

=(x —c)u :L\el:n(w (x —c)“)

6. INTEGRAL OPERATOR WITH GENERALIZED M-SERIES IN THE KERNEL

a.p . . .
Consider the integral operator defined in (1.5) containing L\(lm n(Z ) in the kernel. First of all we will prove the operator

a.p

M ishounded on L (a,b)
p.g;mnw c
Theorem 6.1:
a.p
Let @, el with Re(a)>0, m,n>0and b >a, then the operator ; q_r?;lw . is bounded on L(ab) and
a.p
M o <Blol, 6.1)
p.g:m,nw.c h
where,
» (&), |..|(a b —a)R*)
ﬂ:(b a)Re(ﬁ') :z|( l)km| ‘( p)km }N ( ) (62)
SFodalo),| Pk +p)
Proof:
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First of all, let ¢, denote the k™ term of (45), then

Ck_‘*'l =|(al)km+m| |( )km+m | | | (bq )kn | F(O!k +ﬂ) |
Ck | (al)km | ‘ ( )m “ kn+n| ‘(bq)kn+n |F(ak +ﬂ+a)|
( k +Re(ﬂ) }N b a Re(a
|Re k +Re(a)+Re(B |
}w(b—a) ] ()
= as k >
(lafk ) (kn)™
Hence [*4) >0 ask —oo and mp <nq +Re(ar) which means that the right hand side of (6.2) is convergent and

Cx
finite under the given condition.
Now according to (1.5) and (1.17)

% b x - wp
p,q;m,n.w,c*golz.[ I(X_t) p'van(W(X -t) )|(0 dt|dx

c

SI[ﬂx—t)ﬁ‘l i

c

M (w(x-t)")

p,g;mn
and by putting u =x —t

dx ]|¢(t )|t

b|b-t R(ﬂ)

o o
b|b-a R(ﬁ)

< o B o

but we have

bj‘au Re(p)1| {7 ( ) i | ‘(ap) w' b_auRe(a)n+Re(ﬁ)fldu 5
5 Pq m.n o| @ | ‘(bq )kn |F(ak +ﬂ)| 0

so that

| km| ‘ ap M (b _a)Re(a) k

A anbq ‘|Fak+,8||Re )k +Re(5)

0
(-2 %,
k=

Hence

ap
M

p,g;mnw ¢*

I Blo(v)[dt = o,

Another result stated an proved in the next corollary.

Corollary 6.2:
{ i —c)g_l}(X)ﬂ(f)(x o) w (x e (63)

p.g;mnw c* p,g;m,n

Proof:

Making use of (1.5) and (1.9) yields.

X

[ 91 oy l}u):j(x W () (o)

p.g;mn
c

zi((al)km ap) XJ‘ aﬁ+ﬂ 1 )é_ldt

by)y,--(bg),,  T(ak +5)
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Settingt =c +y (x —c), we get
ak +f+&-1 ¢

{ L (t_c)é1}(X):i(al)kmm(ap)kmW ) [yet@-y)* oy

p.aimnw ¢* = (b1),, ...(bq )kn I'(ak +p) 0

K _
R (al)km...(ap)km wk (x —c)” thred

—k; (b)yy-(bg),  T(ak+pB) plok+f.c)
=r(E)(x e) U w (x )"

7. COMPOSITION OF FRACTIONAL CALCULUS OPERATORS AND INTEGRAL
OPERATORS WITH GENERALIZED M-SERIS IN THE KERNEL

We consider now the composition of Riemann — Liouville fractional integration and differentiation operators IC’E , DC’E

a,p
and Hilfer's fractional derivative D:;" with the operator M defined in (1.5)
p.g;mnw c*

Theorem 7.1:
Leta, S ell with RE(O()>O and Mm,n >0 then

a,p a,p+A a,p
1L M o= M o= M 1lp (7.1)
p.a;mnw c* p.a;mnw c* p.a;mnw c*
holds for any summable function peL (a,b)

Proof:

Making use of (1.5), (1.6) and (1.17), we get

X

[lC{ p'q;:gyigw . (/,J(X ) :ri/i).[(x _U)A—lﬁ(u —t)’ p,z\{li'”[w (u-t )a:|go(t)dt }m

C

[ o of a [ +1- @f a
:jug[fﬂ 1p,2{'mn(WT )}(x ~t)g(t)dt :j{fﬂ g 1p'24mn(m )}p(t)(t)dt

C C

X o, B+A a,f+A
_ Y i\ _
- _ﬂ(x R p,Mm,n(W (x-1) )}D(t )t (p,q;nz‘r:l,w c* (p](x )
Similarly, we can prove the other side-
Theorem 7.2:
If the condition of theorem 7.1 be satisfied, then

a,p a,pf-2
(DC{ P.q;n-?,‘r?w ,c*gDJ(X ) B (p,q:n%:l,w cr goj(x ) (7'2)

Proof:
Let s =[ReA]+1 and using (1.7) and (5.1), we get

a,p d N ap
(DC{ PvQ:r%w ,c+(pj(x):(d_xj [Ic* ’ pyq;%w VC+¢j(X)
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(] (B r
:(:_Xj ;i:(x Ly g [w (x =) Jo(t)at

p.g;mnw c*

Since the integral is continuous, using (1.18) yields.

ah s1x a,f+s—
D )M [ t “} t)dt
[ ¢ p,q;rr’?,‘r:l,w.c+ (ﬂJ [ j Iax |: p.qim.n w (X ) (0( )

=(d_jnl Xj(x —t )ﬁ+5—i—2 i(al)km ...(ap )km [W (x -t )“J o(t)dt

dx = (by)y, (b )kn I(ak +f+s—-1-1)

p.q;m,n

:(%Tl I(x 2N () ot

Repeating this process (k —1)times, then we get

X a, -7 " af-A
[Dc{ p.a;mnw c* ] :J[ ﬂ "~ lpqmn|:W (X —t) I|(p(t)dt:(p,q;n—?,‘;l,w,c*(pJ(x)

Theorem 7.3:
Leta, Bell with Re(a)>0, O<u <1, o<v <1 Re(B)>u+v—uv and m,n>0 then
a,p a,f-u
GRS SR I ) 3
p,g:mnw c p.g;mnw C
Proof:

Making use of (7.2) instead of A4 pyt u+v —uv | we get

a,p a,f—-U-V +uv
(DCUTH” M +¢J(X)=[ M +¢)J(x)
p.q;mnw c p.g;mnw c

also from (1.8) we have
uy V(l-u d =V —U
(D (p)(x):(lcfl )(d—xj[lc(i X )f/)D(x)

Now making use (7.2) again, yields.

Uy a,fp v(l—u) . a,p v (l—u) a,f-U-V +uv
DY M g|(x)=|1."| D} M pll(x)=|1. M 9|(x)

Il
7\
o <
e
=
—
VR
o
X |

_j[lcli"_“”v(p]j(x)

p.a;mnw c* p.a;mnw c* p.a;mnw c*

a,f-u~v-+uv (1) a.f-u
- M (p(x):[ M +¢](x)
p.q:mnw.c p.g:mnw.c
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