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1. Introduction.

Zadeh [12] introduced the concept of Fuzzy sets in which imprecise knowledge
can be used to define an event. The importance of fuzzy sets comes from the fact

that it can deal with imprecise and inexact information.

Fuzzy sets play a significant role in many deployed system because of their
capability to model non-statistical imprecision. Consequently, characterization
and quantification of fuzziness are important issues that affect the management of

uncertainty in many system models and designs.
A fuzzy set is represented as

A= {xi/”A (xi) ii=1.2, ...,n},

where 1, (x;) gives the degree of belongingness of the element “x;’ to the set ‘A’.

If every element of the set “‘A’ is ‘0’ or “1’, there is no uncertainty about it and a set
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Is said to be a crisp set. On the other hand, a fuzzy set ‘A’ is defined by a

characteristic function

Uy (xi) = {xIJ X250s xn} = [011]
The function u,(x;) associates with each x; € R™ grade of membership function.

A fuzzy set A is called a sharpened version of fuzzy set A if the following

conditions are satisfied:

Par (X)) < pa(x;), if palx;)) <05 foralli=1,2,..,n
and Ua(x;) = pa(x;), if ua(x;) =205 foralli=1,2,..,n

De Luca and Termini [7] formulated a set of properties and these properties
are widely accepted as criterion for defining any fuzzy entropy. In fuzzy set theory,
the entropy is a measure of fuzziness which expresses the amount of average
ambiguity in making a decision whether an element belong to a set or not. So, a
measure of average fuzziness is fuzzy set H(A) should have the following

properties to be a valid entropy.

1. (Sharpness): H(A) is minimum if and only if A4 is a crisp set
ie. ua(x;) =0o0r1; Vv,

11. (Maximality): H(A) is maximum if and only if A is most fuzzy set

. 1

e, ha() =3 Vi
iii.  (Resolution): H(A™) < H(A) where A" is sharpened version of A.
iv.  (Symmetry): H(A) = H(A), where A is the complement of set A

Le. pa(x) = 1-pa(x;).
The importance of fuzzy set comes from the fact that it can deal with imprecise and

inexact information.
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2. Basic Concepts

Let X be discrete random variable taking on a finite number of possible
values X = (x4,%3,...,x,) with  respective membership function A =
(g (x1), 04(x2), o ig(x)} = [0,1], pua(x;) gives the elements the degree of
belongingness x; to the set A. The function u, (x;) associates with each x; € R™ a

grade of membership to the set A and is known as membership function.

Denote

X x5 X5
X:[.u.tl(xi) paxy) .uA(xn)] (2.1)

We call the scheme (2.1) as a finite fuzzy information scheme. Every finite

scheme describes a state of uncertainty.

Let a finite source of n source symbols X = (x4, X5, ..., X,,) be encoded using
alphabet of D symbols, then it has been shown by Feinstein [2] that there is a
uniquely decipherable/ instantaneous code with lengths l;, [, ..., [,, iff the following

Kraft [6] inequality is satisfied
Yrpli<i (2.2)
3. Generalization of Fuzzy Shannon’s Inequality.

Let I, ={P =@uD02 P Pi =02 p;=1},n =22 be a set of

complete probability distributions.

For P € I, Shannon’s measure of information [8] is defined as

H(P) = — Xi_1 pilogp; (3.1)
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The measure (3.1) has been generalized by various authors and has found
applications in various disciplines such as economics, accounting, crime, physics,

etc.
If P, Q €I;,,. Then the kerriage inaccuracy measure is defined by

H (P, Q) =- X p;logg; (3.3)

De Luca and termini [7] introduced a quantity which, in a reasonable way to
measures the amount of uncertainty (fuzzy entropy) associated with a given finite

scheme. This measure is given by

n
H) = = ) [ma G log uaGe) + (1= a0 log (1= max))] (34)
i
The measure (3.3) serve as a very suitable measure of fuzzy entropy of the finite

information scheme (2.1).

For A, B € I,,, then Fuzzy Kerridge inaccuracy can be express as

HOAB) = = ) (G + (1= s Goglup () + (1 = i)} 3:4)
i=1

The Generalized fuzzy entropy corresponding to Sharma and Mittal [9] is

given by the following form:

p-1

1 e a-1
H(4; a.p) = o — (Z{Mﬁ'(xi) +(1 - )uA(xi))a}) -1},

a,fp>0, a#pf,a+x1+p (3.5)

There is well known relation between H(A) and H (A, B) which is given by
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H(A) < H(A, B) (3.6)

The relation (3.6) is known as Fuzzy Shannon inequality and its importance is

well known in coding theory.

In the literature of information theory, there are two approaches to extend
the relation (3.6) for other measures. Nath and Mittal [8] extended the relation
(3.6) in the case of entropy of type f3.

Using the method of Nath and Mittal [8], Lubbe [11] generalizes (3.6) in the
case of Renyi’s entropy. On the other hand, using the method of Campbell, Lubbe
[11] generalized (3.6) for the case of entropy of type B. Using these

generalizations, coding theorems are proved by these authors for these measures.

The objective of this communication is to generalize (3.6) and give its

application in coding theory.
4. Main Result:

For A, B € I, defines a measure of inaccuracy, denoted by H(4, B; , ) as

a—1

g1,
1 a-1
H(AB;a,p) = i — [(Z{#A (i) + (1 — paCe))Hps () + (1 - ,ug(x,;))}——) - 1‘
i1

af >0 a+xfa+xl+f (4.1)

Since H(A,B; a, ) # H(A; a, ), we will not interpret (4.1) as a measure
of inaccuracy. But H(A, B; «, ) is a generalization of the measure of inaccuracy
defined in (3.5). In spite of the fact that H(A,B; @, ) is not a measure of

inaccuracy in its usual sense, its study is justified because it leads to meaningful
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new measures of length. In the following theorem, we will determine a relation

between (3.5) and (4.1) of the type (3.6).

Since (4.1) is not a measure of inaccuracy in its usual sense, we will call the

generalized relation as Pseudo-generalization of the Fuzzy Shannon inequality.
Theorem 1. If A, B € [, then it holds that

H(4; a,f) <H(A B;a,p) (4.2)

With equality holds if

g Ge) + (1 — pa(x))*}
g () + (1 — pa(x))*}y

{up (x;) + (1 — pp(x;))} = =12, .., 1%

Proof. ()0 <a<1<p.

Using Holder’s inequality, we get

e 1

(Z{“A () + (1 = a ) s () + (1 —,ua(xa)}g%l) (Z{uﬁ(xo + (- g (xa)“})
i=1 i=1

1-a

<1, a>0a=+1 (4.3)

Since a < 1, (4.3) becomes

D 0D + (- )M < (Z{uﬂ(xa + (1= GO s () + (1 —,ug(xi))ﬁ—l) (+4)

Raising both sides of (4.4) with (8 — 1)/a — 1 (< 0) we get

p-1

(Z{#Ef (x;) + (1 — pa (xi))“})
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B-1
Xa—1

= (Z{#A () + (1 = paCGe)) Hus () + (1 — g (xi))}aT_l) (4.5)

Using (4.5) and the fact that § > 1, we get (4.2).
a>1,>1,0<a<],fp>1(a<Porf<a)d<pf<l<a.
The proof follows on the similar lines.

We will now give an application of Theorem 1 in coding theory. Let a finite
set of n-input symbols with probabilities p;, D5, ..., p, be encoded in terms of
symbols taken from the alphabet {a;,a,, ..., a,}, there always exists a uniquely

decipherable code with length N;, N, ..., N, iff

Z D~Ni < 1, (4.6)
i=1

If L =Y {ualx) + (1 — pya(x))} N; is the average codeword length, then for a
code which satisfies (4.6) it has been shown that [2],

L > H(P) (4.7)
With equality iff N; = —log{u,(x;) + (1 — ua(x;))}i=12,...,n.
We define the measure of length L(a, ) by

B-1

1 . a-1 “a=1
L@ap) =g — (Z{#A )+ (L~ HA(xi))}DN‘T) -1},

a,f >0, a + f, a+1=+p. (4.8)
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We prove the following theorem in respect to the relation between L(a, ) and

H(4; a,p).

Theorem 2. If N;,i = 1,2, ..., n are the lengths of codewords satisfying (4.6), then

1- D' F
H(A; arﬁ) = L(arﬁ) <D1_5H(Ar a’ﬁ)-l_mi—_ﬁ_' (49)
Proof. In (4.2), choose B = (b4, by, ..., b,,) where
gl
U =S o (4.10)
? 1=y DM
With choice of B, (4.2) becomes
|/ == 1|
1 D~Ni a
H(A; a,B) < m{(z{ﬂa () + (1 = pa(x))} (W) ) - 1}
i=1 - :
B-1
1 |r - PN i ]|
=2 F 1| {a () + (1 = pa(x))} =1 - 1|
|\ (S, )T |

2
&
R
fM::‘
o
=z
~
=
[y
|
—_

1 T o a
=SiF_ 1 (Z{MA (i) + (1 = py (xi))}DN‘TI)
i=1

Using the relation (4.6), we get

H(A; a,B) < L(A, a, B) which proves the first part of (4.9).

: : N _ A +(A-pa(xi))®} : ) )
The equality holds iff D = }Ll{uﬁ(xiH(l—uA(xi))“}'l 1,2,...,n which is

equivalent to
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D0 + (L= pa G0 = 12,.,m (411)

i=1

N; = —log{uz (x) + (1 — pa(x:))*} + log

Choose all N; such that

{ud () + (1 — pa(x)*} g () + (1 — pa(x:))*}

N, < —
9T CEE) + (L pa )@~ S TS e T A — Gy

—1

Using the above relation, it follows that

D-Ni > g () + (1 — pa(x))*}
T X g () + (= pa(x)*}D

(4.12)

We now have two possibilities:

1) Ifa >1,(4.12) gives us

a

’Z{#A (%) + (1 — Ha (xi))}DNigf_f_l
i=1

> D 50D + (1= paG))I DI (413)
i=1

Now consider two cases:

(a)let0<pf <1
Raising both sides of (4.13) with § — 1/a — 1 we get

f-1
a-1

D0 + (1 - a0 @18)

i=1

oD

[Z{“A(xi) +(1—pa (xl-))}DN‘E;—ll <
i=1

n

Since 2'7F — 1 > 0 for B < 1, we get from (4.14) the right hand side in (4.9).
(b)Let g > 1. The proof follows similarly.

(¢) 0 < a < 1, the proof follows on the same lines.
Remarks.

1) Since D = 2, we have
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1— D18
1_21F =

1
It follows then the upper bound of L(a, ) in (4.9) is greater than unity.
2) If B = a (4.9) reduces to the Nath and Mittal [8] entropy of type f3.
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