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ABSTRACT— Modeling and investigating of energy distribution especially the wasted one is very important in
viscoelasticproblems. Inthisarticle, an applied energy model based on separation of energy components of the system
is extracted and expanded to apply in linear viscoel astic problems, although this method is applicable in nonlinear
problems as well. It is assumed that the whole energy of the system can be divided into two parts: Residual and non-
inertial energies. The non-inertial energy is the sum of the energies that do not depend on the inertia of the system,
while residual energy is the remaining of total energy. When an amount of energy is applied to the system, by
determining the non-inertial energy from a novel energy conservation equation, the residual energy can be calculated.
Some basic viscoelastic examples areinvestigated and obtained results will be compared with the expected ones.
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1. INTRODUCTION

Energy dissipation in solids can be occurred by several different mechanisms, and although ultimately these all result
in the mechanical energy being transformed into heat, two main dissipative processes are involved. Thefirst typeis known
as 'static hysteresis’; that means the energy loss per cycle is independent from frequency, where the main cause may be
associated simply with the 'static' non-linear stress-strain behavior of the materials. Another type is known as 'viscosity'
properties of the body, according to which many materials show losses that are related to the velocity gradients set up by
the vibrations. The forces producing these losses may be considered to have a viscous nature and mention that the
mechanical behavior willdepend upon therate of strain. This issue is the subjectof the 'linear viscoelasticity' [1].

When some energy is applied to a viscoelastic body, a part of the applied energy is dissipated as heat because of
viscosity properties of matter, but the remainina is stored as reversible eneray than is known as potential eneray. It is
frequently of interest to determine, fora viscoelasticity body at a given mode of displacement or deformation, the whole
energy of deformation as well as the amount of energy stored or dissipated that can be investigated by studying the
structure of viscose material [2,3,4].

The total deformational energy can be stated as follows:

W(t) = Wy(6) + W, () @
Where W (¢t) is the energy storedand W, (¢t) is the energy dissipated. Equation (1) can be rewritten as follows:
W(t) = W() + Wy (1) @

Where all terms will refer to the unit volume of the body. Equation (2) may be looked upon as the definition of a
viscoelastic material [4]. Based on this definition, a viscoelastic material is one in which the total applied energy is partly
stored elastically and remaining dissipated as heat. Since applied energy to thebody can only be stored or dissipated, Eqg.
(1) is quite generally true and also allterms are positive. What makes it a viscoelastic relation is the interpretation of the
stored energyas purely potential energy. The precise formof Eq. (1) depends, of course, on the nature ofth e material on
the one hand, and onthe mode of the displacementor deformationon theother. It should be noted that equation (1) is not
limited to investigating the linear behavior of viscous matters. The behavior studied here does not depend on the assumption
that the response can be modeled by springs and dashpots as mechanical model. It may be simply supposed of energy
storing and dissipating mechanisms without recognizing themwith mechanical models, and modify the proofas needed as
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an energy studying. Forenergy studying, it is necessary to know enough information on the applied deformation and the
rate of the applied energy [5,6,7,8].

Reversible stored energy is known as elastically or potential energy. Energy may also be stored inertially, called here
as residual energy, which may be encounteredin fast loading experiments such as response to impulsive excitation, orin
wave propagation at high frequency. Although in the linear theory of viscoelasticity, inertial energy storage plays no role
in investigatingthe behavior of the matter, one may wish to calculate it [4]. The deformation of these structures requires
exchange of residual energy and various internal elastic energies. This energy exchange is realized through special coupling
of the transport of the internal elastic variables and the induced elastic stress which can be determined by using of the
Hamilton’s principle [9,10]. Some researchers have studied the structureand energy dissipation by using of other methods
[11,12,131. Therefore, aeneralanalysis ofequation (1) and residualenergy ofbodyas wellas energy dissipated or stored
will be frequently of interest.

In this paper, by presentinga novel glance to energy components and their balance, the residual energy is defined and
calculated as well as non-inertial energy which is thesumofthe all energies thatdonotdepend ontheinertia of the system.
Also, the presentedapproachis expanded to different basic linear viscoelasticity models and the results are discussed.

2. MATHEMATICAL MODELING

The certain effects of viscoelastic material behavior manifest themselves in a time-dependent responseto loading and
accompanying energy dissipation. The response of these materials will depend on the amount and rate ofapplied energy
to the body:. In fact, it can be stated thatthe relaxation or creep occurs whena viscoelastic matter is exposed to quasi-static
displacement or loads andtheirchanges. These phenomena are treated typically in the time and in the frequency domain,
respectively [14].

By examining the activated energy components in the performed process, the non-inertial energy can be investigated,
and thus, by applying the principle of energy conservation, the inertia-dependent energies of the body, hereafter called
residual energy, are calculated. The presented approach can providea practical idea foranalyzing the relevant problems.

It is assumedthatthe total energy of the systemcan be stated as follows:
Up =Uy, + Uy (©)
Where Uy is total energy, Uy, is non-inertial energy and Uy, is residual energy.

Fromthe perspective of non-inertial energies, when an amountofenergy is applied to the system, some ofthe energy
components will be activated. Betweenthese activated components, some of themchange independently and changing of
other components will be dependent on the independent components. In this paper the bellow equation is used for non-
inertial energies:

Uy =Uy,+Uy, 4

Uy, = @yt u, ++uy)+ g+ -+ gl ®)

Uy, =[hi++h,] 6)
Where:

gj =gj(u1'u2v"'um) (7)

hy, =h,@@y, ..., up) 8

Where Uy, _is a part of non-inertial energy that is stored and Uy, , is the remaining that is dissipated. Equation (4) has
the main idea of equation (1) which describes the performed process based on energy components in viscoelastic bodies.
In equation (5), the functions of g; show the dependent components as a function of independent components while the
functions of h,, showthe effects of applyingenergy rate on the structure of non-inertialenergy ofbody. In a viscoelastic
body, functions of g ; are activated because ofthe poisson’s ratio of material while functions of h,, are activated because
of the viscosity properties.

The variation ofequation (4):

6Uy = B0 u + Ty, 2 s + 3, T, Ly, ©)

‘=1aui =1 ouj

The eq. (9) means that an amountofenergy variation §U;. is givento the body and the variation of energy components
due to this process are considered, so asa result thefollowing changes will be occur in the independentcomponents:

du, =a,6U;
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Uy, = a,0Ur (10)

The coefficients o; as loading coefficients will be depended on howenergy is applied to thebody as well as materiaks
properties ofthe body, therefore:

Su; = a;6Uy + ;86U (11)
By assuming that:

a, =[S (1+ 2,32 (12)

aq= [Sa (Sp- 5| (13)

a=ag+ay (14

B =St ay(Zp(5D) (15)
The variation of non-inertial energy can be rewritten as follows:

8U, = adUy + BSU, (16)
And also:

6Uy = a,6Ur ()

8Uy , = ay0Ur + B6Ur (18)
By using equation (3), the variation of the residual energy in a performed process can be written as follows:

Uy = 8Uy — 68Uy (19
By placing the equation (16) in (19):

8Uz = (1 — a)8U, — BSU; (20)

Equation (20) gives the residual energy of the body asa functionofthe amount and rate of applied energy to the body
as well as coefficients a and §.

3. LINEAR VISCOELASTICITY

In this part, using the presented approach, some basic linear viscoelasticity models are investigated and obtained results
will be compared with the expected ones. At first, a viscoelastic body under uniformuniaxal stress, as shownin figure 1,
is considered. This example can showthe basis of presented approach clearly.

« -0,
« -
«— -

Figure 1: Viscoelastic body under uniformuniaxial stress

Because of uniaxial stress, Poisson's ratio does not havean effect onthe non-inertial energy in this problem, so there is
no need to usefunctions g ;. If we consider the effects of viscosity as a dependentcomponent andalso use a linear model,
then the following statement can be usedto express non-inertial energy:

U,=u,+cu,+c, (21)

Where u, is the elastic energy as independentcomponentand h, = c, 1, is used to consider the effect of linear viscosity
of body as dependent component. Also ¢, and c, are constant, where c¢; depends on the material’s viscosity and elastic
material propertiesand c, depends onthe initial conditions.

By using ofequations (14) and (15):

a=a,+ca, (22)
ﬁ =01 (23)

Which a, represents the proportion of energy that is converted to elastic energy. Therefore equation (16) can be
rewritten as follows:

8U, = (a, + ¢,&,)8Up + (c,a,)8Uy (24)

Asian Online Journals (www.ajouronline.com) 90



http://www.ajouronline.com/

Asian Journal of Engineeringand Technology (ISSN: 2321 —2462)
Volume 8 — Issue 4, December 2020

By defining howenergy is applied to body, the variation of non-inertial energy can be calculated. The dissipated and
stored parts of the non-inertial energy are alsoas follows:

8U, = (a,)6Ur (25)
5Uvd = (1@, )0Ur + (C1ae)5(]r (26)

Equations (25) and (26) state that the stored part depends on the amount of applied energy only while the dissipated
part depends ontheamount as well as rate of the applied energy. This s in line with the definition of viscoelastic materials.

Equation (26) also takes a clear description to the dissipated energy and its reasons. Figure 2 shows linear viscoelastic
kelvin model.

1

et
T

=

Figure 2: Kelvin-Voight model
Forelements shown in figure 2 based onthe parameters defined in equation (21):

Oue
aa—s = E¢ (27)
Ug _ .
LTI (28)
That u, and u, are stored and dissipated energies respectively, therefore:

Que _ Edua (9)
dedt 1 Oe

Ug =2t + f (1) (30)

Where f(t) is a function of time related to initial condition. To determine «, as loading coefficient for viscoelastic
kelvin model, it can be written based on energy conservation principle and equations (21) and (30):

6Ur =du,+duy, (31)
Where:

Sug = c,8u, = 251, (32)

Sug = (2) [, 8U; + .80y ] (33)
Therefore:

8Uy = (ae)8Ur + (2) [ 8Up + e, 60 ] (34)

e, .

Up = (@)U + (2) [eeUy + @, Uy ] (35)
Thatyield:

. or+(F)ir| e

K L .

Therefore, a, can be calculated from equation (36) which strongly depends on how energy would be applied to the
system.

As anotherway, if dissipated energy is considered as independentcomponent:

UV = ud-}-Clild-l-Cz (37)
Therefore:

a=az;+c0, (38)

B=rciay ) (39)

68Uy, = (az +c,0y)0Ur + (c;0)0U; (40)
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This resultsin:

8Uy = (ag)6Uy (41)
8Uy ;, = (c104)0Ur + (c124)6Ur (42)

Equation (37) expresses the energy structure of Maxwell viscoelastic model, as shown in figure 3. For this model:

Figure 3: Viscoelastic Maxwell model

dug LoV e Oue
—==n&"" =Ee®=— 43
g9V 1 o0e€ ( )

By supposing thatsecond derivative of £°” with respect to time is zero, this equation yields:

Ue = -l (44)
Therefore, for this model, the loading coefficient e, can be obtainedas bellows:

. UT+(1)UT 2E

g+ |—E—a, = (= 45

e ) )

As seenthe general formof non-inertial energy structure of Kelvin and Maxwell models are similar.

This procedure could begeneralized foran arbitrary kelvin elements connected in series as shownin figure 4. The non-

inertial energy structure is:
E, E E
< H 3
]—— - —l
mn I}_ J 1

Figure 4: Generalized kelvin elements
Uy =uUpF Uyt F Uy + Coqllpg + Copllyy + o+ + Coplley + constant (46)

This is also true for generalized Maxwell elements, as shown in figure 5:

Figure 5: Generalized Maxwell element
Uy =ug +ugy+ - Fugy+ Cqllgs + Caallgy + - + cgnllyy + constant 47)

Indeed obtained non-inertial energy equations show thatwhenanamountof energy is applied to the system, what would
be the feasible changes of the systembased on the way theenergy is applied to it.

4. CONCLUSIONS

Based on the way considering independent and dependent energy components, an energy distribution to the system
could be presented to consider the physical properties as well as feasible directions.
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The whole energy of the body is divided into two parts: residual energy and non-inertial energy. The non-inertial energy
equationdepends onthe physical properties of thebody and its variation is defined based on theamount and rate of applied
energy to thesystemas well as the loading coefficients.

By considering energy conservation principle, the non-inertial energy as well as residual energy could be calculated.
The presentedapproach applied to linear viscoelastic models which resulted in obtaining a first order differential equation
to calculate dissipated or storing energy based on the way that the whole energy is applied to the system, in other words
energy transfer rateandacceleration. For Kelvin and Maxwell models, similar general formofnon -inertial energy equation
was obtained.
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