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ABSTRACTOA The stability and accuracy of the numerical integration of the tiraeolution equation obtained by
discretizing an unsteady partial differential equation with respdo space variables has a crucial importance in
solving the unsteady partial differential equatiamumerically. The second and fourth order Rung€utta methods are
widely used in the numerical integration. However, in some cases, the stability is natisutf. New implicit methods
are proposed to increase stability and accuracy of the solution of the-8wadution equation. Three new implicit
methods, that is, implicit method using linear approximation (IMP1), one using parabolic approximation (IMP2) an
one using cubic approximation (IMP3) are proposed. In the case of linear problem, IMP1 is identical to the implicit
method by Crank and Nicholson. The stability of various methods including Rulgéa method is discussed
theoretically and numerically, ad the numerical examples are shown to show the effectiveness of the Implicit
methods. It is proposed that the most practical way to increase both the accuracy and the stability in the solution of
unsteady boundary value problems may be to use IMP1 andsthaller spatial mesh size.
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1. INTRODUCTION

If an unsteady partial differential equationdiscretized with respect to the space variables, adwvolition equation
with the multi unknown variables is obtained. The stability and accuracy of the numerical integration of the time
evolution equation has a crucial importance in solving the unspeatigl differential equation. CrardgndNicholson[1]
and Rosenbrock [2] have discussed not only the stability but also the accuracy theoretically. In the present paper, the
same problems are discussed again from the different viewpoint and verifteel toynherical results.

The second and fourth order Rurigetta methods are widely used in the numerical integration. However, in some
cases, the stability is not sufficient. Implicit method is effective in increasing the stability. New implicit methods are
proposed to increase stability and accuracy of the solufiadheotimeevolution equation. The stability of various
methods including Rungkutta method is discussed theoretically and numerically, and the numerical examples are
shown to show the effectiveness of the New Implicit methods.

2. SOLUTION AND PROPERTY OF IMPLICIT METHOD
2.1. Implicit method

L e tcdnsider the numerical integration of a differenéigliationusing a onadimensional example

du .
a—f(t,u) int>0 Q)
with the initial condition:
u=u, att=0. (2)
Equation (1) is gproximated as
% ° f(t, +0.5dt, u(t, +0.5dt)) att=t, +0.5dt, (3)
whereu, = u(t,).
If we use an approximation:
u(t, +0.5dt) ° 0.5(u, +u,,,) , 4)
then, we have
U, ° u, + f(t, +0.5dt, 0.5, +u,,,))dt. 5)
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If f(t,u) is a linear function olu, we can obtain differenceequation to determine,,,. Even f f (t,u) is a nonlinear

function of u, we can elve this equation by iteratiod\ solution based on the approximation given by Eq. (5) iscta
an implicit solution.
If approximation:

f (t, +0.5dt, 0.5(u, +u,,,)) = f(t, +0.50dt, u, +0.5dt(u,,, - u,)/dt)° f(t,+0.5dt,u, +0.5dtf (t,,u,)) 6)
is used, it becomes the second order Rifagiga method
Uy, © U, + f(t, +0.5dt, u, +0.5dt f (t,,u,))dt. )

The second order Rund@itta method is very close to this method but different. Reildgita method is an explicit
solution. On the other hand, Euler solution is given by

Upey =U, + (6, U,)clt. ®)
Using Taylor expansion, we have
dt dt? dt dt®
Unes = Unagz * Uiz 7+ Ul =g~ O(dt®), U, =Upuys - Uhuyo 5 Tyt O(dt®) . (9a,b)
Hence, we obtain
Upeyo = % +O(dM?) ) Ujy, = % +O(dt?) . (108, b)

From Eq(10), the accuracy of Eq. (4) is estimated as

Uy,, =U, + f(t, +0.5dt, 0.5(u, +u,,,))dt+O(dt’) . (11)
The second order Rungitta method is als@(dt®) approximation.
Letés consider the property of the implicit aexblicit solutions through examples.

2.1.1. Example 1
A problem is defined as

%:f(t,u):uint>0, u=1latt=0. (12a,b)
The exacsolution is given by
u=¢. 13)
Hence, we have
un+1 - e(n+1)dt - edtun ] (14)
From Eq. (5), the implicit solution is given by
1+0.5dt
Uy, ° u,+0.5(u, +u,,)dt or u,,°——u,. 15,16
ot (U, +Uy) +° ot (15,16)
Whendt< 4
Uy, © (1+0.5dt)(1+0.5dt +0.250t* +3 )u, © (1+dt+0.5dt%)u,, . (17)
From Eq. (7), the solution of the second order ReKgta method is given by
U, © U, +(u, +0.5u,dt)dt or u,,,° (1+dt+0.5dt%)u, . (18,19)
On the other hand, Euler solution is given by
Uy, © L+ db)u, . (20)
In this example, the exact, implicit and Rufi§atta solutions show the similar tendencies.
2.1.2. Example 2
A problem is defined as
%:f(t,u):-uint>0, u=1att=0. (21a,b)
The exact solution is given by
u=e'. (22)
Hence, we have
Uy, =€ ™ =g %y, . (23)
From Eq. (5), the implicit solution is given by
Uy © Uy - O5(U, +U,, et or u,,, © 202 (24,25)

u .
1+05dt "
Whendt< 4
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Uy, © (1- 0.5dt)(1- 0.5dt+0.250t* +3 )u, © (1- dt+0.5dt*)u, . (26)
From Eq. (7), the second order Rusgdtta solution is given by
U, ° U, - (u, - 0.5udb)dt or u,,, ° (1- dt+0.50t*)u,. (27,28)

On theother hand, Euler solution is given by
U, ° (- dt)u,. (29)

In this example, the exact, implicit, Euler and Rugsta solutions show the quite different tendencies. Wihien
tends to= , u,,,/u, tends to0, -1, - = and - = for the exact, implicit, Euler and Rungftta solutions,
respectively. The implicit solution does not divergedomrbitrary dt. However, the Euler and Rung@itta solutions
diverge whenl- dt<-1 and1- dt- 0.5dt* <- 1, respectively. Hence, by making,, in f unknown, the stability of
the numerical calculation increases drastically, and much laitgean be used in comparison with explicit methods
such as Euler method and Rurgatta method.

The stability analysis using Craitki ¢ h o | s o nJ[f] svas mentubted dfor thiexamplein Appendix A. An
interesting result is obtained.

2.2. Numerical example

A problem is defined as
%:uint>0,u:0att=0. (304, b)

The exact solution is given by

u=e€e-1. (31)
The numerical results are shown in Fig. 1. EUL, IMP and RK2 refer to Euler method, Implicit method and Runge
Kutta method of 2nd order, respectivelyxaEtmeans the exact solution. IMP corresponds to IMP1 in section 4.
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Figure 1: Comparison of various kdions (du/dt=y for t >0, u(0)=0)

The accuracy of the solutions increasedaecomes smaller. The accuracy of the implicit solution is the highest, and
the RungeKutta solution is the next. That of the Euler method is much worse.

3. GENERAL LINEAR PROBLEM
3.1 Implicit solution of General linear problem for single unknown variable

If f(t,u) is alinear function ofi or f(t,u) =a(t)u+b(t), namely

% =a(t)u+b(t) , 32)
then, we have
% o a(t, + O.Mt)% +b(t, +0.5d) . (33)
Rewriting Eq. (33), we derev
U, = 1 S+ Za(t, +05d)dtd, +b(t, +05d0)dtf). (34)
- u

1- %a(tn +0.5dt)dt &

3.2. Implicit solution of general linear problem for multiple unknown variables
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In the case of multiple unknown variablegt) , i =01,2,3 , the superscript is used to show the time stép

i =01,2,3 . Hence,u!" refers tou (t), and{u‘”’} means a column vectc{m(”) ™ 3 ] A matrix with element
A,,i=0123, |=0123 is denoted byA].
If the differential equation is given by:

[0 G =l ot} (35)
then, weobtain
(At +05d)f; u act +o. wt)}eu +{b(t™ +05dt)}. (36)
Rewriting Eq. (36), we have ’ ’
:e %g ° [a¢® +05ap] fat + o.5dt)}f&2+“(")-yﬂ [ac® sosa[ b vosa). @D

Hence, we derive

) 1
{u(n+l)}o g| _ %[A(t(”) +0.5dt)]-l[a(tn +0'5dt)]g ¢

e
c% + Ao +o.5dt)] ae® +o. 5dt)ﬁu b+ a{At® +0.5d0)] {be® +05dt)}8 (38)
e 2
3.2.1. Anumerical example
A problem is defined as
sdu, /dt( - 6@8u,0 . éu,0 é50
edup/ct el - 6ot o E0l_850 o (3%, b)
SL ut L
i OIL&/dty - 4di Ly by {2y
The exact solution is given by
euou_le3ﬂe_l 'e':ZOe,21 (40)
fwy ily g ly
For the exact solution §&c), we have from Eg. (40), we have
eu<”>u e3u 20 B 2ofet™
u1(n)u 1 ue (M +i 1ue‘ 2 _ gj_ 13? Zt(n)ﬁ, (41a)
i ity ily
el_j(n+l)L:| eSU t(n)-dt ezu o) ot @‘38 dt 26 2dtg? _¢(n) P
(n+1)U =€ 2t UL, mU- (41b)
ful |1y i y ge e ae” 'y
Hence, we obtain
eu(n+l)u ggedt 2e 2dtﬂ63 2@ ?U(n)l-_] ggedt 2e Zdtﬂel _ 2g8u(“)u
u1(n+1)§ ge- 2dt u& 1U I (n)y ge-d e 2dt UQ 1 3 H: ul(n)y
e_)e dt Ze- 2dt 6e dt + 6e 2dt ﬂeu(")u
=é - 2dt dt 2aUl U (42a)
cget-e -267+3¢ u1 y
e1+ dt- 25dt*> - 6dt+9dt® géul” (42b)
€ dt- 15dt?  1- 4dt+5dt2 u{”);'
For the implicit solution (IMPl)[A], [a] and{ } inEq. (38) are given as
el Og
[A]= g) 1u [] SL 4uv{}_0- (43)
Hence, we have
éulm™a gl dtel - 6;215 gl dtél - 6g2eul” 0
o U° é > I U
Iu{nl)y g 2%‘-'4LQ§ 2%__41;“u1(n)y
&+ - eu™
1 2.5dt - 0.5dt? 6dt 2eu, (44a)

TI+lBdt+05dCE  dt 1- 2.5dt- 0.5dt2 0] uf")y
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é+dt- 3.625t° - 6dt+9dt’ ﬂéu(”)ﬂ
°é 2 Ul U (44b)
& dt- 1.5dt 1- 4dt +3.875dt% u§">
For Euler solution (EUL), we have
éu™a eu<”)u éu"0_d&+dt - 6dtgeul”
+dt . 45
,u(”"l); (n)? [a” (n); € dt 1- 4dtu (n); (45)
For the second order Rungﬂaltta solution (RK2) we have
(+D) mQ U (n) &M ()
éu"™va eu a e ug é+dt- 25dt° - 6dt+9dt* géu{” 0
Iul(nﬂ)u (n)u dt[a”]g u+05dt[a” |u1(n)§0 é dt- 1542 1- 4dt+5dt2u' Uf")y' (46)

From Egs. (42b), (44b), (45) and (4{3(”*1) (”*1)] is expressed b{u((,”) ul(”)] as
eu<”*1)u &Coo Cleaeu(”)u
o ° U- (47)
| ( 1) gll C01U'ul()y
In Fig. 2,C;; s are compared in varlous solutions. In Figh,3), and u, are compared in various solutions. The
accuracy of the solution is higher in the order of IMP1. RK2 and EUL.
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Figure 2: Stability criteria of numerical procedure
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Figure 3: EUL
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Figure 5: IMP1

4. ANEW IMPLICIT METHOD

From Eg. (1), we have

th+1 du tn+
un+1:un+ﬁn" 1adt:un+f‘n: L (t,u(t)dt. (48)

4.1. Constanapproximation

If f(t,u(t)) is approximated by a constanttip¢t¢t,,,:

FEU) © F(yarUnys) » (49)
wheret,,,, andu,,,, are defined as,,,, =t,+0.5dt andu,,,, =u(t..,,) , respectively, then, we have
7 GUOIOXO G (b lyiyz) © BT (o 05U, +U,,) (50)
Substituting this into Eqg. (50), we obtain
un+1 ° l'ln +dt f (tn+1/2 10'5(un + un+1)) . (51)

This approximation is equal to Eq. (5).
4.2. Linear approximation

If f(t,u(t)) is approximated by linear function ofin t, ¢t ¢t ,,:
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f (t,u(t)) © f(tn,un)ﬁ+ f(tnﬂ,unﬂ)ﬁ, (52)
then, we have
ﬁ"” f (t,u(t)dt ° %[f (t,,u)+f (..U (53)
Substituting this into Eq. (48), we obtain
U,.,° U, +%[f (t.,u)+ f(t,.,U,.,)] - (54)

u,,, can be obtained by iteration.

4.3. Parabolic approximation
If f(t,u(t)) is approximated by the second order function @i t, ¢t ¢t

(t- thgp)t- thy)
(tn - thy2)(ty - thw)

n+1

(t- t)(t-t,)
n+y2 ~ tn)(tn+1/z - tn+1)
(t- t)(t - thyo)

f (t1 U(X)) °f (tn’ un) +f (tn+1/2’ un+1/2) (t

+ f(t.,U.) , 56)
' ' (tn+1 - tn)(tn+1 h tn+]/2)
then, we have
ﬁn+l f(t,u(t)dt © %[f (s Un) + 4T (g Unay) + T (tyugs Une) - (56)
If u(x) is approximated by
u(t) © u, + f (6, u,)(t - t,) +d—12[un+1- Uy - f (t Ut - )7, (57)
we have
ut,) =u,, ‘?@’3 = f(t,,u,) andu(t,.,) =U,.,. (58)
gdt Ut=t,,
Hence, we obtain
d 1 3 dt 1
Uy U, + (L U)—+=|uU,, - U, - F(E,u)dt =—=u, + f(t,u)—+=U,,. 59
n+l/2 n (n n)2 4[nl ( ) ] 4 ( )4 4 1 ( )
Substituting Eq. (56) into Eq. (48), we derive
un+:L ° un + %[f (tn'un) + 4f (tn+1/2!un+1/2) + f (tn+1!un+1)] ’ (60)
whereu,,,, is approximated by Eq. (59),,, maybe obtained by iteration.
4.4. Cubic approximation
If f(t,u(t)) is approximated by the third order functiontoin t, ¢t ¢t ,,:
t-ts)(t- thas)(t-t, t-t)(t-t,,8)(t-
Fum)© f. (- toya)t- trge)(t- L) s (t- t)(t- tps)(t- )
(tn - tn+1/3)(tn - tn+2/3)(tn - tn+:L) (tn+]/3 - 1:n)(tn+]/3 - tn+2/3)(tn+1/3 - tn+1)
(t - tn)(t - tn+:l/3)(t - tn+1) (t - tn)(t - tn+:l/3)(t - tn+2/3)
n+2/3 T T y (61)
(tn+2/3 - tn)(tn+2/3 - tn+1/3)(tn+2/3 - tn+1) (tn+l - tn)(tnﬂ - 1:n+:1/3)(tn+1 - tn+2/3)
where
1 2
tn+1/3 =t, +§dt! tn+2/3 =1, +§dt ' (628-)
un = U(tn) ’ un+]/3 = u(tn+1/3) ’ un+2/3 = u(tn+2/3) ! un+1 = u(tn+1) (62b)
1:n = f(tn!un)! fn+]/3 = f(tn+]/37un+1/3) ' fn+2/3 = f(tn+2/3!un+2/3) ! fn+1 = f(tn+1'un+1) ' (620)
then, we have (see Appendix B)
B FORUOIA® Fyofy+ Foyafrgs * Fooafrgs + Fofroa (63)
where
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el 1 1 g
I(a,bm,m,m)= gz(b“ - a)- S(mrm, +my)(b® - @)+ S (mm, +mm, +mm)(b® - &%) - mm,m,(b- Ay (64a)
I t 1tn+ ’tl']+ !tn+ !tn+
F,= (o tos tiyar tga toss) = 9 31 s s thiai tad) (64b)
(tn - tn+]/3)(tn - tn+2/3)(tn - tn+1) 2dt
Lttt to i tns
Frs = (th bt 23 the1) = 273 (U) SOV ) PR Y (64c)
(tn+]/3 - tn)(tnﬂ/s - tn+2/3)(tn+1/3 - tn+1) 2dt
Tttt thiys te
s = (o tss b trayai toen) - 273 (et igasbss) (64d)
’ (tn+2/3 - tn)(tn+2/3 - tn+1/3)(tn+2/3 - tn+1) 2dt
Ittt toysi tos
= (ot b thgartigs) 9 1t b byt (64¢€)
' (tn+1 - tn)(tml - tn+1/3)(tn+1 - tn+2/3) 2dt
If u(t) is approximated by a cubic function:
U(t) 0 u(tn) +f (tnlu(tn))(t - tn) + pn(t - tn)2 +qn(t - tn)3 ) (65)
then, we have
dt dt’ dt® 2dt 4dt? 8dt®
Unys © Up fn€+ pn?*'an, Unips © Uy + fn?*' pnT-'-qn?r (66a,b)
where
p, = d—tz(\?)uml- 3u,- 2f dt- f .dt), q,=- d—:;(Zunﬂ- 2u, - f dt- f .dt). (67a, b)

Eq. (67) is obtained by solving
U(thy) =U(t,) + f (6, u(E,))dt+ pdt® +,de, (e, U(t,.0)) = F (5, U(X,) +2p,dt +3g,dt*. (682, b)
u(t,,,) is approximatedy
u(t.,) © ut) +Fof + R pafrys T Foasfrs t R fo (69)

4.5.Numerical example

4.5.1.Linear case
We check the effect of the implicit method &lmnear problem such as
du/dt=-u int>0, u=1att=0. (70a, b)
The exact sokution is given by
u=e'. (71)
Various numerical resultre compared in Table 1. In the table, EUL, RK2, RK4, IMP1, IMP2, IMP3 aadtEefer
to Euler method, 2nd order Runietta method, 4th order Runggutta method, Implicit method using linear
approximation, Implicit method using parabolic approximatianplicit method using cubic approximation and exact
solution, respectivelyThe accuracy is higher in the order of column.

Table 1: Comparison of numerical results of linear problem

t EUL RK2 IMP1 IMP2 RK4 IMP3 Exact
0 1 1 1 1 1 1 1
0.5 0.5 0.625 0.600006 0.607143 0.606771 0.606554 0.606531
1 0.25 0.390625 0.360013 0.368623 0.368171 0.367911 0.367879

15 0.125 0.244141 0.216014 0.223807 0.223395 0.22316 0.22313
2 0.0625 0.152588 0.129594 0.135882 0.13555 0.13536  0.135335
25| 0.03125 0.095367 0.077748 0.082499 0.082248 0.082103 0.082085
3| 0.015625 0.059605 0.046644 0.050088 0.049905 0.0498 0.049787
3.5| 0.007813 0.037253 0.027998 0.030412 0.030281 0.030206 0.030197
4| 0.003906 0.023283 0.016806 0.018465 0.018374 0.018322 0.018316
45| 0.001953 0.014552 0.010066 0.011212 0.011149 0.011113 0.011109
5( 0.000977 0.009095 0.006029 0.006807 0.006765 0.00674 0.006738
55| 0.000488 0.005684 0.003611 0.004132 0.004105 0.004088 0.004087
6| 0.000244 0.003553 0.002182 0.002508 0.002491 0.002479 0.002479
6.5| 0.000122 0.00222 0.001318 0.001522 0.001511 0.001504 0.001503
7| 0.000061 0.001388 0.000796 0.000926 0.000917 0.000912 0.000912
7.5| 0.000031 0.000867 0.000465 0.000563 0.000556 0.000554 0.000553
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8| 0.000015 0.000542 0.00027 0.000342 0.000338 0.000336 0.000335
8.5| 0.000008 0.000339 0.000156 0.000208 0.000205 0.000204 0.000203
9( 0.000004 0.000212 0.000107 0.000125 0.000124 0.000124 0.000123
9.5| 0.000002 0.000132 0.000057 0.000075 0.000075 0.000074 0.000075
10| 0.000001 0.000083 0.000007 0.000045 0.000046 0.000045 0.000045

4.52. Nonlinear example
We check the effect of the implicit method by nonlinear problem such as
du/dt=u®*int>0, u=-1att=0. (72a,b)
The exact solution is given by
-1
u=——.
t+1
Various numerical results are compared in TablEhk accuracy is higher in the order of column.

(73)

Table 2: Comparison of numerical results of nonlinear problem

t EUL RK2 IMP1 IMP2 IMP3 RK4 Exact
0 -1 -1 -1 -1 -1 -1 -1
0.5 -0.5 -0.71875 -0.65683 -0.66993 -0.66703 -0.66668 -0.66667
1 -0.375  -0.54494  -0.49188 -0.50244 -0.50025 -0.50003 -0.5
15| -0.30469 -0.43416 -0.39381 -0.40174 -0.40017 -0.40003 -0.4

2 -0.25827 -0.35926  -0.32859 -0.3346  -0.33346 -0.33335 -0.33333
25| -0.22492 -0.3058 -0.28198 -0.28668 -0.28581 -0.28573  -0.28571

3 -0.19962  -0.26592 -0.247  -0.25075 -0.25007 -0.25001 -0.25
3.5 -0.1797  -0.23511  -0.21976  -0.22282 -0.22228 -0.22223 -0.22222
4 -0.16355 -0.21062 -0.19796 -0.20049 -0.20005 -0.20001 -0.2

45| -0.15018 -0.19072 -0.1801  -0.18222 -0.18186 -0.18183 -0.18182
5 -0.1389  -0.17422 -0.1652  -0.16701 -0.1667  -0.16667 -0.16667
55| -0.12926 -0.16034 -0.15257 -0.15414 -0.15387 -0.15385 -0.15385
6 -0.1209  -0.14849 -0.14175 -0.14311 -0.14288 -0.14286 -0.14286
6.5 -0.11359 -0.13827 -0.13236 -0.13356 -0.13335 -0.13334 -0.13333
7 -0.10714  -0.12936  -0.12413 -0.1252  -0.12502 -0.125 -0.125
7.5 -0.1014  -0.12153 -0.11686 -0.11782 -0.11766 -0.11765 -0.11765
8 -0.09626  -0.11459 -0.11041 -0.11127 -0.11113 -0.11111 -0.11111
8.5| -0.09163 -0.10839 -0.10462 -0.1054 -0.10528 -0.10527 -0.10526
9 -0.08743  -0.10283 -0.09942 -0.10013 -0.10001 -0.1 -0.1
9.5| -0.08361 -0.09781 -0.09471 -0.09535 -0.09525 -0.09524 -0.09524
10 -0.08011 -0.09326  -0.09042 -0.09101 -0.09092 -0.09091 -0.09091

5. APPLICATION OF NEW IMPLICIT METHODS TO SOLUTION OF PARTIAL DIFFERENTIAL
EQUATION

5.1 Diffusion equation

5.1.1. Diffusion in a still fluid

The initiakboundary value problem of Diffusion equation is defined by
2

E:n“—g in 0<x<L, (74)
X
ux,0=f(x); u(ot)=U,, ulLt)=U,. (75a,b)
We divide the computational region int elementsx, <x<x,,, where
dx:ﬁ; x =idx, =013 ,N. (76a,b)
We use the difference operations to approximate the spatial derivatives. If we denddeas u,(t) , then, we have

du 1 .
—=n—\U,; - 2u,+u,_4), 1 =013 ,N, 77
=g U ), 1=04, (77)
u(0)="f(x); Uuy(t)=const=U,, uy()=const=U, . (78a,b)
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Equations (77) and (78) can be rewritten as

éduq _
Fard = g (79)

where
gl for j=i-1&i+1
W=y u 3 u.J; a.-|-2br1-| for i=1,23 ,N-1. (80a, b)
l0 otherwise

From Eqg. (79), the following timprogressive equations for Euler method (EUL), Implicit method using linear
approximation (IMP1), RungKutta method of the 2nd order (RK2) and Implicit method using parabolic approximation

(IMP2) are given below, where at time stepn is denoted asi™ .

EUL:
{u(n+l)}:[|]{u(n)} dt[ ]{ (n)} ndt{ } (t)+ndt{0’N_1}UL(t), (81)
Where{aj}=[1 0 3 0] and{dN_l}=[0 3 0 1]
IMP1:
ol [ m /7_dt } M Ll ndt ndt
fur={uoh B2 S+ B {afug 09 + 25 {a Ju, (o (#22)
or
g ndt g Gl = ndt 4 ndt ndt
J e }= 8|+2dx2lfl b+ { Jus(n+os)t) + 2laJuros. (82b)
RK2:
fursh=fuo} o} S {adun -0 + 23 {d Ju, (n+ 05, (832)
T Endt 4o 1ndt 1/7dt
oo 25 afu b S 55 {aug + 555 {a Ju oo . (830)
IMP2:
w2} 3[ ), 7dt @y [ e
fuo}= 2} T o L, )
{u(n+l)} {u(n)} ndt[a]l{u(n)+4U(n+uz)+u(n+1)}+’;_:2t{d1}_(uo(nt)+4U0((n+o_5)t)+Uo((n+1)t))
Z:zt{d jE <L+, (n+05)) +U (1 +11) (84b)
or eliminating{u(”+’/2)}
N = o 2
g—%aﬂu("ﬂ)}:§|+%a+%§%%gaz (“)} /;S;{ } (U, (nt) + 44U, (n+0.5)t) + Uy (n+Dt))
+ 0% F 0.0 + 40, (10510 +U, (n+1). @)
The initial condition is given by
u® =1f(x) fori=013 ,N. (86)
The exact solution of the initiddoundaryalue problem, Egs. (74) and (75) is given by
¢ ampg 9. amp
u(x,t)=U,+U_- U, )L+a amexpe naeL—otuswrae—xo, (87a)

m=1 é (o4 Y| (; -
where

a, :%n f(x)smae— xodx— i[uo(l- C1")- U, - U2 (87b)
¢l
The numerical results are shown in Tables 3 and Fig. 6. In Tabteis & e kinematic viscosity, and symbolsandH

means whether the calculation is conducted normally or diverged, respectively. The stability of IMP1 is much higher
than EUL and RK2. In Fig. 6, the accuracy is compared among EUL, RK2 and IMP1. The accuracy of IMP1 is high.
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Table3 f=0,U,=1,U =0, L=1,7=0089, t,, =25

EUL RK2 IMP1
N=20 | N=40 | N=80 | N=20 | N=40 | N=80 | N=20 | N=40 | N=80
dt=0.0025 H H
dt=0.005 H H H
dt=0.01 H H H H
dt=0.1 H H H H H
dt=1 H H H H H H

——t= 0.0000)
- - t=002000 104  (B)RK2
-+ t= 00400
~ - —t= 0.0600
- --~t= 0.0800
+-e+ t= 0.1000

01 (a)EUL

(—t= 0.0000
- - 1= 00200 104  (d)Exact

- t= 0.0400
~ - —t= 0.0600
- -+ ~t= 0.0800
‘‘‘‘‘ t= 0.1000

Figure 6: Comparison of accuracy of the solutions by IMF1<hat, U,=0, U, =0, L=1, N=20, dt=0.01, t =1
, 1 =0.089)

5.1.2.Diffusion in a flow with uniform flow
If there is a flow in the fluid, the initidboundary value problem of Diffusion equation is defined by

BB B 0<x<L, (88)
Mt pX pX
u(x,00=f(x); u(0t)=0, u(L,t)=0, (89, b)

whereV is the velocity of the uniform flow.
We divide the computational region inté elements as given by Eq. (768)e use the difference operations to

approximate the spatiderivatives.If we denoteu(x,t) asu,(t) , then, we have

Z—l::-vz—ix(uiﬂ- ui_1)+n§(ui+l- b +ui_1), i=013 ,N, (90)
U(©0)=f(x); U(t)=0, uy(t)=0. (91a,b)
Equations 90) and 91) can be rewritten as
Pt ol o, (92
where{u} and [a] are given by Eq. (80), ar{b] is defined by
e1 orj=i-1
h,=i+1 for j=i+1for i=123 ,N- 1. (93)

}O otherwise

From Eg. (92), the following timprogressive equations for Euler method (EUL), Implicit method using linear
approximation (IMP1), RungKutta method of the 2nd order (RK2) and Implicit method ugiagbolic approximation

(IMP2) are given belw, whereu. at time stepn is denoted asy™ .
EUL:
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{ur} =i fun)+ & V—dt[b] ”dt[]guw} (94)
¢
where{g}=[1 0 3 0] and{a,.}=[0 3 0 1].
IMP1:
fu =)o Vg o 2 {0 o). o5
¢ 2dx
or
¢ , Vdt  ndt ) § _ Vdt . ndtg
§ "aax . 2ae g } S' 2" 202 } (930)
RK2:
furs}={uobe & X1+ 25 alfue}, (962)
¢ « X
o2l [ 13- V_dt ndt (n)
uroh{uhe o 2 Stb G laldlu) (96b)
IMP2:
a1} 2 Yy P} 2o o7
{u(n+l)}:{u( )}+§% V—dt[b] ndt[ ] { (n) +4u(n+1/2) +u(n+l)} (97b)
¢
or eliminating{u(”ﬂ/z)}
§ .14 Vit ndt oF e 2§ vdt, ndt g 18 vdt  ndt 8% o
€ 3% 20x" " ae ﬁ }= 83 2 e 2 6 T a2 } (%8)
¢ e ¢ ¢
The initial condition is given by
u® =f(x) fori=013 ,N. (99)
The exact solution of the initiddoundary value problem Eqs (88) and (&9piven by
u(xt) = aamexpe naerrL—wgtusmae—(x Vt)o, (100a)
m=1 g C g (}
where
2.k . amp g
am—tm f(x)smaeL—xgdx. (100b)

¢
The numerical results are shown in Figs. 7, 8 and 9. The initial condi{ignis a pulsdike function given by
E(x- L/8@x- L/2))E(L/8@x- L/2)- X). The stability of IMP1 and IMP2 is much higher than EUL and RK2. In Figs.

7 and 8, theaccuracy is compared among EUL (Central), EUL (Upwind), IMP1 (Central) and IMP1 (Upwind). The
accuracy of IMP1 is very high. In Fig. 9, the accuracy is compared between IMP1 and IMP2. The accuracy of IMP2 is
higher than that of IMP1.

5.2. Burger®equation

The initiakboundary value problem of Burgéequation is defined by

L E—/7”—2 in - o<x<@, (101)
HI px X
u(x,0)=f(x); u(° gt)=0. (1023, b)
In the numerical calculation, we replace the inifinite regior< x <z with a computational regionL <x<L . We
divide the computational region intd elementsx, < x<x,,, where

dx= 2’\||' X =-L+idx, i=013 ,N. (103, b)
We use the difference operations to approximate the sgatightives.If we denoteu(x,t) asu(t), then, we have
du 1 1 .
—=-U—NUy-U_)+n—u,- 20 +u_,), i=013 ,N, 104
at ; 2dX( 41 1) dXZ( 1 1) 1=01, (104)
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Figure 7: Comparison of accuracy of the solutionsEyL ( f (X) ="pulse-like", V =1, L=1, dt=0.0025, t =0.1,
1 =0.0008¢)
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Figure 8: Comparison of accuracy of the solutions by IMFXX) ="pulse’, V =1, L =1, dt=0.0025, t =0.1,
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Figure 9: Comparison of accuracy of the solutions between IMP1 and IMP®) €'pulse’, V =1, L=2, dt=0.01,
t=0.4, n=0.0008¢)
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U0 =f(x); u =0, uy,(®)=0. (105, b)
Equations (77) and (78) can be rewritten as
P gt getald. £ =ula- e (1062,
where
= uw 3 ul {A=lr, 1 3 Al (107, 108
& 20r j=0 @ frj=i-1&i+1 ;;1 for j=N-1
a;=i1 borj=1, a =|-2fr =i fori=123 ,N-1, a,; =i-2br j=N . (109, b,c)
0 othewise b0 otherwise b0 othewise

The boundary condition is included [g] .
From Eq. (94), the following timprogressive equations for Euler method (EUL), Implicit method using linear
approximation (IMP1), RungKutta method of the 2nd order (RK2) and Implicit method using parabolic approximation

(IMP2) are given belw, whereu, andf, at time stepn are denoted a8 and 7", respectively 7" is given by

£ =y (Ui(fi - ui(_”i)/z - (119

EUL:
{u(mn}:[l]{u(m}_ %({f<n>}+f;_)d(2t[a]{u<n>}_ (111)

IMP1:
fur=fuo)- Sdfro s poa B Lo s, @120

or

I

RK2:
{u(n+1)}:{u(n)}_ %({f(nﬂ/z)}_i_/;_:j;[[a]{u(nﬂﬂ)}, {u(rH-J/Z)}:{u(n)}_ %({f‘”)}+%[a]{u(")}, (113, b)
Fo2) =y é%igﬂ/ T 8/2 (113c)

IMP2
{u(nﬂ/z)}:%{u(n)}_ %(i{ o} ”dt[ AE { ™} 4 { e} (114a)
=) & Y arr o T g s ) e

The initial condition is given by
U = e— sinpx), if [x[¢1

for i=013 ,N. 115
' |O otherwise ! (115)

The boundary condition is included ia]. {f(“ﬂ)} is determined by iteration

The exact solution of the initiddoundary value problem, Egs. (101) and (102), is given in Ref. [3].

The numerical results are shown in Tables 4 and 5 and Figs. 10 and 11. In Tables 4 enth&, kinematic
viscosity, and syfmols and'H meanswhether the calculation is conducted normally or diverged, respectively. The

stability of IMP1 is much higher than EUL and RK2. In Figs. 10 and 11, the accuracy is compared among EUL, RK2 and
IMP1. The accuracy of IMP1 is very high.

Table 4: N =100, t,.,=5
EUL RK2 IMP1
n=01 | n=001 | n=0005| n=01 | n=001 | n=0005| n=01 | n=001 | n=0.005
dt=0.001 ‘H ‘H ‘H
dt=0.01 'H ‘H ‘H ‘H 'H
dt=0.1 H H 'H ‘H ‘H ‘H H
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Table 5: N =200, t,,,=5

max —
EUL RK2 IMP1
n=01 | n=001 | n=0005| n=01 | n=001 | n=0005| n=01 | n=001 | n=0.005
dt=0.001
dt=0.01 'H ‘H 'H
dt=0.1 H H 'H H H H H

—t= 0.0000
= 1.0000
= 2.0000
= 3.0000
= 4.0000
= 5.0000

=—t= 0.0000

~ - t= 1.0000 1 myRee
-+ t= 2.0000

(a) EUL

—t= 0.0000) —t= 0.0000
(c) MP1 ~ - t= 1.0000 N - - t= 1.0000
-+ t= 2.0000

(d) Exact

Figure 10: Comparison of accuracyN =200, L =2, dt=0.01, 7 =0.01)

[——1= 0.0000 — 1= 0.0000
= = t= 1.0000 | REIEVER LSy - - = 1.0000

- t= 20000 :
- —t= 30000
- -t= 4.0000
----- t= 5.0000

1 fa) nyu=0.1, N=200

| () nyu=0.006, N=400 - _ ‘: ?gggg

- = 20000
, I~ —t= 3.0000
A - - -t= 4.0000
----- = 5.0000

Figure 11: Effects of N andn on the accuracy (IMP1,. =2, dt=0.001).
5.3. Wave equation

Let x and t b@nedimensionakpace coordinate and time, aftk,t) be a solution of a initial and boundary value
problem of a wave equation:

2 2
‘L*T’;- C—lz“a’;:o in - a<x<n, (116)
F(x0)= F(X), £,(x0)=0; 7(° gt) =0, (117a,b)

where c is thevelocity of wave.
We approximate a<x<a by -L<x<L and the discretization of the space is given by Eq. (103). If we denote
f(x,t) asf’,(t), then, Egs. (116) and (117) is approximatedife0,1,3 ,N as
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d’f, _ 1
! :_f'+ -2fi+fi_ , 118
dtz dxz( i+1 1) ( )
df.
£,(0) = f(x), d—t'(O):O; f.(t)=0, Fy.(t)=0. (119, b)
Equations (118) and (119) can be rewrittenifer0,1,3 ,N as
df, dy, 1
=y, Zil=_—(f, - 2f +f_,), 120a,b
£,0)=1(x), ¥y (0)=0; £,(t) =0, £ .4(t) =0. (121a, b)
Equation (107) is furthelewrittenas
edrq gdyo_ 1
T—a=0}, i =0=—1[al{r}, 122a,b
fdty }%dti‘/'d[]{} ( )
where
{fr=lr, £ 3 AJ. ¥l=lve v. 3 »iI'. (123,b)

and[a] is defined by Eq. (109). The boundary condition is includeE;h}n

From Eq. (122), the following timprogressive equations for Euler method (EUL), Implicit method using linear
approximation (IMP1), Rungkutta method of the 2nd order (RK2mplicit method using parabolic approximation
(IMP2) and Implicit method usingcubic approximation (IMB) are given belw, wheref, andy; at time stepn are

denoted ag™ andy [, respectively

EUL:
efoeap, el S w2
IMP1:
{f(n+1)}:{f(n)}+%{J/(n+l) +y(n)}, {y(n+l)}:{J/(n)}+2((;l_:(2[a]{f(n+l) +f(n)}' (125, b)
or
él Ogef(“”)u el Ogef(”)u e 0 dtlﬂef(n"l)_,_f(n) 0
g) (n+1)LI g) IU|J/ ); gzdt a Ogy(nﬂ) +y(n)y (126)
or
(:,Z‘ | - 05dt0ﬂef("+1)u e | 05dt02(ef(n)u
g— O.detha | i y(n+1)u %5 dt La | l;“y(n);' (127)
RK2:
£2) Z ¢ +dzt (128a)
{f(n*'l/z)}:{f(n)}_'_%{J/(n)}! {y(n+3/2)}:{J/(n)} o [a]{f(n)} (128, ¢)
{rom}={rol+ady o2}, {V(n+1)}={l/(")}+dt [a]{f(””/z’} (128, €)
IMP2:
TR W Y 2 I O R 18 o
{f(n+1)}:{f(n)}+%{J/(n) + 4y () +y(n+l)}, {y(n+l)}:{y(n)}+6(;_:(2[a]{f(n) +4f(n+]/2)+f(n+l)} (12, d)
or
Ff(nH/Z)ﬂ g?ﬂ dt ?Ff(n)p 1Ff(n+1)p
}y(mmg:éﬁ—;a Z' uU/(”)f/ 4U/(”+1)§’ (130a)
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..f(n+1) e | E | g"f(”) ~ ? 0 4dt f(n+]/2) € 0 E | = f(n+1)

g e 6 WH € UF fi e LF f

L eyl € dt Wl e 4q¢ bt é .ir (130b)
="y é6—a 1 Uy {ewa 0 U/ y é d sa 0 uIJ/ Y

e X2 a e X2

Substituting Eq. (130b) into Eq. (130a)

e I dt (n+2) éI +— dt” a 2—dtl & Q)

e 3 Lﬁf ﬂ ¢ 6axX 3 Lﬁf p (131)
¢ dt woH=€ ot o}

e — I U/ y e <t | + UU/ Y

é 3d & 3d¢ dX2 H

IMP3

{f (n)} = {J/ (n)}, {ff(n+1/3)} - (n+1/3)} {ff(n+2/3)} - {J/ (n+2/3)} , {ff(nﬂ)} ={J/ (n+1)} , (13231 b, C,d)

{fy(n)} . [ {f(n)} { (n+1/3)} [a]{f(n+]/3)} {fy(n+2/3)}:di[a]{f(n+zs)}1 {fy(n+l)}:§[a]{f(n+l)}, (132, f, g.h)

{p <”>}:%{3f<"+1> F0 - 2f0dt- 100, {q0}=- oo 20 goge- fovad,  13a))

dt®

- é ., adt o dt?t o dth - é ., »2dt o 4dt?8dt*d
{f( J/3>} If()+f()3 p & g O {f( 2/3)}=if()+f/()_+p;) +q 2 E @3k )

I 9 27)’/, i 3 9 27 y
n - 1 n+: n n n+. n - 1 n+ n n n+
{py”}_—xz{:gﬂ D_g O 2fOdt- {0V}, {Oy()}—-—xg{Zy( Y. gy™_ £ Odi- £, (132m,n)
e é . adt o dt? o dia - N W2t 4dt » 8dt*0
{y( 1/3)} y()+f() +p” y()27y {y( 2/3)} y 4o : w2 g 27;1 (1320, p)

I(a,b,m,m,,m,) = 84(b4 a)-—(ml+nb+ms)(b3 a®)+= (rmrrwmznwmm)(bz-a) mm,m,(b- a)H (1329)

I(tn’tn+1'tn+]/31tn+2/3’ n+1) 9
= =- Tt ot et oot ), 132r
T bl ety ) 2 s s )
Ittt ) 27
E N’ n+lr'n? n+2/3 n+1 — |(t t . ot s +) (1325)
" s s~ brogo)tyga ) 26T
Lttt b et
Fn 2/3 (n o ik l) =- 273 I(tn’tn+l'tn'tn+1/3'tn+1)v (132t)
(tn+2/3 t )(tn+2/3 n+]/3)(tn+2/3 B tn+1) 2dt
I (tn’tn+1'tn'tn+]/3'tn+2/3) 9
= = Ittt et ), (132u)
B O S N R
{f(n+1)} ={f(n)}+{|:(n) £ 4 F O3 £ (03 E 423 £ (1429 4 (o) f,("”)} , (132v)
{y(n+1)}={y(n)}+{':(n) £ +EO3 fy(n+1/3) +E23 fy(n+2/3) +EOD fy(n+l)}‘ (132w)
The initial condition is given by
e 3 &0
1O =expé 28U for i =013 ,N (133)
g Eody

The boundary condition is included |a] . {f(””’} and{y‘”*l)} are determined by iteration
The exact solution of the initiddoundary value problem, Egs. (116) and (117), is given by
f(xt)=f(x-ct), y(xt)=pf/mt =-cfi(x- ct). (134a,b)
The numerical results arb@wn in Figs. 1218. According to the results in Figs.-12, the stability and accuracy of
IMP1 is much higher than EUL and RK2 in case of a-8letipe initial value. In Fig. 18, IMP1, IMP2 and IMP3 are

compared in case of a triangular initial value. Aligh the accuracy was higher in the order of IMP1, IMP2 and IMP3,

large difference was not observed among the three solutions.
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Figure 122 f, EUL, L=10, N=100, tmax=5

Figure 13 y , EUL, L=10, N =100, t,,,=5

Figure 14: f, RK2, L=10, N =100, t, =5

Asian Online Journalsiww.ajouronline.com 156




