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_________________________________________________________________________________
ABSTRACT— In this paper, we propose a semi-analytic method to provide Taylor series solutions to the initial value 

problems of space-fractional differential equations in the form 

 

( ) [ ] ( )tu x,t = F u + g x ,
 

where  1 2[ ] ( )nqq q

x x xF u = F u, , ,...,    is any linear operator of finite arguments and 1 2, ,..., {0}nq q q  ¡ . Some 

examples have been demonstrated by using the technique of the proposed method. 
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1. INTRODUCTION 

Nowadays, the fractional differential equations (FDEs) have been played a very important role in various fields of 

Sciences and Engineering. Discrete fraction-related problems have also been studied recently in the context of graph 

theory [1]. Several numerical or analytical methods have been modified to solve fractional equations, for examples, 

differential transform method (DTM) and its generalizations [2], several integral transform methods [3], variational 

iteration method (VIM) [4], and also Adomian decomposition method (ADM) [5]. In 2011, Kutafina [6] proposed a 

distinct technique to obtain series solutions for initial value problems of the form 

 

                                                                   ( ) [ ] ( )tu x,t = F u + g x ,                                                       (1) 

where [ ] ( )nx xx x
F u = F u,u ,u ,...,u  is any linear operator of finite arguments. This paper aims to solve initial value 

problems of the form (1) with linear operator 1 2[ ] ( )nqq q

x x xF u = F u, , ,...,    and  1 2, ,..., {0}nq q q  ¡  by using the 

technique in [6].  

The rest of paper has been composed of the followings. In the next section, we introduce definition of the partial 

Caputo derivative and some notations used in this context. In Section 3, we propose the theorem providing series solution 

of the linear fractional equations. Some examples are showed in Section 4. The conclusion is discussed in the last section. 

2. DEFINITION AND NOTATIONS 

Fractional derivative is defined in many ways such as Grünwald-Letnikov derivative, Riemann-Liouville derivative, 

and Caputo derivative, see [7]. For initial value problems, Caputo derivative is the most widely used because it requires 

initial conditions of integer-order as normal. In this section, we give the definition of the partial Caputo derivative which 

is used the proposed method. 

 

 

Definition 1 Let m  be a non-negative integer and n  be a positive integer. The partial Caputo derivative of order 

q m  for a 2-variable function ( , )u x t  is defined as 
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q m

x t q m
u x t u x t

x t

   
   

  
                                                                                        (2) 

                
1

0

1
( ) ( , ) ,

( )

x n m
n q

n m
x u t d

n q t
  



    
   
    

                                        (3) 

where 1n q n   . 

Remark 1 If q n , a non-negative integer, we regard , ( , )q m

x t u x t as a normal integer order partial derivative 

( , )
q m

q m
u x t

x t




. 

Remark 2 If ( , )u x t of Definition 1 is a real analytic function on its domain, we can interchange the order ,m n  of 

partial derivative for 2-variable function ( , )u x t , i.e., 

                                                            , ,
n m m n

n m m n
u t u t

t t
 

 

      
   

      
.                                                         (4) 

In this case, we also have 

                                                          , ,( , ) ( , )q m m q

x t t xu x t u x t    .                                                                          (5) 

For convenience, we introduce some essential notations which are used locally in this paper. Each notation is defined 

with some additional detail as in Table 1. 

 

Table 1: Notations used in this paper 

Symbol Description Note 

 
q

x
  or  q

x    0

,

q

x t

  , for {0}q ¡   
example: 

1/2
1/2

1/2
( , )xu u x t

x





 

 
t

  and  
tt

   0 1

,x t

   and  0 2

,x t

   
 

 
t t

 
 


 and  

 2

2tt t

 
 


 

 F u   F u
t



  
   0

0t

F u F u
t 

 
      

 F u  
 

2

2
F u

t



  
   

2

0 2

0t

F u F u
t



 
   

   
   k

F u
  

k

k
F u

t




, for 3k      0

0

k
k

k

t

F u F u
t



 
  

   

 

 

3. RESULTS 

 Let 1 2[ ] ( )nqq q

x x xF u = F u, , ,...,    is any linear operator of finite arguments and 1 2, ,..., {0}.nq q q  ¡  

Consider the following one-dimensional equation in the form 

                                                                       ( ) [ ] ( )tu x,t = F u + g x ,                                                                       (6) 

with the initial condition 

                                                                       0( ,0) ( )u x f x .                                                                                  (7) 

The Taylor series solution to (6) can be derived from the following theorem. 

 

 

Theorem 1 Let [ ]F u  be analytic of its arguments. If there exists a real analytic solution ( , )u x t  of the initial 

value problem (1) and (2), it can be expressed in the form 
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                                                                              (8) 

where 

                                                                  

0 0

1 0

2 0

( ),

( ) [ ],

[ ],

a f x

a g x F u

a F u



 


                                                   (9) 

Proof. Firstly, we can rewrite the form (6) with the operator  
 

L
t

 
 


 

                                                                  ( , ) [ ] ( ).L u x t F u g x                                                                      (10) 

Then we take the inverse operator    1

0

t

L dt     into (10) to have 

                                                         
0

0

( , ) ( ) ( ) [ ] .

t

u x t g x t f x F u dt                                                                (11) 

Expanding the Taylor series for [ ]F u  about 0t   leads us to 

                                                                           (12) 

Substituting (12) into (11) yields 

                                  (13) 

Therefore, we obtain the solution 

 

where 
0 1 2, , ,...a a a  are coefficients as claimed in (9). 

  

4. ILLUSTRATIVE EXAMPLES 
To demonstrate the workable technique of the method, we give some examples. 

Example 1 Consider the following fractional initial value problem 

                                                                                  
1/2 ,t xu u                                                                                  (14) 

                                                                          ,0 .u x x                                                                                      (15) 

By applying theorem 1, we obtain 

 

 

 

0

1 0

1/2

0

1/2

,

( ) [ ]

,
3 2

x

a x

a g x F u

a
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



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Therefore, the exact solution of this problem is 

                                                                
 

1 2 2

( , ) .
3 2 2!

x t
u x t x t  


                                                                  (16) 

 

Example 2 Consider nonhomogeneous fractional differential equation 

                                                                         1 2, ,t xu x t u x                                                                              (17) 

with the initial condition 

                                                                        ,0 3 .u x x                                                                                      (18) 

Then we obtain a solution for (17) in the form of  

 

where the Taylor coefficients is given by 
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4 0,a 


 

                                                         

Therefore, we obtain the exact solution  

                                                 
   

1/2 1/2 2 33
( , ) 3 3 .

3 2 3 2 2! 3!

x x t t
u x t x x t

   
        

    

                                            (19) 

 

5. CONCLUSION 

In this paper, we presented an alternative tool for solving fractional differential equations. This method provides 

approximate solutions of linear equations with space-fractional derivative in the form of Taylor’s series. In some cases, 

we probably obtain the exact solution like the two demonstrated examples. For further work, the proposed method can be 

applied to solve the initial value problems of nonlinear operator. This method can also be improved to solve the initial 

value problems of second order in time with space-fractional derivatives or even time-fractional derivatives. 
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