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ABSTRACT— In this paper, we obtained and examined the solutions of two rational difference equation systems.
Then we studied the periodicity of these systems.
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1. INTRODUCTION

In mathematics, we can see non-linear difference equation system. Recently, many scientists have interested in many
branches of mathematics as well as other sciences with difference equations system. There have been many
investigations and interest in the field of functions of difference equations by several authors. Nasri et al. introduced a
deterministic model for HIV infection in the presence of combination therapy related to difference equations system [1].
In [2], Cinar and Yalcinkaya studied the periodicity of positive solutions of the difference equation system

v =Ly 1, 1
n+l — ! nl o o
Zn Xn—lyn—l Xn—l

Grove at al. in [3], studied on the behavior and existence of the solutions of the rational equation system

a b c d
Xpy=—4—, Ypu=—+—.

n+l
Xn yn Xn yn

Clark and Kulenovic, in [4], investigated the global stability properties and asymptotic behavior of solutions of the
recursive system

X Y,
Xoy=—"—, Yy =—1 n=012,...).
" a4y, Yo b+dx, ( )

Similar to references above, in [5], Kose et al investigated the solutions of following diffence equation system

X = A = BXn71

n+1

, (n=0,1,2,..)

n+1l

yn Xn yn -1

where X ;, Xy, Y 11 Yo, A Bell —{O} . Then they obtained equilibrium points of this system and investigated dynamics
of solutions of this system.

In this study, we consider the following difference equation systems
Y. 1 1 1 1
= n-1 + ’ = ’ Zn+l = (11)
yn (yn72 + anz) (yn—l + Zn—l) (yn—l + Zn—l)

n+1 n+1

(anl - ynfl) - (yn—l + Zn—l)
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with initial values

X X0s Yooo Yous Yor Zopn 2y, Zg €l —{0}, (Y, +2, # 0,y +2., #0, Yy + 25 £0, X, # Y 1, X, # Y,)

and

I /¥ S S S ! (12)
yn (yn—3 + Zn—3) (yn—2 + Zn—Z) (yn—2 + Zn—Z)

n+1 n+1

(Xn—2 - yn—Z) - (yn—Z + Zn—2)

with initial values
X o0 X4 %0 Y50 Yooo Yoan Yor 230 g0 24, Zg €l —{O}, (Y3 +2,#0,y,+2,#0,y,+2,#0,y,+2, %0,

X, Y 0 Xy # Y, % # Yo)-
Now, we give basic, initial definitions and theorems firstly. Let I, I, and |, be some intervals of real numbers

and let F:lL,xL,—>1, K, xl,—>1,, Kl x],xl,—1, be three continuously differentiable functions. For

every initial condition (X;,Y,,Z;)€l,x 1, x l,, it is obvious that these systems
X1 =F(Yn2.)0  Yeu =R Z), Zy = K (X ¥ni Z0) (1.3)

have a unique solution {Xn, Yo Zn}: o BY using [1], we can give the following results for our study.

a) A solution {Xn, yn’Zn}::O

such that X, , =X, Yo.p = Yo Zn, =2, , the smallest such positive integer p is called the prime period of the

of the system of difference equations (1.3) is periodic if there exist a positive integer p

solution of difference equation system (1.3).

b) A point ()_(,;/,2)ell><lz><|3 is called an equilibrium point of system (1.3) if
x=F(y.2), y=R(v.2), z=FK(xVy.2).

c¢) The equilibrium point (X, Y, z) of difference equation system (1.3) is called stable (or locally stable) if for every

£>0,there exist 0 >0, such that for all (X, Y, z,)el,x1,xl; with |[(X,VY,,z)— (X, Y,2)|[< S, implies

(Xn1 Yns Zn) —(X, Y, Z)

< & forall N> 0. Otherwise equilibrium point is called unstable.

d) The equilibrium point (X, Y, z) of the difference equation system (1.3) is called asymptotically stable (or locally
asymptotically stable), if it is stable and there exist » >0 such that for all (XY, Z,)el,x1,xI; with

(Xs' Ys» Zs) _(X! Y, Z)

(Xn’ynlzn)_(xy y,Z) =0.

<y, implies lim
n—ow

e) The equilibrium point (X, Y, ) of difference equation system (1.3) is called global asymptotically stable, if it is stable

(Xn’ynlzn)_(xyyyz) =0.

and for every (X, Y,,z)€l, x1,x1;, we have lim
n—o0
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2. THE SOLUTIONS AND PERIODICITY OF THESE SYSTEM

Firstly we give some results related to difference equation system (1.1). In the following theorems, we show the
periodicity of these solutions and obtain solutions of this system (1.1) related to initial values.

Theorem 2.1. Suppose that {Xn, . Zn} are the solutions of the difference equation system (1.1) with initial values

X X1 Y 00 Yous Yor Zpn 2, Zg€ll —{O},y , +2, # 0,y +2, #0, Y, +2, #0,X; # Y ;, Xy # Y. Then all
solutions of the system (1.1) are periodic with period 6.

Proof: From the system (1.1), it is obtained the following equalities

— yn—l + 1 y _ ; 7 _ l _ l
Yn (yn—2 + Zn—z) (yn—l + Zn—l) o (yn—l + Zn—l) , (Xn—l - yn—l) (yn—l + Zn—l)

n+1 n+l —

X =Y, +t—7 Y, _; z = 1 — 1
T (a+z) T atz) T =Y (Ve +2,)
yn(yn— +Zn— )
X = m X0 = Yo Yos =X~ Yo Zps = # — Xyt Yo
X _#-{-X VYo You =X —VY., Z _i—X +Yy
n+4 (yn +Zn) n nt Yn+a n nt “n+s v n n
Yna Yna Yna

Xiws = Xna — Yo T v Ynis = v s = Yoa vz, —

yn (yn—z + Zn—2) yn (yn—2 + Zn—2) yn (yn—z + Zn—Z)

Xn+6 = Xn’ yn+6 = yn’ Zn+6 = Zn

Thus all solutions of the system (1.1) are periodic with 6 period.

Theorem 2.2. All solutions of the difference equation system (1.1) with initial values
X =P X% =0Y,=0Yy,;=SY,=tz,=u,2,=v,z,=well -{0},r+u=0,5+v=0,t+w=0,p=s,q=t
follow

_ VRS S
ML Hr+u) s+v T sy Y pos st
X =t+— Y —i 7 —i_i
6k+2 t+W’ 6k+2 t+W1 6k+2 q—t t+w
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Xep g = ! +P=S, Yes=P-S, Z _Hr+u p+s
6k+3 S+vV ' 6k+3 ! 6k+3 S

1 1
Xokra :mv+q_t’ Yokia =01 Zgyiy :E_q +t

s S
S+———— Verrs = ———— Zgs =SHV————
t(r+u) Yok t(r+u)’ t(r+u)

Xekss = P—

Xokis = Xok = s Yokie = Yok = b Zokss = Zgx = W

Proof: By using induction method, it is obvious that above results hold for n=0. Assume that these equalities hold.
Now we must show that above results hold for n=Kk +1.

X _ y6k+5 + 1 _ S 4 1
6k+7 - ’
y6k+6(y6k+4 +ZGk+4) (y6k+5 +26k+5) t(r +U) S+Vv
1 1 1 1 1 1
Yoki7 = Lo = -

(Yokss tZekis)  S+V (Xorss = Yorss)  (Yokss T Zekis) P—S S+V

Xokss = Yokso T L =t+ 1
6k+8 — J6k+6 - )
(Yeks6 t Zokss) t+w
Voo = 1 _ 1 1 11
6k+8 - y 6k+8 — — = —
(Yskis T Zokis) LW (Xorss — Yorss)  (Yorsrs TZ6kss) 9t t+w
Xy 1q = +X y LI p—s
6k+9 — .\ 6k+5  Yek+s — _ 9
(Yess + Zokss) S+V
Yok Yok T+ Zokra) t(r+u)
Yokro = Xokas — Yorss = P =Sy Zgg = - == Xoas T Yokes =——— — P+

y6k+5
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Xgp = ———————+Xgp 06 — Yorus = —— + 0 —t
6k+10 6k+6 6k+6 ’
(Ys+6 + Zsks6) t+w
Yok:10 = Xokse — Yokso = A~ 1 Zggipo = —Xekio T Yoxse =7~ 0+t
6k+6 t
y6k+5
X1 = Xeros — Yerus + =p-S+——
6k-+11 6k+5 6k+5 ’
Yores Vokea T Zokea) t(r+u)
Yeiss Yeiss

Yok = ok+11 — Yok+s T Zokas —

= » £ =S+V————
y6k+6 (y6k+4 + ZGk+4) t(r + U) y6k+6 (y6k+4 + Z6k+4) t(r + U)

Xoks12 = Xokie = Ao Yoka12 = Yokss =t, L2 = Logig =W

The following theorems are related to difference equation system (1.2). Here, we obtain the periodicity of these
solutions and examine solutions of the system (1.2) related to initial values.

Theorem 2.3. Suppose that {Xn, Yo Zn} are the solutions of the difference equation system (1.2) with initial values
X o0 X0 %01 Y50 Yopo Yoar Yor 230 200 24, g€l —{O}, y s +2,#0,y ,+2,#0,y, +2, #0,y,+2, %0,
X, #Y 0 X #Y 1, X # Y, - Thenall solutions of the system (1.2) are periodic with period 8.

Proof: From the system (1.2), it is obtained the following equalities

v, 1 1 1 1
nel + ' yn+1 = v Lpyl T —
Yo(Voa+Z03) (Yoo +2,2,) (Yoo +2:22) (X2 =Yn2) (Vo2 +7Z,2)
.y yoo__ 1 1
" " (yn—l + Zn—l) o (yn—l + Zn—l) Lo (Xn—l - yn—l) (yn—l + Zn—l)
1 1 1 1 1
n+3 + v Yous T T s = -
(yn—2+zn72) (yn+zn) (yn +Zn (Xn_yn) (yn+zn)
1 Yo (ynf +Z, )
Xn+4 = m + Xn—2 - yn—2’ yn+4 = Xn—2 - yn—2’ Zn+4 = # - (anz - yn—Z)
1
Xs = m X~ Yo Yes =X~ Yo Zois = y_n - (Xn—l - yn—l)
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Xiwe = X2 =Yoot X =Yoo Youe =X Yoy Lo =Yoot 40— (Xn - yn)

Xn+8 = an yn+8 = yn’ Zn+8 = Zn
Thus all solutions of the system (1.2) are periodic with 8 period.
Theorem 2.4. All solutions of the difference equation system (1.2) with initial

X,=a,X,;=0b,X=Cy,;=py,=0Y,="Y,=52,=t7,=u,2,=v,z, =well {0},
azq,b=r,c#s, p+t=0,g+u=0,r+v=0,s+w=0, follow

S S SV SO S
NPV VR B S
k+2 I’+V’ 8k+2 r+V’ 8k+2 b—r r+v
S UV SR B B
X8k+3 q+u S+W’ 8k+3 S+W’ 8k+3 c—5S S+ W
1 s(p+t)
=——+a-0, Ygu=2a-0, Zg.,=———(a-
Xaa =5 T2 Yo 0 Zgua — —(a-0)

1 1
Xgi15 :mv—i_b_r’ Yek+s5 :b_r' Zgyss :g_(b—r)

X6 =aA—Q+C—=S, Yg.,6 =C—S, Z5,,=0+U—-C+S

r
=b-r+—m ——, =
X8k+7 + S(p +t) y8k+7

ko7 — I TV

.
s(p+t)’ ‘ “s(p+)

Xgkis = Cr Yok =Si Zgug = W-
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Proof: By using induction method, it is obvious that above results hold for n=0. Assume that these equalities hold.
Now we must show that above results hold for n=Kk +1.

y8k+7 + 1 r 1

X8k+9 =

Yakso =

Xgxs10 =

Yaks10 =

Xgii11 =

Yekia1 =

Xgii12 =

Y2 =

Xgk13 =

Yoz =

K14 =

= —+ ,
Yares Vores T Zekes)  (Yores T Zake)  S(P+1)  g+u

1 1 1 1 1 1

= , Z - = — = —
(Yakss tZaes) G+ U ol (Xaki6 — Yoss)  (Yoes T2sis) @—0 Q+U

1

=S+ ,
(Yeksr T Zgiir) r+v

Yokss T

1 1 , 3 1 1 1 B 1
(Yes7 +2Zgis7)  THV L e

(Xaks7 = Yoks7)  (Yoxer TZi7) BT r+v

1 1 1 1

+ = + :
(Yoss +Zakss)  (Yaws +Zas) O+U  S+W

1 1 1 1 1 1

= v Lok = - = - )
(Yoiis + Zaiia)  S+W T (Xges — Yaes)  (Yowus TZss)  C—S  S+W

1
*+ X6 — Yakie = +a—(,
(Yers7 + Zks7) r+v

Y« 8(y8k 5 1 Zgx 5)
Xoise ~ Yakes = A~ Uy Zgyugp = - : = — (X8k+6 - y8k+6) =

y8k+7

s(p+t)
— (a-0q),

1
+Xgi7 ~ Yoy = - +b-T,

(y8k+8 + 28k+8) S+w
1 1

Xoki7 — Yo =D =Ty Zgus=————Xgx7 — Yaxuz) == —(0—T1)
8k+8 S

Xgki6 ~ Yakie T Xokis — Yakig =2 —(+C—5,
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Example 3.1. Let be X,=1X,=2y,=1y,=3y,=4,2,
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Y14 = Xoras ~ Yokas = C-s, L4 = Yakee T Zokas — (X8k+8 - y8k+6) =(g+U—-C+s,

y8k+7
Xgki1s = Xoker — Yarar T =b-r+ )
Yarrs Voies T Zokas) s(p+t)
Va7 r Yek+7 r
Yeks = = v Zgkias = Yaker T Zgkar — = V- )
Yaiis Yoies T Zakis)  S(P+1) Yarrs Voies T Zokas) s(p+t)
Xgis16 = G Yaki16 = S Zgi6 = W-

3. ILLUSTRATIVE EXAMPLES

=3,2,=3,Z,=2 in (1.1). In this case the

solutions of (1.1) are periodic with 6.

[1]
[2]

3]
[4]
[5]

n X ¥ Zn

0 2 4 2

1 0.35417 0.16667 -0.333
2 4.16659 0.16667 -0.66667
3 -5.84547 -6.01214 11.345
4 -1.833 -2 2.25001
5 -5.82462 0.18752 5.81236
6 1.99988 3.99984 1.98818
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