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ABSTRACT— Th The aim of this work is to examinate the solutions of the high order difference system. Firstly we
obtain equilibrium points this system. Then we give the periodicity of solutions and investigate the dynamics of this
system related to equilibrium points.
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1. INTRODUCTION

Difference equation system arise in many branches of mathematics as well as other sciences. It is very fascinating
subject because we can drive many complex behavior based on simple formulation. It is easy to understand and has many
applications. This tutorial is to introduced to a simple difference equation system, its behavior, equilibrium point and
stability [1,2,3,4,5,6,]. It has been seen many investigations and interest in the field of functions of difeference equations
by several authors recently. Some of them are follows. Mostafa Nasri, Mehdi Dehghan and Majid Jaberi Douraki
introduced a deterministic model for HIV infectionin the presence of combination therapy related to difference equations
system [2]. Clark and Kulenovic, in [1], investigated the global stability properties and asymptotic behavior of solutions
of the recursive sequence

X Y
x =2y = I (n=012,.).
" a4y, Yna b+ dx ( )

n

In [3], Uslu K., and at all studied following system and examined the global stability and asymptotic behavior of the
system related to equilibrium points

X, =y =S (h=012,..).

yn—k n yn—k—l

In this study, we consider the following high order difference equation system

— yn—l l _ l

= + 1Yo = !
yn (yn—k—z + Zn—k—z) (yn—k—l + Zn—k—l) (yn—k—l + Zn—k—l)

(1.1)
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and investigate its solutions and periodicity, for initial values
X g X Xpqne o X Xoo Yoo Yo Yoo Yo Yor Lo 2 Zogn o 200 el _{0}'

Yo tZ, #7270y  +Z2, 70, Y+, =0, X # Y 0 X F Y - X # Y. Then  we  obtain
equilibrium points of the difference equation system (1.1) and investigate dynamics of this system related to equilibrium
points. Firstly, we give basic definitions and theorems. Let |,,l,and I, be some intervals of real numbers and let

F:Lxl,=>1, FiLxl;—=1,, Kl xI,xl,—1, be three continuously differentiable functions. For every

initial condition (X;,Y;,Z;)€l, x 1, x 15, itis obvious that the system of difference equations

Xn = Fl(yn’ Zn)' Yo = Fz(yn’ Zn), oy = F3(Xn, Yo Zn) 1.2)

o0

has a unique solution {Xn, Yo Zn}n=0 :

a) A solution {Xn, yn,Zn}: o Of the system of difference equations (1.2) is periodic if there exist a positive integer p

such that X, ., =X, Yn.p = Yns Zyp, =Z, . the smallest such positive integer p is called the prime period of the

solution of difference equation system (1.2).

b) A point (>_<,§/,2)e|1><|2><|3 is called an equilibrium point of system (1.2) if
x=F(y.2), y=R(v.2), z=FK(xVy,2).

c¢) The equilibrium point (X, Y, z) of difference equation system (1.2) is called stable (or locally stable) if for every

£>0,there exist &>0, such that for all (X, VY, z)el, x1,x1; with |[(X, Y, Z)— (XY, 2)|<J, implies

(Xn1 Yns Zn) _(X’ Y, Z)

< ¢ forall n>0. Otherwise equilibrium point is called unstable.

d) The equilibrium point (X, Y, Z) of the difference equation system (1.2) is called asymptotically stable (or locally
asymptotically stable), if it is stable and there exist y >0 such that for all (XY, Z,)el;x1,xI; with

(Xs’ ys’ Zs) _(X1 y1 Z)

(Xn’yn’zn)_(x1 y1Z) :O'

<y, implies lim
n—o

e) The equilibrium point (X, Y, z) of difference equation system (1.2) is called global asymptotically stable, if it is stable

and for every (X, Y,,z)€l, x1,x1;, wehave lim|(X,,Y,,2,)—(X,Y,2)||=0.
n—oo

f) Let <1, x1, be an interval of real numbers. For initial values

X X X agree s X X Yoo Yo € Yoo Y Yol 24 502 02 0o 02,25y, if we  have

lim {Xn, Yo Zn} = (X, Y,2), then the equilibrium point (X, Y, z) of the system (1.2) is global attractor [2-4].
n—o

Theorem 1.1. Let J(X,Y,Z) be Jacobian matrix of system of difference equations (1.2) at the equilibrium point

(X,y,2) and P(A) denote the characteristics polynomial of matrix J(X, Y, Z) . Then the followings are true:
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i) Ifall roots of P(A) lie inside the open unit disk |ﬂ,|<1, then the equilibrium point (X, Y, Z) is asymptotically stable.

i) If all roots of P(A) have absolute value greater than one, then the equilibrium point (X, Y, Z) is repeller.

2. MAIN RESULTS

In this section results has been obtained by using results in [5,6]. The following theorem show us the periodicity
of solutions of the system (1.1).

Theorem 2.1.  Suppose that {xn,yn,zn} are the solutions of the system (1.1) with initial wvalues

n=0
X1 X X pagre s X0 X0 Yoo Yoo Yoo s Yur Yor 2oy on Zy 49 Zogseen 24, 2o €L — {O} Then all solutions
of the system (1.1), it is obtained the following equalities

Yo 1 1

= + Vot = T
yn (yn—k—z + Zn—k—z) (yn—k—l + Zn—k—l) (yn—k—l + Zn—k—l)

n+1

. 1 B 1
i (Xn—k—l - yn—k—l) (yn—k—l + Zn—k—l) ’
Yok 1 1
Xn+k+1 = el + ) yn+k+l =T
yn+k (yn—z + Zn—z) (yn—l + Zn—l) (yn—l + Zn—1)
1 1
Lok = - )
(Xn—l - yn—l) (yn—l + Zn—l)
Xz = Yok F———1  VYirrp = 1
n+k+2 n+k (yn + Zn) ' n+k+2 (yn + Zn !
1 1
ntk+2 =

X, =Y. (Vat+Z,)
Xnskaz = Yookt T Xoka = Yokar Yooz = %ok = Yoo

yn (yn—k—z + Zn—k—z)
n+k+3 = - Xn—k—l + yn—k—l !

yn—l

z

1
X =——+X , — Yo Y =Xk — Ynoir
n+k+4 n—k n—k n+k+4 n—k n—k
Yo t+2,
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1
Zoikea = X T Yoo

n
Xokes = Xnk1 ™ Yokt T X ™ Yoksr Yoekes = Xkt — Yokt
Zoies = Y T 2o = X T Yoo

yn—l
yn (yn—k—2 + Zn—k—z)

Xn-¢—2k+5 =X~ Yoa T X = Yoo yn+2k+5 =

Yo
yn (yn—k—Z + Zn—k—z)

Ziokes = Yoa T Zpa—

Xnszkee = Xn = Yn T Y0 = X5 Yniokie = Yn

Zoiokss = YntZ,— Y =12,

Then all solutions of the system (1.1) are periodic with (2k+6) period. Now we give the equilibrium points of the
difference equation system (1.1) in the following theorems.

. S . . 1- A
Theorem 1.2. The equation system (1.1) have equilibrium points which are (2A,A,T)e|l><|2><|3

(Aell —{0}), where 1,,1,, 1, are some intervals of real numbers.

Proof: For the equilibrium points of the system (1.1), we can write the following equalities from the system (1.1)

_ — 1 — - —
X=F(y,2)=—L—+——, y=F,(y,2)=

y(y+2) (y+2) (y+2) (-y) (y+2)

=Ry z) =1

From above equations and Y = A , we obtain the result

(X,V,2) = (2A, A,%) [(Aell —{0}).

Theorem 1.3. The Jacobian matrix of the system (1.1) is
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0 —2A? —2A?

1_ A2 2 2
J(2A/A, A )=| 0 -A -A
; (%+ AZ] A?

o 1- A 1- A
at the equilibrium point (X,Y,z) =(2A A, ) and the characteristics polynomial of J(2A, A, y ) is
-2+ 1=0.

- - - 1_ A2
Proof: The Jacobian matrix at the equilibrium point (X, Y, z) = (2A, A, A ) is
i i i
OX (2A,A,%) oy (ZA,A,l‘:z) oz (2A,A,%)
A2
Jeaa=ty | (% (& o, 2
A OX (2A,A,%) ay (2AA%) oz (ZA,A,%)
oF oF oF;
OX Jaantty \ Oy eanER) O )onntr,
0 — —
(y+12)? eart?) (y+2)° YRS
— 2 J— J—
1eAATR - 0 = —
(y+2)? nntE) (y+2)° A n 1K)
-1 1 1 1
—+ —
(X y) (2A A 7) (X_ y)2 (y+ Z) (2A,A, Az) (y+ Z)z (2A,A,%)
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0 —2A? —2A?
1-A 2 2
;—1 (% + Az] A?
- : 1- A%
And the characteristics polynomial of J(2A, A, ) is

3-2l=|0 -A?-2 -A?|=-2°+2=0.

1- A

Because all roots of characteristics polynomial of the Jacobian matrix J(2A, A, ) don’t lie open unit disk

|ﬂ,|<1, we can not say a result about asymptotic stability of the system (1.1) according to Theorem 1.1. After above
material, we can obtain the following theorem and results.

Corollary 2.1. The solutions {Xn, Yo Zn}wfo of the system (1.1) is stable because of the roots 4 =0, 4, =1, 4, =-1

n=|

1- A

of the characteristics polynomial of J(2A, A,

).

Theorem 1.4. If we take the initial values X_, 1, X_,, X_, 151 X_1y Xg, Yoo Yo Yoo Your Yoo 7z, .,

o A2
Z1 Zgrees 24, 25€ll —{0} as the equilibrium point (X, Y,z) = (2A, A,1 A

), then the following statements

hold:
a) The system (1.1) is global attractivity,
b) The system (1.1) is asymptotically stable.

Proof: All of the solutions of the system (1.1) must converge to the equilibrium point
1- A

(2A, A,T), (Aell —{0}). Really, for the initial values X s X Xpagre s X go Xo1

Yoo Yo Yoroee s Yorr Yoo 2o Zygn Lpreen 2,29l —{0}, it is obvious that

2
X Yor 2oy = (2A, A,l_A

stable from definition of stability and

) . Thus the system (1.1) is global attractivity. Because the solution of system (1.1) are
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2
lim{x,,¥,.2,} = A, A,%),

the solutions {Xn, Yor Z, }@70 the system (1.1) are asymptotically stable.

n=|

Corollary 2.2. The system (1.1) is not repeller.

Proof: By considering Theorem 1.1., it is clearly that the solutions of the system (1.1) are not repeller.

1- A

Corollary 2.3. The system (1.1) is not asymptotically stable at the equilibrium point (2A, A, T), (Aell —{O}) .
Proof: From Theorem 1.1., we can say that the system (1.1) is not asymptotically stable at the equilibrium point
AN 1- A
(2A A, A ) (ie. rI]Ergo{xn,yn,zn};t(ZA,A, )).
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