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ABSTRACT— In this study, we analyse the solutions of some periodic non-linear difference equation systems. Then
we obtain the period of solutions of these systems.
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1. INTRODUCTION

Non-linear difference equation systems have been studied in many branches of mathematics as well as other sciences
for years. Because of derivatives of many complex behavior based on simple formulation, it is a very interesting subject.
There are many applications in science branches and it is easy to understand. This tutorial is to introduce a simple
difference equation system, the period of this system, it’s solution and it’s dynamics [1-5]. One can encounter many
investigations and interest in the field of functions of difference equations. Some of them are follows: In [3-4], Cinar C.,
Yalcinkaya I. and Iricanin B., Stevic S. took into consideration some systems of non-linear difference equations of higher
order with periodic solutions. Nasri M. and at al. introduced a deterministic model for HIV infection in the presence of
combination therapy related to difference equations system [2]. Clark and Kulenovic, in [1], investigated the global
stability properties and asymptotic behavior of solutions of the recursive equations system. Uslu K. obtained discrete
asymptotic stability conditions of perturbed linear discrete systems with periodic coefficients in [5]. Kose H., Uslu K.
and Taskara N. examined the dynamics of solutions of non-linear recursive systems in [8]. Then, in [6,7, 8, 9], some non-
linear discrete systems have been studied and examinated dynamics of these systems.

In this study, we consider following equation systems
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= +
Xn (Xn—3 + yn—3) (Xn—2 + yn—2)

n+l

with initial values X 5,X », X1, %0, Y 3, Y 5: Y1, Y91 2.5, 2.4, 25(Z , =X, #0,2, — X, # 0,2, — X, #0)el] "
Firstly, we give basic preliminary definitions:

Let L, 1, and I, be some intervals of real numbers and let
F:lLxl,—>1, FoLxl,xl;—>1,, F, o1, x1,— 1, be three continuously differentiable functions. For

every initial condition (X;,Y;,Z;)€l,x1,x |, itis obvious that the system of difference equations
Xoi1 = R (X ¥a), Yo = (X0, Yn, 20)s Z,, =R, Y,) (13)

has a unique solution {Xn, Yo Zn}: o+ BY using [2], we can write the following results for our this study.

a) A solution {X,,¥,,Z,}

of the system of difference equations (1.3) is periodic if there exist a positive integer p

such that X, , =X, Yo.p = Yo Zn, =2, , the smallest such positive integer p is called the prime period of the
solution of difference equation system (1.3).

by A point (X,y,z)el,xl,xl, is called an equilibrium point of system (1.3) if

x=F(xY), Yy=F(xy2, z=FRXxY).

c) The equilibrium point (X, Y, z) of difference equation system (1.3) is called stable (or locally stable) if for every

£>0,there exist 0 >0, such that for all (X, Y, z,)el,x1,xl; with |[(X,VY,,z)— (X, Y,2)|[< S, implies

(Xn1 Yns Zn) —(X, Y, Z)

< & forall N> 0. Otherwise equilibrium point is called unstable.

d) The equilibrium point (X, Y,Z) of the difference equation system (1.3) is called asymptotically stable (or locally
asymptotically stable), if it is stable and there exist y >0 such that for all (XY, Z,)el;x1,xI; with

(Xsl Ys» Zs) _(Xv Y, Z)

(Xn’ynizn)_(x1 y,Z) =0.

<y, implies lim
n—o

e) The equilibrium point (X, Y, Z) of difference equation system (1.3) is called global asymptotically stable, if it is stable

and for every (X, Y,,z)€l, x1,x1,, wehave lim|(X,,Y,,2,)— (X, Y,2)||=0.
n—o

2. SOME PERIDIC NON-LINEAR DIFFERENCE MODELS

Theorem 2.1. Suppose that {Xn, Yo Zn} are the solutions of the difference equation system (1.1) with initial values

X s X 13 %0 Y 00 Y 15 Yor 2.4, 2o (2, =%, # 0,2, — X, # 0) €[] *. Then all solutions of the system (1.1) are periodic
with period 6.

Proof: From the system (1.1), it is obtained the following equalities
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Xm=7——— 1 Yu= - » L o L
(Xn—l + yn—l) (Zn—l - Xn—l) (Xn—l + yn—l)

+
Xn (anz + yn—Z) (Xn—l + yn—l)

n+l

1 1 1 1
X2 =71 Y2 = - v Lppp =Xt o————
(%, +Y,) (z,=%) (X, +Y,) (X, + Ya)
X, (X, o+ Yis) 1
Xy = (Zn—l - Xn—l)' Yoz = T - (Zn—l —X 71)1 Z,3= m + (Zn—l Xn—l)
1 1

X =(Z —X), na =——\Z,— X, )y Zpya=—""""7"+(Z,— X,

ne = (2o = %) Yaus X ( ) Znw X T7) ( )

Xn—l Xn—l Xn—1

Xs = "7 s = Kot Yo — 0 < Lus =4 =X )t

e Xn (Xn—2 + yn—Z) y ° ( ' y l) Xn (Xn—2 + yn—2) ° ( ' 1) Xn (Xn—Z + yn—2)

Xn+6 = Xn’ yn+6 = yn’ Zn+6 = Zn .
Thus all solutions of the system (1.1) are periodic with 6 period.

Theorem 2.2. Suppose that {Xn, Yo Zn} are the solutions of the difference equation system (1.2) with initial values
X3y X 00 X100 %, Y 30 Y 0s Y Yor 200 24, 2(2 , — X, #0,2, —X , # 0,2, —%, #0)€l] *. Then all solutions of
the system (1.2) are periodic with period 8.

Proof: From the system (1.2), it is obtained the following equalities

1 1 1 X, 1
Xn=o———— Y™ - v Loy = +
(Xn—Z + yn—z) (Zn—z - Xn—z) (Xn—2 + yn—z) Xn(Xn—S + yn—3) (Xn—2 + yn—z)
1 1 1 1
2 =71 Y2 = - v Ly =Xt ————
(Xn—l + yn—l) (Zn—l - Xn—l) (Xn—l + yn—l) (Xn—l + yn—l)
1 1 1 1 1
3 T 7 N yn+3 = - ) Zn+3 = +
(Xn + yn) (Zn - Xn) (Xn + yn) (Xn72 + ynfz) (Xn + yn)

Asian Online Journals (www.ajouronline.com) 38




Asian Journal of Applied Sciences (ISSN: 2321 — 0893)
Volume 04 — Issue 01, February 2016

X, (X, 3+ ¥os) 1
Xt =(Zn— Xn- ) Yo = 2 = (Zn = X- ) Z, (Zn, _Xn,)
4 2 2 4 X, 2 2 4= (X B +Yn—1) 2 2
Xos = (20 =X 4)s Y, =i—(zf—x7),z :#ﬂzf—xf)
+5 n-1 n-1 n+5 X n-1 n—-1 n+5 (X+y) n-1 n-1

6 (Zn - Xn)’ Yoo = (Xn—2 + yn—2) - (Zn - Xn)’ Z,6= (Zn—2 - Xn—z) + (Zn - Xn)

X X X
X 7 +l y 7 (X—1+y—1)_+_11 z 7:(2—1_X—1)++_1
" X (Xn 3 + yn 3) " " " Xn (Xn—S + yn—S) " " " Xn (Xn—S + yn—3)
Xn+8 = Xn’ yn+8 = yn' Zn+8 = Zn

Thus all solutions of the system (1.2) are periodic with 8 period.

Theorem 2.3. Suppose that {Xn, Yo n} are the solutions of the difference equation system (1.1) with initial values

X,=a,X,=bx=¢cy,=dy,=ey,=f,z,=0,z,=h(g=ah=c)el] ". In this case, for N >0, all
solutions of system (1.1) are

W SRV S S S
“bye’ Y g—b b+e’ ' c(@a+d) b+e
NIV S S Sy S

c(a+d 1
Koo = 9D, Yaa = (g-b), 7= (D)

1 1
Xekia =N—C, Yersa :E_(h_c)’ Losa = m"‘(h_c)

X —L —(b+e)_L (g ) L
6k+5 C(a-i-d)’ y6k+5 C(a-i-d)’ 6k+5 C(a—i-d)

Xeki6 =Cr Yorss = f, Zoig = h.
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Proof: By using induction method, it is obvious that above results hold for n=0. Assume that these equalities hold.
Now we must show that above results hold for n=Kk +1.

. 1 1 o 1 ~ 1 1
et (X6k+5 + y6k+5) b +e ’ et (26k+5 - X6k+5) (X6k+5 + y6k+5) g - b b +€ ’
Loysr = s + . = b + .
X6k+6 (X6k+4 + y6k+4) (X6k+5 + y6k+5) C(a + d) b +€
1 1 1 1 1 1
Xoks8 = Yok =

(Xorss t Yokis) C+ (Zeros = Xorss)  (Xois + Yorws) N—C C+f

1 1
c+

(Xokss T Yorss) c+f

Ziig = Xoies T

M—(g—b),

Xerio (Xeroa + Yeroa)
Xoiro = (Zors = Xokas) = G =D, Yoo = 522 6Xk+4 B2 — (Zeks — Xokes) = b
6k+5
1 1
Lo = +(Zgyus = Xous) = ——+(g —Db)
" (Xorss T Yoies) : ’ b+e

1 1
Xoks10 = (Z6k+6 - X6k+6) =h-c, Yoo =~ (26k+6 - X6k+6) = E - (h - C):

6k-+6
Zoxia0 = m +(Zeers — Xowre) = Cj- 7 +(h-c)
) Sy e O ) v
Zowar = (Zgiis — Xous) + X6k+6(X::<6+k4+1 Vors) =(g-b)+ —c(akl d)

Xoks12 = Xek6 = G Yokiaz = Yok = f, L1 = Loks = h.
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Theorem 2.4. Suppose that {Xn, Yo Zn}: o are the solutions of the difference equation system (1.2) with initial values

X,=a,X,=b,x,=¢x=d,y,=ey,=fy,=0,y,=hz,=iz,=l,z,=m(i=bl=cm=d)ell”
. In this case, for n >0, all solutions of system (1.2) are

1 v - 11 , ¢ 1
Yok b+f) " (i-b) (b+f) " d@+e) (b+f)

PP SV S SN
k+2 (C+g)’ 8k+2 (I —C) (C+g)’ 8k+2 (C+g)

1 N S S SR |
2T @i T mod) @d+h)’ T (b+f) (d+h)
. d(a+e) . 1 .
=(i-b), = —(i-b), =——+(i-b
X8k+4 (I ) y8k+4 C (I ) Z8k+4 (C+ g) + (I )
—(I—-c) “Lase, . =—Y ia-o

X8k+5 - J y8k+5 - d ' 8k+5 (d + h)

Yoo = (M=), Vg =0+ F)—(m=d),  75,,=(-b)+(m-d)

Yariz = (C+0) Zg7 =(1=C)+

_ C
Yo7 d(a+e)

da+e)’ d(a+e)’

Xois =05 Yges =, Zgg =M

Proof: By using induction method, it is obvious that above results hold for N = 0. Assume that these equalities hold.
Now we must show that above results hold for n=K +1.

X, = 1 1 Yoo = 1 B 1 1 B 1
9 (Xas + Yorss)  (0+ ) P oss (Zokss — Xores)  (Kgiws + Yorws)  (i1—D)  (b+f) ’
1 c 1
Zoxig = L

+ = +
Xoiis Kaiis T Yorss)  (Xakis + Yors)  d(@+€)  (b+f)
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1 __1 1 1 11
(X8k+7 + y8k+7) (C + g) , sl = ( 8k+7 X8k+7) (X8k+7 + y8k+7) ( _C) (C + g) ,

K10 =

1 1
=d+
(X8k+7 + y8k+7) (C + g)

8k+lO X8k+8

X 1 __ 1 1 ~ 1 11
o (X8k+8 + y8k+8) (d + h) PR (28k+8 - X8k+8) (X8k+8 + y8k+8) (m - d) (d + h) '
1 1 1 1
L1 = =

+ = +
(Xakss + Yores)  (Kaws + Yoe) (O+TF)  (d+h)

Xy . + d(a+e) .
X8k+12 = (28k+6 - X8k+6) = (I b) y8k+12 X8k+8( E;(k+5 y8k+5) (ZSk+6 - 8k+6) = ( ) - (I - b),
8k+7
1 1
Zgyy =————+(Zg s — Zga=——+(@{-Db
8k+12 (ng” + y8k+7) ( 8k+6 X8k+6) 8k+4 (C + g) ( )

1 1
X8k+13 = (28k+7 - X8k+7) = (I - C)’ y8k+13 = (28k+7 - X8k+7) = a - (I - C),

k+8

z —;Hz — )= ! ——+(I-0¢)
8k+13 (X8k+8 + y8k+8) 8k+7 X8k+7 (d h)

Xeks1a = (Zgkis — Xakis) = (M—d), Yeiaa = Xarss T Yorss) — (Zakis — Xaris) = (0 + F)—(m—d),
Zg1a = (Zgas = Xokss) T (Zowss — Xarse) Zawos = (1—D) +(M—d)

C
et = (Xgr + Vo)~ ——— 2L = (c+0) -

Ve ;
Xeiss (Xaess + Yoius) d (a+ e) s Xeiss (Xaicss + Yorus) d(a+e)

X8k+15

X8k+7 _ ( _ )
X8k+8(X8k+5 + y8k+5) d (a + e)

Zgas = (Zgir — Xgeur) +

X116 = d, Y16 = h, Zgy 6 = M.
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