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ABSTRACT— The purpose of this paper is to introduce the notion of a fuzzy I -ideals in I"-Cl-algebras,
we study I -ideals, upper sets, fuzzy and anti fuzzy I -ideals in I"-Cl-algebras. Those are extended from upper sets,
fuzzy and anti fuzzy ideals in Cl-algebras respectively. Some characterizations of I" -ideals, upper sets, fuzzy and anti
fuzzy I -ideals in I'-Cl-algebras are obtained. Moreover, we investigate the relationships between fuzzy and anti
fuzzy I -ideals in I"-Cl-algebras.
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1. INTRODUCTION

In what follows, let X denote an Cl-algebra unless otherwise specified. By an Cl-algebra we mean an algebra
(X ; *,1) of type (2, 0) with a single binary operation “* ” that satisfies the following identities: for any X, Y, Z € X,

1. X*xx=1,
2. 1xx=Xx,
3. xx(y*z)=y=*(x*2).

In, 2006, H. S. Kim and Y. H. Kim defined a BE-algebra. Biao Long Meng, defined notion of Cl-algebra as a
generation of a BE—algebra [9]. BE-algebras and Cl-algebras are studied in detail be some researchers [3, 7, 9, 11] and
some fundamental properties of Cl-algebra are discussed.

The concept of an ordered I"-Cl-algebras was first given by Pairote Yiarayong and Phakakorn Panphoin [12]
which is infect the generalization of a Cl-algebras.

In this paper is to introduce the notion of a I" -Cl-algebras, we study I -ideals, upper sets, fuzzy and anti fuzzy
I" -ideals in I"-Cl-algebras. Those are extended from upper sets, fuzzy and anti fuzzy ideals in Cl-algebras respectively.
Some characterizations of I -ideals, upper sets, fuzzy and anti fuzzy I -ideals in I -Cl-algebras are obtained.
Moreover, we investigate the relationships between fuzzy and anti fuzzy I" -ideals in I"-Cl-algebras.

2. BASIC PROPERTIES

In this section we refer to [12, 13] for some elementary aspects and quote few definitions and examples which
are essential to step up this study. For more detail we refer to the papers in the references.

Definition 2.1. [12, 13] Let X and I" be any nonempty sets. If there exists a mapping X xI"x X — X written as
(X,;/, y) by Xyy, then (F, X;l) is called a I" -Cl-algebra if

1. Xyx = 1forall Xe X and y eI,

2.1yx = x forall Xe X and y €T,

3. xy(ypz) = yr(xpz)
forall X,y,ze X and y,Bel.
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Lemma 2.2. [12] Let X bea I"-Cl-algebra. Then Xyy =Xy forany X,y X and y,BeTl.
Proposition 2.3. [12] Any I"-Cl-algebra X satisfies forany X,y € X and y, S, €T, yy[( yax)ﬂx] =1
Proposition 2.4. [12] Any T"-Cl-algebra X satisfies forany X,y € X and , Bel", (xy1) B(yr1)=(xry)pSL.

Proposition 2.5. [12] Let X be a I'-Cl-algebra. If Xy(XBy) = XLy for any x,ye X and y,f eI, then
Xyl=1.

Definition 2.6. [13] Let X be a I"-Cl-algebra and A a nonempty subset of X . A is said to be a I" -subalgebra of
X if AAC A.

Definition 2.7. [13] Let X bea I"-Cl-algebraand A anonempty subset of X . A issaid to be a I -ideal of X ifit
satisfies: Xe X and y, B,a e’

1. XTACA,
2. a,b e A imply that (ay(bSXx))ax € A.

For any I"-Cl-algebra X , {1} and X are trivial ideals (resp. I" -subalgebras) of X . Obviously every ideal in a
I"-Cl-algebrais a I" -subalgebra.

Lemma 2.8. [13] Let X beal -Cl-algebra. Then
(1) Every I" -ideal of X contains 1,
() If Aisa I -ideal of X ,then (ayX)fx e A forall ac A;xe X and y,f € A.

Definition 2.9.[13] A I"-Cl-algebra X is said to be I -transitive if for all X,y, ze X and y,a,f,6,1€T,
(Yr2)a((xpy)o(x4z)) = 1.

Definition 2.10. [13] A T"-Cl-algebra (T", X;1) is said to be I -self-distributive if Xy(yfz) = (xyy)B(xyz) for
all X,y,ze X and y, B eT.

Definition 2.12. [13] Let X bea I"-Cl-algebraand a,b € X, y, # €I". Define A(a}/,bﬂ) by
A(ay.bp)={1} Uu{xe X :ay(bpx)=1}.
We call A(a;/,b,b’) an upper setof & and b .

Remark.
1. By Definition 2.12, we have A(a;/,bﬂ) = A(b;/,aﬁ) forall a,be X and y,fel.
2. By Definition 2.12, we have
ay (baa) = by(aca)
= byl
by (o)

= (by)a(by1)
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Then a e A(ay,ba).

3. FUZZY and ANTI FUZZY T -IDEALS IN I'-CI-ALGEBRAS

The results of the following lemmas seem to play an important role to study I" -Cl-algebra; these facts will be used
frequently and normally we shall make no reference to this definitions.
Definition 3.1. Let X be a non-empty set. A fuzzy subset x of the set X is a mapping z: X — [0,1]. The

complement of  denoted by £, is the fuzzy setin X given by #° (X) zl—u(x), forallx € X.

Definition 3.2. Let X be a I"-Cl-algebra. A fuzzy set u in X is called a fuzzy I" -ideal of X if
1 p( xyy)=p(y), forall X, ye X and y T

2. ,u((Xy(y az))ﬁz)Zmin{y(x), y(y)},for all X, y,ze X and y,a, B eT.

Lemma 3.3. Let X bea I"-Cl-algebraand let X € X . If g isafuzzy I -ideal of X, then ,u( 1) > ,u(x).

Proof. By Definition 3.2, we get £(1) = z(XyX) = p(X) forall xe X,y €. Then p( 1)> u(X).

Theorem 3.4. Let X be a I'-Cl-algebra and let X,y e X,y,ael". If yu is a fuzzy I -ideal of X, then

#((xry)ay)z u(x)
Proof. By Lemma 3.3, we get

w((xry)ay)

u((xr (18y))ay)
min{z(x), (1)}
1(x).

\%

forall X,ye X,7,f,ael.

Theorem 3.5. Let X be a I"-Cl-algebra and let X<y for all X,y e X. If u is a fuzzy I -ideal of X, then

#(y) < p(x).
Proof. Let u be a fuzzy I'-ideal of a I"-Cl- algebra X and let X,y € X,y €I such that X<y then Xyy =1.
Now

u(lay)
u((xry)ay)

1(x).

=
—
<
~
Il

IA

Asian Online Journals (www.ajouronline.com) 598




Asian Journal of Applied Sciences (ISSN: 2321 — 0893)
Volume 03 — Issue 05, October 2015

Theorem 3.6. Let X be a I -Cl-algebra and let X< y,y(x;/z)zmin{y(xa(yﬂz)),y(y)}, for all

X,¥,ze X,y,a, BeT. If u isafuzzy T -ideal of X, then ,u(x)s,u(y).
Proof. Let x be a fuzzy I -ideal of a I"-Cl- algebra X and let X,y € X,y,a, €’ such that X<y then
XpYy =1. Now

u1(1yy)
min{u(a(xBY)), 1#(X)}
min{x(1al), u(x)}

= min{u (1), u(x)}

= u(X).

u(y)

\%

Hence £(X)< u(y)-

Theorem 3.7. Let X bea I' -transitive I" -Cl-algebra. If u is afuzzy I -ideal of X, then

p(xyz) = min{u(xB(yr2)), u(y)}.
forall X,y,ze X,y,a,p T.
Proof. Let x be a fuzzy I -ideal of a I" -transitive I"-Cl- algebra X and let X,y,z € X,y,a, f €T Since X is

I" -transitive, we have ((yyz2)az) B((XB(Yyz))a(x£z2)) =1. Then
(xy2) = u(l(xrz))
= u(((yr2)az) B(xB(yr2)a(xfz))(xrz))
min{ u((yrz)az), u((xB(yr2))}
> min{u(y), u((x(yr2))}

Hence y(Xyz)zmin{y(xﬂ(yyz)),y(y)}.

\

Theorem 3.8. Let X bea I' - self-distributive I"-Cl-algebra. If z isa fuzzy I"-ideal of X, then

p(xyz)=min{u(xB(yr2)), u(y)}.
forall X,y,ze X,y,a, el
Proof. Let x beafuzzy I -ideal of a I -transitive I"-Cl- algebra X andlet X,Yy,z € X,y,«, 5,0,4 €T". Since

(yrz)A((xey)s(xBz)) = ((yrz)A(xay))s((yrz)A(xBz))
- (Pealreran))otua((veeyon)
xA(((yrz)ay)s((yrz) pz))
)

xA((yrz)o(yaz
= xAl

XA (XAx)
(XAX) A (XAX)
= 1,

(
)
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we have X isa I -transitive I" -Cl-algebra. By Theorem 3.7, we get ,u(Xyz) >min {y(xﬁ(yyz)),,u(y)}.

Definition 3.9. Let X bea I"-Cl-algebra. A fuzzy set x in X is called an anti fuzzy I -ideal of X if
1 p( xyy)<p(y), forall X, ye X and y T
2. ,u((X]/(y az))ﬂz)Smax{y(x), u(y)}forall X, y,z€ X and y,a, B T.

Lemma 3.10. Let X bea I"-Cl-algebraand let X € X . If u isaant fuzzy I -ideal of X, then ,u( 1) < ,u(X).
Proof. By Definition 3.9, we get £(1) = (XyX) < u(x), forall Xe X,y €. Then ,u( 1) < ,u(x).

Theorem 3.11. Let X be a I'-Cl-algebra and let X,y € X,y,a €". If y is an anti fuzzy I -ideal of X, then

#((xry)ay)= u(x)

Proof. By Lemma 3.10, we get
u((xry)ay)

u((xr(18y))ay)
max { 1(x), (1)}

(%),

IA

forall X,y e X,7,f,ael.

Theorem 3.12. Let X bea I'-Cl-algebraand let X<y forall X,y € X. If x4 isan anti fuzzy I -ideal of X, then

u(x)<p(y).
Proof. Let u be a anti fuzzy I -ideal of a I'-Cl- algebra X and let X,y € X,y €' such that X<y then
Xyy =1. Now

u(lay)
= u((xry)ay)

1(x).

u(y)

\4

Hence (X) < z(y).

Theorem 3.13. Let X be a I'-Cl-algebra and let X< y,,u(XyZ)Smax{,u(Xa(yﬂZ)),,u(y)}, for all

X,¥,2e X,y,a, el If y isanantifuzzy I -ideal of X, then ,u(x)z,u(y).
Proof. Let 4 be an anti fuzzy I -ideal of a I"-CI- algebra X and let X,y € X,y, o, B € such that X<y then
XAy =1. Now

u(y)

u1ldyy)
max{u(la(xBY)), u(x)}
= max{u(lal), u(x)}
max{(2), 1(x)}

£(X).

IA

Hence £(y)< u(x).
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Theorem 3.14. Let X bea I -transitive I"-Cl-algebra. If £ is an anti fuzzy I" -ideal of X, then

p(xyz) <max{u(xB(yrz)), u(y)},
forall X,y,ze X,y,a,f el
Proof. Let u be an anti fuzzy I -ideal of a I -transitive I"-CI- algebra X and let X,Y,z€ X,y,a, f €T Since

X is I" -transitive, we have ((Yrz)az) B(XB(Yyz))a(Xfz)) =1. Then
p(xyz) = u@(xyz))
= u(((yr2)az) B(xB(yr2))a(xp2)) (xr2))
max { u((yyz)az), u(xB(yr2))}
< max{u(y), u((xB(yr2)}

Hence ,u(X;xZ)gmax{y(xﬁ(y;/z)),,u(y)}.

IA

Theorem 3.14. Let X bea I - self-distributive I"-Cl-algebra. If g is an anti fuzzy I"-ideal of X, then

u(xyz)<max{u(xB(yrz)), u(y)},
forall X,y,ze X,y,a,p eT.

Proof. Let £ be an anti fuzzy I -ideal of a I -transitive I"-Cl- algebra X and let X,Yy,z€ X,7,a,3,0,A €.
Since

(yrz)A((xey)s(xpBz)) = ((yrz)A(xay))s((yrz)A(xBz))
- (( (yrz)ay))s(xA((yAz) pz ))
xA(((yrz ay)c?( yrz) Bz))
)

xA((yrz)s(yaz
= xAl

XA (XAx)
(XAX) A (XAX)
-1,

(
)

we have X isa I -transitive I" -Cl-algebra. By Theorem 3.14, we get ,u(XyZ) < max{,u(xﬂ( yyz)) ) ,u( y)}

Theorem 3.15. Let X be a I"-Cl-algebra. Then u is a fuzzy I' -ideal of X if and only if ,uc is an anti fuzzy 1" -

ideal of X.
Proof. Let x isafuzzy I -ideal ofa I"-Cl-algebra X andlet X,y,Z € X,y,ax €. Then

w(xry) = 1-u(xyy)
< 1-u(y)
#5(Y)
sothat 4°(Xyy) < u°(y). Since y((X7(y aZ)),BZ)S max{,u(x), ,u(y)}, we get

IA
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ety a)pe) = 1-ul(oy @)
< 1-min{u(x), u(y)}
= 1-min{1-x°(x), -4 (y)}
= max{u(x), u(y)}

Thus, 4¢ is an anti fuzzy I -ideal of X. The converse also can be proved similarly.
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