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ABSTRACT— Let R be a commutative semiring and M an R semimodule. A proper subsemimodule N of
M is called a classical prime subsemimodule, if for any a,b € R and me M,abme N implies that ame N or
bm e N. We will introduce and study the notion of prime bases for classical prime subsemimodules and utilize them to
derive some formulas on the classical prime radical of subsemimodules of a semimodule. In particular, we study some
basic properties of prime radical and classical prime radical of subsemimodule in M. Moreover, we investigate
relationships between classical prime radical and prime radical of subsemimodule in M.
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1. INTRODUCTION
Throughout this paper a semiring will be defined as follows: A semiring is a set R together with two binary
operations called addition "+ " and multiplication "-" such that (R,+) is a commutative semigroup and (R,-) is

semigroup; connecting the two algebraic structures are the distributive laws : a(b+c) =ab+ac and

(a+b)c =ac+bc forall a, b, ceR. Asubset A of a semiring R is called an ideal of R if for a,b e A and
reR, a+beAare A and rae A. A properideal P of R is called a prime ideal if ab € P, where a,b e R,
implies that either a € P or b e P. A proper ideal P of R is said to be quasi-primary if for all a,beR,abeP
implies that either 2" € P or b" € P, for some positive integer n. Clearly every prime is a quasi-primary. A
semimodule M over a semiring R is a commutative monoid M, together with a function RxM — M, defined by
(r,m) > rm such that:

1 r(m+n)=rm+rn

2. (r+s)m=rm+sm

3. (rs)m=r(sm)

4. Im=m
for all m,neM and r,seR. Clearly every ring is a semiring and hence every module over a ring R is a left

semimodule over a semiring R. A nonempty subset N of a R -semimodule M is called subsemimodule of M if N
is closed under addition and closed under scalar multiplication. A proper subsemimodule N of an R -semimodule M
is said to be prime if rme N, r e R,me M, theneither me N or rM < N.

J. Saffar Ardabili, S. Motmaen and A. Yousefian Darani in (2011) defined a different class of subsemimodules
and called it classical prime. A proper subsemimodule N of M is said to be classical prime when for a,b € R and

me M,abmeN implies that ame N or bme N. A classical prime radical of N in M, denoted by
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C.I’ad,\,I (N ), is defined to be the intersection of all classical prime subsemimodules containing N. Should there be no

classical prime subsemimodule of M containing N, then we put c.radM (N ) =M. In this paper we introduce the

concept of classical prime subsemimodules of a semimodule M, and study some basic properties of this class of
subsemimodules. Moreover, we investigate relationships between classical prime and prime radical of subsemimodules

in M.
2. BASIC PROPERTIES OF SUBSEMIMODULES
In this section we refer to [1, 5] for some elementary aspects and quote few theorem and lemmas which are

essential to step up this study. For more details we refer to the papers in the references.

Definition 2.1. [5] Let M be an R -semimodule and N be a proper subsemimodule of M. An associated ideal of N
is defined as (N X M):{ae R: aM ¢ N}.

Lemma 2.2. [5] Let M Dbe an R -semimodule and N be a proper subsemimodule of M. If N is a subtractive
subsemimodule of M, and let m e M. Then the following hold:

1. (N M ) is a subtractive ideal of R.
2. (O: M) and (N :m) are subtractive ideals of R.

Lemma 2.3. [1] Let N and K be subsemimodules of a semimodule M over a semiring R with N < K. Then
K /N is a subsemimodule of M / N.

Definition 2.4. Let N be any subsemimodule of an R -semimodule M. For a€ R and an ideal | of R, the sets
[N :a] and [N : I] are defined by

1. [N:a]={meM :ame N} and

2.[N:11={meM:Imc N}.

Remark. Let N be any subsemimodule of an R -semimodule M and let | be an ideal of R,a € R. Then
1. [N:a]#Z and [N: 1] D
2. Nc[N:a]Jand Nc[N:1].

Proposition 2.5. Let N be a proper subsemimodule of semimodule M over a semiring R. If N is classical prime
subsemimodule of M, then [N :C] is a classical prime subsemimodule of M, where ¢ € R.

Proof. Let abme[N :c], where a,be R and me M. By Definition 2.4, we have (ca) bm= c(abm) e N.

Since (ca)bme N and N is classical prime subsemimodule of M, we have came N or bme N. Then

ame[N:c] or bme N [N :c]. Hence [N :c] is a classical prime subsemimodule of M.
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Proposition 2.6. Let R be a semiring, with identity, and let N be a proper subsemimodule of semimodule M over
R. 1f [N :c] is a classical prime subsemimodule of M, then N is classical prime subsemimodule of M, where

ceR.
Proof. Let abm e N, where a,b € R and me M. Then lom=bm [N :a]. Since Ibme[N :a] and [N : a]

is weakly classical prime subsemimodule of M, we have m=1Ime N [N :a] or bme N. Thus ame N or

bm e N, and hence N is classical prime of M.

3. BASIC PROPERTIES OF (N,P)

The results of the following lemmas seem to be at the heart of the theory of classical prime subsemimodules; these
facts will be used so frequently that normally we shall make no reference to this lemma.

Lemma 3.1. If N is a proper subsemimodule of an R -semimodule M and P is a proper ideal of R, then

PM +N c(N,P)={x eM |cx e PM +N,whereCeR-\/E}.

Proof. Let X € PM +N. Then X = pm +k, where p e P,m €M and k € N. Thereexists 1 € R -JP sothat
Ix =x =pm +k e PM +N. Itfollowsthat X € (N,P)and hencePM +N < (N,P).

Lemma 3.2. If N is a proper subsemimodule of an R -semimodule M and P is a proper ideal of R, then (N,P) is

a subsemimodule of M.
Proof. It follows from Lemma 3.1 that (N,P) # . To show that subsemimodule properties of (N,P) hold, let

reR and X,y €(N,P). Since P is a proper ideal of R, we have P # R so that R — P # (J. There exists C,,C,
with ¢;,c, R -P such that ¢X,Cy e PM +N. Then CX =pm, +n, and Cy =p,m, +Nn,, where
P, P, eP,m;,m, eM and n;,n, €N . Now consider

CC,(X+Yy) = CCX+CCY

C,(Cx) +¢,(C,y)
cz(plml + ”1) +c1(p2m2 + n2)

c,p;m, +C,n, +C,p,M, +CjN,

= (c,pm; +c,p,m,) +(c,n, +¢n,) ePM +N
and

C,rX r(c,x)
r(pjm, +n,)

rpm, +rn, e PM +N.

Therefore X +y € (N,P) and rx € (N,P). Hence (N,P) is a subsemimodule of M.
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Proposition 3.3. If N is a proper subsemimodule of an R -semimodule M and P is a prime ideal of R, then
(N,P)=M or (N,P) is aprime subsemimodule of M .
Proof. Suppose that (N,P) = M. We will show that (N,P) is a prime subsemimodule of M. By Lemma 3.2, we
have (N,P) is a subsemimodule of M. To see the prime property of (N,P), let r e R and m € M such that
rm e (N,P). We will prove that
m e(N,P) orrM < (N,P).

Since rm € (N,P), there exist ¢ with ¢ € R —P, such that crm € PM +N. We have 2 cases to consider;
reP andr ¢P.

Case 1. If reP, then by Lemma 21, we have M <cPM cPM +N < (N,P). Therefore
rM < (N,P).

Case2.Ifr ¢ P, thencr ¢ P. Thusm € (N,P). Therefore (N, P) is a prime subsemimodule of M.

Corollary 3.4 If N is a proper subsemimodule of an R -semimodule M and P is a prime ideal of R, then

(N,P)=M or (N,P) isaclassical prime subsemimodule of M .
Proof. It follows from Lemma 3.3.

3. THE CLASSICAL PRIME RADICAL SUBSEMIMODULES

Before theorizing of the theorem of the relationship between radical and classical prime radical of
subsemimodules of an R -semimodule M. Our starting point is the following lemma:

Lemma 4.1. If N and K are subsemimodules of an R -semimodule M such that N < K, then
crady, (N) ccrad,, (K).

Proof. If there is no classical prime subsemimodule of M containing K, then c.rad,, (K )= M. Since c.rad,, (N)

is a subsemimodule of M, we have crad,,(N) =M =crad,, (K). If there exists a classical prime
subsemimodules of M containing K, then c.rad,, (K') is a subsemimodule of M, with K c c.rad,, (K). Since

N c K, wehave N ccrad,, (K). Therefore c.rad,, (N) cc.rad,, (K).

Corollary 4.2. If N is a subsemimodule of an R -semimodule M, then c.rad,, (N) cc.rad,,(M) =M.
Proof. It follows from Lemma 3.1.

Proposition 4.3. Let N and K be subsemimodules of an R -semimodule M. Then
@) N ccrad, (N)
(2) crad,, (crady, (N)) =c.rad,, (N)
3) crad,, (N nK) ccrad,, (N) ncrad,, (K)
4) crady, (N +K) =crad,,(N) +crad,, (K).
Proof. (1) Obviously, N < P for every classical prime subsemimodule P. Then by the definition of crad,,(N),

we have N ccrad,, (N).
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(2) since N ccrad,,(N), by Lemma4.1, crad,, (N) ccrad,, (crad,, (N)). We will show that
crad,, (crad,,(N)) cc.rad,, (N). Ifthere is no classical prime subsemimodule of M containing N, then

crad,,(N) =M. Thus crad,, (c.rad,, (N)) cc.rad,,(N). If there exists a classical prime subsemimodule of

M containing N, then let W be a classical prime subsemimodule of M containing N . Then by the definition of
crad,, (N), crady, (N) cW . Itfollows that c.rad,, (c.rad,, (N )) ccrad,,(N) and hence
crad,, (c.rady, (N)) =crad,, (N).

@3)Since N WK =N and N "K < K, by Lemma 4.1, we have c.rad,, (N nK) ccrad,,(N) and

crad,, (N NnK) ccrad,, (K).

Therefore c.rad,, (N NK) ccrad,,(N) ncrad,, (K).

(4) We will show that c.rad,, (N +K) ccrad,, (N) +crad,, (K). Itis clear that

N +K ccrad,, (N)+crad,, (K),
so that c.rad,, (N +K) ccrad,, (N) +crad,, (K). On the other hand, we will show that
crad,, (N) +crad,, (K) ccrad,, (N +K).

Since N €N +K and K =N +K, wehave crad,,(N) cc.rad,, (N +K) and

crady, (K) ccrad,, (N +K).
Thus
crady, (N)+crady, (K) ccrad,, (N +K).

Hence c.prad,, (N +K) =c.prad,,(N) +c.prad,, (K).

Lemma 4.4. If N and K are subsemimodules of an R -semimodule M such that N < K, then
crad, (N) ccrad, (N).

Proof. If there is no classical prime subsemimodule of M containing N, then c.rad,, (N) = M. Since c.rad, (N)
is a subsemimodule of K, we have c.rad, (N) c K <M =crad,, (N ). There exists a classical prime

subsemimodules of M containing N, then c.rad,, (N) is a subsemimodule of M with N c c.rad,, (N ). Let

W  be a classical prime subsemimodule of M containing N . We have 2 cases to consider; W < K and W UK.

Case 1.W < K. Then W is a classical prime subsemimodules of K containing N, so c.rad, (N) cW.
Case 2.W UK. Itis clear that K MW s a classical prime subsemimodule of K. Since N < K "W, we

have crad, (N) c K mW cW. Hence, crad, (N) ccrad,,(N).

Theorem 4.5. Let N be a proper subsemimodule of an R -semimodule M. Then
crady,(N) cN{(N,P)|P isaprime ideal of R}.

Proof. Let B = N{(N,P)|P isaprime ideal of R}. We will show that c.rad,,(N) < B. Let
m ecrady,(N) and let (N,P) € B. Then by Lemma 3.3, we have (N,P) =M or (N, P) is aclassical prime

subsemimodule of M.
Case 1. 1f (N,P ) =M, then itis trivial that m & (N, P).
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Case 2. If (N,P) is a prime subsemimodule of M, then (N,P) is a classical prime subsemimodule of M

and N <cPM +N < (N,P), so m €(N,P). Therefore c.rad,, (N)gﬂ{(N,P)|P is a prime ideal of
R}.

Theorem 4.6. Let N be a proper subsemimodule of an R -semimodule M. Then rad,,(N) =N{(N,P)|P isa
prime ideal of R}.

Proof. Let B ={(N,P)|P is a prime ideal of R}. We will show that B c rad,,(N). Let L be a prime
subsemimodule of M containing N and let m € B. Since L is a prime subsemimodule of M, we have (L : M) is
prime ideal of R. There exists C withc e R —(L : M) suchthat cm € (L : M)M +N. Therefore cm =hs +K,
where he(L:M),seM and k e N. Since hM <L and N <L, we have hs eL and k e L. Then

cm eL. Since cM UL and L is a prime subsemimodule of M, m € L. it follows m erad,,(N) and hence

B crad,,(N). Next, we will show that rad,,(N) = B. Let m erad,,(N) and let (N,P) €B. Then by
Lemma 3.3, we have (N,P) =M or (N,P) is a prime subsemimodule of M.

Case 1. If (N P ) =M, then itis trivial that m € (N,P).
Case 2. If (N,P) is a prime subsemimodule of M and M and N < PM +N < (N,P), then
m €(N,P). Therefore B — rad,,(N) and hence prad,,(N) = N{(N,P)|P isaprime ideal of R}.

Theorem 4.7. Let N be a proper subsemimodule of an R -semimodule M. Then c.rad,,(N) c rad,, (N ).
Proof. It follows from Theorem 4.5 and Lemma 4.6.
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