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ABSTRACT— The purpose of this paper is to introduce the notion of a I"-Q-algebras, we study I -ideals, I" -
subalgebras and upper sets in I" -Q-algebras. Some characterizations of I -ideals and I -subalgebras are obtained.
Moreover, we investigate relationships between I -ideals, 1" -subalgebras and upper sets in I"-Q-algebras.
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1. INTRODUCTION
A Q-algebra is a nonempty set X with a constant 0 and a binary operation “x” satisfying axioms: for each

X, Y, ze X,

1. x*x=0,

2. x¥0=x,

3. (X*xy)xz=(X*2)*Yy

Y. Imai and K. Is"eki introduced two classes of abstract algebras: BCK-algebras and BCl-algebras([5, 6]). It is
known that the class of BCK-algebras is a proper subclass of the class of BCl-algebras. In [3, 5], Q. P. Hu and X. Li
introduced a wide class of abstracts: BCH-algebras. They have shown that the class of BCl-algebras is a proper subclass
of the class of BCH-algebras. In [8], J. Neggers, etc introduced the notion of an Q-algebra as a dualization of a generation
of a BCK/BCl-algebras. In [1], Ahn and Kim introduced the notion of QS-algebra which is a generalization of Q-
algebras. It is easy to see that every Q-algebras is I" -Q-algebras.

In this paper is to introduce the notion of a I"-Q-algebras, we study I"-ideals, I" -subalgebras and upper sets in
I' -Q-algebras. Some characterizations of I -ideals and I"-subalgebras are obtained. Moreover, we investigate
relationships between I -ideals, I" -subalgebras and upper sets in I"-Q-algebras.

2. BASIC PROPERTIES

In this section is to introduce the notion of a I"-Q-algebras.

Definition 2.1. Let X and I" be any nonempty sets. The structure (I", X ;0) is called a I" -Q-algebra If there exists a
mapping X xI"x X — X written as (X,}/, y) by XyV, that satisfies the following condition

1. Xyx=0,forall Xe X and y €T,
2. Xy0O=X,forall Xxe X and y €T,

3. (Xyy)Pz=(Xyz) By forall X,y,ze X and. y,ax T.
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Throughout this paper X will denote a I" -Q-algebra. We introduce a relation < on X by X <y ifand only
if Xyy=0.

Example 2.2. Let (I', X, 0) be an arbitrary Q-algebra and I" any nonempty set. Define a mapping X xI'x X — X,
by Xyy > X*Yy forall X,y e X and y €I. Itiseasytoseethat X isa I"-Q-algebra. Indeed,
1. XyX = X*X
= 0,
2. Xy0 = x*0
= X,
3. (xyy)Bz = (xxy)pz
= (X*y)*z
= (xx7)*y
= (xy2)py
X,¥,Z€ X and. y,a €I'. Thus every Q-algebra implies a I" -Q-algebra.

Example 2.3. Let X ={0,a,b,c,d} in which «- ” is defined by

ol o T| 95 O
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Let " # . Define a mapping X xI'x X — X by xyy=yx forall X,ye X and y €. Then X isa I'-Q-
algebra. But it is not a Q-algebra because d -0=d # 0.

Lemma 2.4. Let X bea I"-Q-algebra. Then Xyy =Xy forany X,y € X and y, ST
Proof. Let X,y € X and y,f €T Then
xyy = (xp0)yry
= (xBy)y0
= XpPY.
Hence Xyy = XfY.

Theorem 2.5. If X isa I"-Q-algebra, then (Xy(XBY))ay =0, forany X,y € X and y,c, f €T.
Proof. Let X,y € X and y,ca, B €. Then
(Xy(xpy)ay = (xry)a(xpy)
(Xyy)a(xyy)
= 0.

Hence (Xy(xpAYy))ay =0.
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Theorem 2.6. If X isa I"-Q-algebra, then Oy (xay) = (0yX)ax(0yy) forany X,y € X and y,a €T
Proof. Let X,y € X and y,a, f €T’ Then

0y (xay) ((08Y)5(08Y))y (xary)
= ((0BYy)o(xay))r(0BY)
= ((xBY)rx)o(xay))y(0ByY)
= ((xBY)y(xay))ox)y(0BY)
= (05x)y(0By)
= (0yx)a(0yy).
Hence Oy (Xay) = (0yxX)(0yy).

3. I -Q-ALGEBRAS

The results of the following lemmas seem play an important role to study e medial 1" -Q-algebra; these facts
will be used so frequently that normally we shall make no reference to this definition.

Definition 3.1. A I"-Q-algebra X is said to be medial if it satisfies the following property:
(xyy)a(zpu) = (xy2)a(ypu),
forany X,y,z,ue X and y,a, S eT.

Lemma3.2. If X isamedial I"-Q-algebra, then yyX =0a(Xyy) forany X,y € X and y,x €T.
Proof. Let X,y € X and y,a, f €. Then
yrx = (yrx)a0
(yrx)a(yry)
(yry)a(xyy)
Oa(xyy).

Hence yyX =0a(xyy).

Lemma3.3. If X isamedial I"-Q-algebra, then Xy(yaz) = zy(yax) forany X,y,z€ X and y,ax €T
Proof. Let X,y,Z€ X and y,a, €. Then
xy(yaz) 05((yaz)yx)
08((yax)r2)
zy(yax).

Hence Xy(yaz) = zy(yaXx).

Lemma 3.4. If X isamedial I"-Q-algebra, then Xy(Xay) =Yy forany X,y e X and y,x €.
Proof. Let X,y € X and y,a, S €. Then
Xy (xery) = 0B((xay)rx)

= 08((xax)ry)

= yy(xax)

= yr0

= yyO0.
Hence Xy(Xay) =Y.
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Lemma 3.5. If X isamedial I"-Q-algebra, then 0y (Oxy) =y forany ye X and y,a €T.
Proof. Let ye X and 7, €. Then

0y (0ary) = yaO
Hence Oy (Oay) =Y.

Theorem 3.6. A I'-Q-algebra X is medial if and only if it satisfies one of the following conditions: for any
X,y,ze X and y,a, f .

1. yyx=0a(xyy)

2. Xy(yaz) = zy(yax)

3. xy(xay)=y

4. 0y(Oay) =Vy.
Proof: = Itis clear.
& .Let X,y,ze X and y,, f €. Then

(xyy)a(zpu) = ua(zf(xyy))
ua(yp(xyz))

(xyz)a(ypu)
Hence (Xyy)a(zpu) = (xyz)a(ypu), which completes the proof.

4. T'-IDEALS IN I -Q-ALGEBRAS

In this section we first introduce the notion of I -ideal in I"-Q-algebras and next study some of elementary
properties.

Definition 4.1. Let X be a I"-Q-algebra and A a nonempty subset of X . A is said to be a I" -ideal of X if it
satisfies: Xe X and y €’

1.0eA
2. Xyye A and y € A imply thatXx € A.

Obviously, {O} and X are I -ideals of X. We call {0} and X the zero ideal and the trivial ideal of X,
respectively. An I"-ideal A is said to be proper if A+ X.

Definition 4.2. Let X be a I -Q-algebraand A a nonempty subset of X . A is said to be a I" -subalgebra of X if
AAC A.

Lemma4.3. Let X bea I'-Q-algebra. If A isa I -idealof X , XITAc A and AI'X C A
Proof. Let X be a I"-Q-algebra X and let A bea I -ideal of X . Let X € X. Then XyX=0€ A, forall y eI’
so AI'X < XIT'X c A

Definition 4.4. Let X bea I"-Q-algebraand a € X,y €I". Define A(}/a) by
A(ra)={0}u{xe X :xya=0}..

Then we call A(ya)the initial section of the element a.
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Definition 4.5. Let X bea I"-Q-algebraand a,b e X,y, 8 €I". Define A(ya, b) by
A(]/a,ﬂb) = {O} U{X e X :(xya)pb= 0}.

We call A(ya,8b) an upper setof & and b.

Theorem 4.6. Let X bea I"-Q-algebra, X,y € X and ¥, €I". Then
(1) 0e A(ya), 0e A(ya, pb).
(2) acA(ya).
(3)If Oy =0, then A(ya) < A(ya, Sb).
(4)1f Oy #0, then A(ya)—{0} = X — A(ra, Sb).
(5) A(}/a,ﬂb) = A(Bb,ya).
Proof. Let X bea I"-Q-algebra X , a,be X andlet y,Bel.
(1) By Definition 4.4 and Definition 4.5, we have 0 € A(;/a) and O e A(;/a, ﬂb).

(2) Since aya =0, we have a € A(ya).
(3) Let X € A(;/a).Then Xe{Xe X :Xya=0}. or XE{O}.
Case 1: x € {0}.

Since X € {O} , weget X=0. Itiseasytoseethat Xx=0¢€ A(}/a,ﬂb).

Case 2:
Since X € {X e X:ixya= O} , . itis easy to see that Xya =0. Then
(xya) b = 0pb
= Oab
= 0.

Hence A(ya)c< A(ya, Bb).
(4) Suppose that Oy # 0. Let X € A(;/a)— {0} Then Xya=0 and X # 0. We have
(xya)pb 0pb
= Oab
= 0.

Thus X ¢ A(ya, 8b) and hence A(ya)—{0} = X —A(ya, Sb).
(5) Since

A(ya,pb) = {0}u{xeX:(xya)Bb=0}
{0} u{xe X :(xyb)pa=0}
= A(pb,ya)

we get A(ya, Sb)=A(Sb,ra).
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Theorem 4.7. Let X bea I"-Q-algebra, X,y,z€ X and y €. If Xyy =Xyz, then Oyy =0yZ.
Proof. By Definition 2.1, we get

and

(Xyx) By
= 0By
= Oyy

(xyz) Bx = (xyx)pz
= 0pz
= Oyz

(Xyy) BX

Since (Xyy) X =(Xyz) fX, we have Oyy =0yz.

5. CONCLUSION

Many new classes of I"-Q-algebras have been discovered recently. All these have attracted researchers of the

field to investigate these newly discovered classes in detail. This article investigates we study medial I"-Q-algebras.
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