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ABSTRACT— We analyse the solutions of the a non-linear discrete models in this study. Then we obtain the period
of solutions of these systems.
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1. INTRODUCTION

Non-linear difference models have been taken into consideration in many branches of mathematics as well as other
sciences for years. Because of derivation of many complex behavior based on simple formulation, it is a very interesting
subject. It has many applications in many science branches and it is easy to understand. This tutorial is to introduce a
simple difference equation system, especially the four important subjects: the equilibrium points of this system, the
period of this system, its solution and its dynamics [1], [2], [3], [4]. One can encounter many investigations and interest
in the field of functions of difference equations. Some of them are follows. In [5], [6], Cinar C., Yalcinkaya I. and
Iricanin B., Stevic S. took into consideration some systems of non-linear difference equations of higher order with
periodic solutions. Nasri M and at all, introduced a deterministic model for HIV infection in the presence of combination
therapy related to difference equations system [2]. Clark and Kulenovic, in [1], investigated the global stability properties
and asymptotic behavior of solutions of the recursive equations system. We obtained the equilibrium points of some non-
linear discrete systems and examinated stability and dynamics of these systems in [3]. Kilikli, [4], studied on some non-
linear discrete systems, periodicity and stability of these systems illustrated in your study.

In this study, we consider the following difference equation systems

A B Axn_1 A
X =—, =, z =—F —, TLZO 1.1
n+1 Vo1 Yn+1 Zn—1—%n—1 n+1 XnYn—2 Vn-1 ( ) ( )
with initial values x_1,xy ,V_2,Y-1,V0,2-1,20 € R—{0},z_1 —x_1 # 0,z —x, # 0, A, B€ R— {0} and
A B Axn_1 A
X = ’ = ) Z = + ,(n > 0 12
n+1 Vn—2 Yn+1 Zn—p—Xn—2 n+1 XnVn—3 Yn—2 ( ) ( )

with initial values x_;,x_1,%0,Y-3,Y-2,Y-1,Y0,Z2—2,Z2—1,20 € R—{0}, z_, —x_, #0,z_1 —x_1 # 0,2y — xy # 0,
ABeR-{0}.

Firstly, we give basic preliminary definitions and a theorem. Let I;,I, and I3 be some intervals of real numbers
and let F: I, » I, F: 13 X I} -» I, F5: 1, X I} - I3 be three continuously differentiable functions. For every initial
condition (x, s, z,) € I; X I, X I3, it is obvious that the system of difference equations (1.3)

Xnt1 = F1 )y Yna1 = F2(n, 20), Znta = F3(%0, V) 1.3)
has a unique solution {x,,, v,,, z, }.

A solution {x,, v,, z, } of the system of difference equations (1.3) is periodic if there exist a positive integer p such
that

xn+p = Xn, yn+p =Y Zn+p = Zy

the smallest such positive integer p is called the prime period of the solution of difference equation system (1.3). A point
(x,y,z) € I, X I, X I3 is called an equilibrium point of system (1.3), if

x =F (), Y = F(x,2), Z = F3(x,y).
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2. THE SOLUTIONS AND PERIODS OF SOME DISCRETE MODELS

In this section all results have been obtained by using [3], [4], [5]SONMAKALE. The following theorems show us
the period of solutions of the systems (1.1) and (1.2).

Theorem 2.1. Suppose that {x,,,,z,} are the solutions of the difference equation system (1.1) with initial values
X_1,%0,Y-2,Y-1,YV0,Z-1,20 € R—{0},z_1 —x_1 # 0,2y — xo # 0. Then all solutions of the system (1.1) are periodic
with period 6.

Proof: From the system (1.1), it is obtained the following equalities

A B Bx,, A
Xn+1 = ) Yn+1 = ’ Zn+1 = + ’
Yn—-1 Zn—-1 — Xp—1 XnYn—2 Vn—-1
A B Bx, + A
Xn+2 = Vn+2 = ’ Zny2 = ]
Yn Zn — Xp A Yn
x _ A(Zn—l B xn—l) y _ XnYn-2 z _ A(Zn—l B xn—l) + B
n+3 B ) n+3 Xp—1 ’ n+3 B yn—l’
x _ A(Zn B xn) y _ i z _ A(Zn B xn) +£
n+4 B ’ n+4 X, ) n+4 B ynv
Axn_l Axn—l
Xn45 = ) Yn+5 = Yn—1, Zn4s = + (Zp-1 — Xp-1),
XnYn—2 XnVYn—-2
Xn+6 = Xn, Yn+6 = Yns Zn+6 = Zn-

Thus all solutions of the system (1.1) are periodic with 6 period.

Theorem 2.2. All solutions of the difference equation system (1.1) with initial values x_; = s,xy =t,y_, =p,y_1 =
q,yo="12_1=k,zo=1€ R—{0},k—s#0,l—t =0, follow

A B Bs A
Xon+1 = 7’ Yen+t1 =1 o Zent1 = » + P
A B Bt A
Xen+2 = Py Yen+2 = I—¢ Zen+2 = AT
A(k —s) tp A(k—s) B
Xen+3 = —p Yon+3 = Zents = p +E'
AL —t) A A(l—t) B
Xen+s = p Yen+a = 7 Zen+s = g + gy
As As
Xon+5 = 5; Yén+s = 4, Zon+s = E + (k—5s),
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Xen+6 = L, Yen+6 =T, Zense = L.

Proof: By using induction method, it is obvious that above results hold for n = 0. Assume that these equalities hold.
Now we must show that above results hold forn = s + 1.

A A B B Bxgsys 4 A Bs 4 A
X6s+7 = =-, Yos+7 = = , Zos+7 = =TT
* Yes+5 4 * Zgoys — Xes45 Kk —S ° Xes+6Y6s+4 Yos+5s P q
A A B B BXgg16 4 A Bt A
X6s+8 — = Y6s+8 = = , Zos+8 = =0T
s Yes+6 T 3 Zos46 — Xos+6  L—t : Xos+7Ves+5 Yes+6 A T
A A B tp Bxgsiy A A B
Xes19 = —— =5 (k—5), YVes+9 =~ — Zes+9 = + =—(k-5+—
: Yes+7 B 3 Zos+7 — X6s+7 S 3 Xos+8Yes+6 Yes+7 B q
A A (-0 B A BXggyg + A A -0+ B
X6s+10 = =xU=1) Yest10 = — _—— =7, Zos+10 = =qp U= o
: Yes+s B * Zgs+8 — Xes+g L ° Xes+9Y6s+7 Yes+s B r
A As B Bxggi9 4 A As F(k—s)
Xos+11 — = 7 » Yes+11 = - — 4 Zos+11 — = —S)
3 Yes+9 LD 3 Zgs+9 — Xes+9 : Xes+10Y6s+8 Yes+9 LD
X, = A =t bY% = B =r z = Bxsst10 + A =1
6s+12 — =1t 6s+12 — - _ - —T1 6s+12 — =L
° Yes+10 * Z6s+10 — X6s+10 * X6s+11Y6s+9  Y6s+10

Theorem 2.3. Suppose that {x,,y,,z,} are the solutions of the difference equation system (1.2) with initial values
X_2,X_1,X0,Y-3Y-2Y-1,Y002-2,2-1,29 € R— {O},Z_z —X_3 * O,Z_]_ —X_1 * O,ZO — X * 0. Then a" SO|UtI0nS Of
the system (1.2) are periodic with period 8.

Proof: From the system (1.2), it is obtained the following equalities

A B Bx,., A
Xn+1 = , Yn+1 = , n+1 = )
n—2 Zn—2 — Xp-2 XnYn-3 Yn-2
A . B . Bx, A
n+2 o ’ n+2 Zy_q — Xn_1 ) n+2 A Yn—l,

_ A _ B _ B + A
Xn4+3 = Y ’ Yn+3 = Z, — X, ) Zny2 = Vo2 yn'
x — A(Zn—Z - xn—Z) — XnYn-3 Z — A(Zn—Z - xn—Z) + B
n+4 B ’ Yn+4 Xy_1 ’ n+4 B yn—l,
= A(zp—1 — Xp-1) _ i , = A(Zy—1 — Xy—1) n E
n+5 B ’ Yn+s X, ’ n+5 B yn’
_ A(Zn B xn) _ _ A(Zn - xn)
Xn+6 = — 5 Yn+6 = Yn-2» Znte = — 5 + (Zn-2 — Xp-2),

Asian Online Journals (www.ajouronline.com)




Asian Journal of Applied Sciences (ISSN: 2321 — 0893)
Volume 03 — Issue 01, February 2015

Ax,_4 Axpq
Xn+7 = ’ Yn+7 = Yn-1» Zny7 = + (Zn—l - xn—l)'
XnYn-3 XnYn-3
Xn4+8 = Xn, Yn+8 = Yns Zn+8 = Zn-

Thus all solutions of the system (1.2) are periodic with 8 period.

Theorem 2.4. All solutions of the difference equation system (1.2) with initial values x_, = k,x_1 =L, xg =m,y_3 =
Py ,=qy ="y, =Wz ,=tz,=hz,=9g€ R-{0},t—k#0h—1#0,g—m =% 0 follow

A B Bl A
Xgn+1 = 7 Yen1 =g Zen+l = p + 7
A B Bm
Xen+2 =70 Vent2 Ty Zens2 T g + o
A B
Xgn+3 = Yen+3 = g—m’ Zgnez3 = —t+—,
A(t —k) mp A(t—k) B
Xgn+4 = — B YVen+4 = 7 Z8n+4 = — B + o
Ath=1) A AGh—1) B
Xgnts = — p Yon+s = Zgnts = p + 7
A(g —m) A(g—m)
Xgnt6 = p Yan+6 = 4 Zgnt6 = p + (t—k),
Al Al
Xgn+7 = m_p' Yen+7 =T, Zgn+7 = m_p + (h=D,
Xgn4+g = M, Ven+s = U, Zgn+8 = 9,

Proof: By using induction method, it is obvious that above results hold for n = 0. Assume that these equalities hold for
n = s. Now we must show that above results hold forn = s + 1.

A A B B Bx83+7 A Bl A

Xgs+9 = =, Ygs+9 = = ) Zgs49 = + =—+-

Yes+6 kK Zgsi6 — Xgs+6 Lk Xgs+8Y8s+5 Yes+6 MP
A o B N , _ By A _Bm 4
8s+10 = =-, 8s+10 = = ) 8s+10 = =—+-
Vgs+7 T Zgoy7 — Xgsg7 h—1 Xgs+9Y8s+6  Y8s+7 A r
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A A B B BXxggy9 A A
Xgs411 = ——— =, Ygs+11 = = ) Zgs+11 = + ==+-
Vgs+g U Zgs+8 —Xgs4g g — M Xgs+10Y8s+7 Yss+8 U
N A Alt—k) y _ B _mp Z _ Bxgsi10 4 A Alt—k) +B
8s+12 — . — o5 8s+12 — — . — 7 8s+12 — = =
Vgs+9 B Zgs19 — Xgs19 | Xgs+11Y8s+8  Y8s+9 B r
X _ A _A(h—l) y _ B _ A . _ Bxggi11 4 A _A(h—l)_l_B
8s+13 — = ) 8s+13 — — - — 8s+13 — = -
YV8s+10 B Zgs+10 — Xgs+10 M Xgs+12Y8s+9  Y8s+10 B u
A Alg—m) _ B _ _ Bxgsi1o A Alg—m) K
Xgs+14 = = B yV8s+14a = T = (, Zgs+14 = + = B tt—k
V8s+11 Z8s+11 — X8s+11 X8s+13Y8s+10  Y8s+11
A Al B Bxggi13 A
Xgs+15 = =—, Ygs415 =—————— =1, Zgst15 = + =—+(h -,
YVgs+12 ~Mp Zgs+12 — X8s+12 Xgs+14Y8s+11  YVes+12 ~MP
_ A _ _ B _ _ BXgsi14 A _
Xgs+16 = =m, Ygs+16 =, - = U  Zgst16 = + =g
V8s+13 Z8s+13 — Xgs+13 X8s+15Y8s+12  V8s+13

3. ILLUSTRATIVE EXAMPLES

Example 3.1. Letbe x_1 =1,x=3,y ,=4y.1=7,99=8,2_1=2,2y=5 A=1,B=1 in (1.1). In this case
the solutions of (1.1) are periodic with 6.

n xn yn ZTL

0 3 8 5

1 0,142857 1 0,226190
2 0,125 0,5 3,125003
3 1 12,000048 1,142857
4 2 0,333333 2,125

5 0,083333 7,000007 1,083333
6 3 8 5

7 0,142857 1 0,226190
8 0,125 0,5 3,125003
9 1 12,000048 1,142857
10 2 0,333333 2,125
11 0,083333 7,000007 1,083333
12 3 8 5

13 0,142857 1 0,226190
14 0,125 0,5 3,125003
15 1 12,000048 1,142857
16 2 0,333333 2,125
17 0,083333 7,000007 1,083333
18 3 8 5
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Figure 3.1.
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EXampIes 3.2. Let be X_p = 1, X_1 = 25, Xg = 4,y_3 = 1.5,y_2 = 4.5,y_1 = S,yo = 6,2_2 = 3,2_1 = 7, Zy = 8,
A=1,B=1 in(L1). Inthis case the solutions of (1.1) are periodic with 8.

n Xn In Zn

0 4 6 8

1 0,222222 05 0,638888
2 0,2 0,222222 4,2000004
3 0,166666 0,25 2,222222
4 2 2,400003 2,2

5 4,500004 0,249999 4,66667
6 4 0,486486 6

7 0,416666 5 4,91667
8 4 6 8

9 0,222222 05 0,638888
10 0,2 0,222222 4,200004
1 0,166666 0,25 2,222222
12 2 2,400003 2,2

13 4,500004 0,249999 4,66667
14 4 0,486486 6

15 0,416666 5 4,91667
16 4 6 8

17 0,222222 0,5 0,638888
18 0,2 0,222222 4,200004
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Figure 3.2.
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