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ABSTRACT---- In this paper, using the combination of the first and second laws of thermodynamics, the work bounds
in thermodynamic cycles are investigated generally and, to show the application, the results are extracted for some
physical systems. Also, a new concept on the available work limits is extracted. To provide information on the maximum
or minimum amount of work to be done during a thermodynamic cycle, energy balance, as well as irreversibility, should
be considered. Entropy production during a thermodynamic cycle as a limiting criterion for work to be done is expressed
as Clausius inequality. Therefore an inequality extracted from the first and second laws of thermodynamic to obtain
lower and upper bounds of available work. The obtained upper bound of the work to be done is in agreement with
Carnot’s rule. The lower bound is obtained at the maximum possible irreversibility during the respective cycle.
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𝛿𝑄: 𝑆𝑦𝑠𝑡𝑒𝑚 ℎ𝑒𝑎𝑡 𝑣𝑎𝑟𝑖𝑎𝑡𝑖𝑜𝑛

𝑅: 𝐺𝑙𝑜𝑏𝑎𝑙 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 𝑜𝑓 𝑔𝑎𝑠𝑒𝑠

𝛿𝑤: 𝑆𝑦𝑠𝑡𝑒𝑚𝑊𝑜𝑟𝑘 𝑣𝑎𝑟𝑖𝑎𝑡𝑖𝑜𝑛

𝑐: 𝑆𝑝𝑒𝑐𝑖𝑓𝑖𝑐 𝐻𝑒𝑎𝑡

𝑇: 𝑇𝑒𝑚𝑝𝑒𝑟𝑎𝑡𝑢𝑟𝑒

𝛾: 𝑇ℎ𝑒𝑟𝑚𝑎𝑙 𝑒𝑥𝑝𝑎𝑛𝑠𝑖𝑜𝑛 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡

𝑇0 : 𝐴𝑚𝑏𝑖𝑒𝑛𝑡 𝑡𝑒𝑚𝑝𝑒𝑟𝑎𝑡𝑢𝑟𝑒

𝐼1: 𝐹𝑖𝑟𝑠𝑡 𝑖𝑛𝑣𝑎𝑟𝑖𝑎𝑛𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑡𝑟𝑒𝑠𝑠 𝑡𝑒𝑛𝑠𝑜𝑟

1. INTRODUCTION
The upper bound work in thermodynamic cycles has been introduced by Carnot [1]. He introduced the irreversible
processes and determined the maximum work can be done between two cold and hot temperatures. Therefore Carnot can
be known as the founder of the second law of thermodynamics. Based on the second law, the entropy of an isolated system
will be increased always [2].
Another question can be raised on the upper work bound in the other systems as well as the lower work bound. Some
researchers have investigated the work bound in dynamically loaded bodies [3]. Also, upper work bound in systems for
multichannel queues has been investigated [4]. The upper and lower bonds for free energy change have been determined
[5]. And also, work bounds cyclically loaded creeping structures have been studied [6]. And the same researches on the
other physical systems [7-10]. Also, the dissipation energy bounds can be determined due to viscous dissipation [11]. And
the same works on the some physical systems [12-15].
𝛿𝑄

In this report, the work bounds are investigated generally. According to the Clausius inequality, the term of ∮ in a
𝑇
thermodynamic cycle may take any value in the period (−∞, 0] without any lower bound. A question may arise that is
there any lower bound on this term or in other words, how negative it could be in a thermodynamic cycle. The other
question is about the bounded values of available work. The concept of maximum work that can be done is more familiar,
but the amount of minimum work could be another problem. This question is in line with that one asks how many will be
the maximum irreversibility that can occur in a thermodynamic cycle.
To answer these questions, a combination of the first and second laws of thermodynamic will be used as a means for
bounding purposes.
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2. CONCEPTS AND RELATIONS
In a thermodynamic cycle, the three terms

1
𝑇0

1

𝛿𝑄

𝑇0

𝑇

∮𝛿𝑄, ∮ 𝛿𝑤 and ∮

are expressed and related to each other in the first and

second laws of thermodynamics .
The first law of thermodynamics [16]:
1
𝑇0

∮ 𝛿𝑤 =

1
𝑇0

∮ 𝛿𝑄

(1)

The second law of thermodynamics [16]:
∮

𝛿𝑄
𝑇

≤0

(2)

Combining these two laws together gives:
1
𝑇0
1
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𝑇
𝛿𝑄

(4)

𝑇

The resultant relations are equivalent to the equations (1) and (2) and vice versa. In addition to the concepts of the first and
second laws, these relations give information about the work done in a thermodynamic cycle and its irreversibility as well
as its lower and upper bounds.
The following relation will result from these two relations:
𝑊𝑚𝑖𝑛 = 𝑇0 ∮

𝛿𝑄
𝑇

+ ∮ 𝛿𝑄 ≤ ∮ 𝛿𝑤 ≤ 𝑊𝑚𝑎𝑥 = ∮𝛿𝑄 − 𝑇0 ∮

𝛿𝑄
𝑇

(5)

This equation defines the minimum and maximum available work and is equivalent to the first and second thermodynamic
𝑇
𝑇
laws. From this equation, two results can be concluded: 𝑊𝑚𝑎𝑥 = ∮(1 − 0)𝛿𝑄 and 𝑊𝑚𝑖𝑛 = ∮(1 + 0)𝛿𝑄. The first result
𝑇
𝑇
is in accordance with Carnot’s rule and determines the maximum work could be done [17], but the second result leads to a
new concept:
Lower bound of available work is when the irreversibility is at its upper bound.
The minimum work is done, also can be rewritten as follows:
𝑊𝑚𝑖𝑛 = 2 ∮ 𝛿𝑄 − ∮ 𝛼𝑚𝑎𝑥 𝛿𝑄 ≤ ∮𝛿𝑤

(6)

Where:
𝛿𝑤𝑚𝑎𝑥 = 𝛼𝑚𝑎𝑥 𝛿𝑄

(7)

That 𝛿𝑤𝑚𝑎𝑥 is the most work that may be done in the current state of the system under the effect of applied heat 𝛿𝑄. By
using relation (7), the following equation could be obtained:
∮

𝛿𝑄
𝑇

=

1
𝑇0

∮ 𝛿𝑄 −

1
𝑇0

∮𝛼𝑚𝑎𝑥 𝛿𝑄

(8)

Equation (8) is an alternative form for Carnot’s rule about the maximum available work.

3. APPLICATION
The application of obtained inequality is investigated for some examples, such as the ideal gases and an elastic element.

3.1 Ideal gases
For ideal gases, the coefficient 𝛼𝑚𝑎𝑥 is earned as follows:
𝛼𝑚𝑎𝑥 =

𝑅
𝑐𝑝

(9)

Where 𝑐𝑝 is the specific heat at constant pressure. For any thermodynamic cycle:
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)𝛿𝑄 ≤ ∮ 𝛿𝑤 ≤ ∮

𝑐𝑝

𝑅
𝑐𝑝

𝛿𝑄

(10)

Relation (10) shows the lower and upper bound for available work during different thermodynamic cycles. Relation (10)
satisfies the first and second laws of thermodynamics.
In a reversible process, the minimum and maximum available works are equal; therefore, the following equations could be
established:
∮(2 −

𝑅

)𝛿𝑄𝑟𝑒𝑣 = ∮

𝑐𝑝

𝑅
𝑐𝑝

𝛿𝑄𝑟𝑒𝑣 = ∮ 𝛿𝑤𝑟𝑒𝑣

(11)

So:
𝑅

∮(1 − ) 𝛿𝑄𝑟𝑒𝑣 = 0

(12)

𝑐𝑝

Relation (12) is equivalent to the first and second laws of thermodynamics for reversible cycles.

3.2 Elasticity loaded bodies
For an elastic element, the coefficient of 𝛼𝑚𝑎𝑥 is earned as follows:
𝛾

𝛼𝑚𝑎𝑥 = 𝐼1

(13)

𝑐

Therefore, the lower and upper bounds for available work are as follows:
𝛾

𝛾

𝑐

𝑐

∮(2 − ( 𝐼1))𝛿𝑄 ≤ ∮𝛿𝑤 ≤ ∮( 𝐼1)𝛿𝑄

(14)

Relation (14) shows the work bounds in elasticity loaded bodies as well as dynamically bodies generally. Some researchers
investigated the work bound in dynamically loaded bodies by using other methods [3].

4. CONCLUSIONS
As, based on Carnot’s rule, the work done in thermodynamic cycles has the upper bound, from combination first and second
laws of thermodynamics, also can be resulted that the lower bound will exist. To determine a lower bound or upper bound
for work done in a thermodynamic cycle, two factors should be considered simultaneously; energy balance as well as
irreversibility. Therefore an inequality extracted from the combination of the first and second laws of thermodynamic to
investigate bounds of available work. The upper bounds obtained from extracted inequality are in agreement with the
Carno’s rule. The existence of a lower bound for available work indicates the existence of the upper bound for irreversibility
in a thermodynamic cycle.
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