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Abstract

In this study we looked at the theorm Azela-Ascoli and its application to functional anal-

ysis, ordinary differential equations and complex analysis. This theorem simplifies the
checking of compactness for subsets of spaces of continuous functions in much the same
way the Heine-Borel theorem does for subsets of R™.
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1 Introduction

The problem of proving the compactness of various subsets of a given metric space is
encountered quite frequently in analysis[1]. The Azela-Ascoli theorem is a fundamental
theorem of analysis that allows us to determine if a subset of a space of continuous func-
tions is compact. Although there are a number of ways to determine if a subset of a metric
is compact, the Arzela-Ascoli theorem is often easier to apply than general conditions of
completeness and total boundedness when working in spaces of functions[1]. This theorem
simplifies checking of compactness for subsets of spaces of continuous functions in much
the same way the Heine-Borel theorem does for subsets of R™[2]. It also has several appli-
cations in other branches of mathematics especially in ordinary differential equations and
other branches of science and engineering.

2 Statement and proof of the theorem

If X is a compact metric space, then a closed subspace of C(X,R) or C(X,C) is compact
< it is bounded and equicontinuous [3].

Proof
Let d be the metric on X and let F be a closed of C(X,R) or C(X,C). We first assume that
F' is compact, and we prove that it is bounded and equicontinuous. Then F' is bounded.
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We prove that F' is equicontinuous as follows:
Let € > 0 be given. Since F' is compact and therefore totally bounded, we can find an

(5) = et f1, fo., fu € F.

Each f is uniformly continuous and so for each k = 1,2, 3,..,n, there exist §; > 0 such
that

A7) < 8 = |fule) = fula)] < 5

We now define 0 to be the smallest of the numbers d1, do, .., d,,. If f is any function in F'
and fi is chosen so that ||f — fx|l < % Then

A, a') < 8= 1@~ F@ ) < 7@~ R@FH o)l )~ < 45+ =3

This shows that F'is equicontinuous.

We now assume that F' is bounded and equicontinuous and we demonstrate that it is
compact by showing that every sequence in it has a convergent subspace. Since F is
closed and therefore complete, it suffices to show that every sequence in it has a Cauchy
sequence.

X has a countable dense subset.

Let the points of this subset be arrange in a sequence x; = =1, o, .., Z;, ..., where we start
with the subscript 2 for reasons which will become clear below.

Now let S1 = {f11, fi2,...} be an arbitrary sequence in F.

Our hypothesis that F' is bounded means that a there exist a real number k such that
I7Il < k for every f in F and every z in X.

Consider the sequence of numbers f;;(x2), j = 1,2, ... and observe that since this sequence
is bounded, it has a convergent subsequence.

Let Sg = { fo1, fa2, f3, ...} be a sequence of S; such that fo;(z2) converge.

We next consider the sequence of numbers f3;(z3) and in the same way we let S3 =
{fs1, f32, f33,...} be a subsequence of Sy such that f3;(z3) converge.

If we continue this process, we get an array of sequence of the form

S1 = {fi1, frz; fizs -},

Sy = {fo1, fo2, f23, -},

Sz = {f31, 32, f33, -}

in which each sequence is a subsequence of the one directly above it and for each i the
sequence S; = {fi1, fi2, fi3, ...} has the property that f;;(z;) is a convergent sequence of
numbers.

If we define fl,fg,fg, by f1 = flla f2 = f22, ....... , then the sequence S = {fl; fg,fg, }
is the diagonal subsequence of S7. It is clear from this construction that for each point z;
in our dense subset of X, the sequence f,(z;) is a convergent sequence of numbers.

It remains only to show that S as a sequence of functions in C(X,R) or C(X,C) is a
Cauchy sequence.

Let € > 0 be given. Since F' is equicontinuous, there exist 6 > 0 such that d(z, :c/) <d=

|falz) — falz))] < 53 for all functions in f, in S.

We now form the open spheres Ss(x;) with radius 0 centered on each of the m;s. Since the

’ . .
x,;s are dense, these open spheres form an open cover of X and since X is compact,
— | jto ) ;
X = U2, 85(z;) for some ip.
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It is easy to see that there exist a positive integer ng such that
)
m,n > ng| fm(x;) — fu(z:)] < 3 for all the points za, z3, .., T;,-

Our proof is completed by the remark that if = is an arbitrary point in X, then an i can
be found in the set {2,3,4,..,490} such that d(z,z ) < ¢ and that therefore

3]

2.1 Application of the Theorem

Here we examine one application each to functional analysis, ordinary differential equation
and complex analysis.

2.2 Application to Functional Analysis

For f € C[0,1], let (Tf)(x fo t)dt. Then Tf € C[0,1], so T is a linear map from
C0,1] to itself.

Let F = {Tf f € C0,1], Hf||OO < 1}. We would like to see whether F' is equicontinuous.
(TF)@) — (TH) = |7 it < lo— .

Hence F' is an equlcontlnuous family. Also |(Tf)(z)] < z < 1. This implies that F is
bounded. Hence F' is compact[4].

2.3 Application to Ordinary Differential Equation (Peano’s
Theorem)

Let f be a continuous function from a neighbourhood U of (0,z¢) € R x R"™ to R"™. Then
there exist an € > 0 such that the initial-value problem

(ciit f(t,z(t)), z(0) = z¢ has a solution x on [0, €] [1].
Proof

Without loss of generality, assume that U is of the form [—d,d] x Blxg,r]. Let M be a
bound for f on U. Let € = min {6, L}.
Define a sequence (z,,) on [0, €] as follows
To t e [0, E]
n

xo—l—fo n (s,zn(s)) te (%,e}
ke (k—!—l)e}

Observe that these formulae determine the function x,, on [0, €] since its values on (,
n n

xn(t) =

ke
are determine by its values on {0 } for 1 < k <n—1 and its values on [O, E] are given.
n n

The family {z,} is equicontinuous on [0, €].
Let (z,, ) converges to x. Then x satisfies an integral equation which is equivalent to the
given differential equation on [0, €].
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2.4 Application to Complex Analysis

Let UeC', the complex space be open.

Let {f.} be a sequence of holomorphic functions on U. Assume that for each compact
subset K of U there is a M}, such that |f,(z)] < M}, for z € K and n € N. Then there is
a subsequence which converges to a holomorphic function on compact subset of U.

Hint: Use Cauchy integral formula to obtain equicontinuity. This result is used in proving
Riemann Mapping Theory in Complex Analysis.

2.5 Conclusion

The Arzela-Ascoli theorem allows us to study compact sets in some function spaces. This
theorem simplifies checking of compactness for subsets of spaces of continuous functions
in much the same way the Heine-Borel theorem does for subsets of R™.

Moreover, a lot of the topological spaces used in Real Analysis, Complex Analysis and
Functional Analysis are spaces of functions. Azela-Ascoli theorem allows us to study the
properties of these spaces of functions.
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