
Asian Journal of Fuzzy and Applied Mathematics (ISSN: 2321 – 516X) 

Volume 01– Issue 04, December 2013  

Asian Online Journals (www.ajouronline.com)  76 

 

On the Growth of Meromorphic Solutions of Higher Order Linear 

Differential Equations 
 

Jianren Long  
  

 School of Mathematics and Computer Science, Guizhou Normal University, Guiyang, 550001, P.R.China. 

 

 

_________________________________________________________________________________ 

ABSTRACT—In this paper, we investigate the growth of solutions of the linear differential equation  

0(z)fAf(z)(z)f 01

1)-(k

1-

(k)  AAf k  , 

where (z)jA  (j= 1-1,0 k，， ) are meromorphic functions. Assume that there exists 1}-k,{1,2,l  such that 

(z)lA  have a finite deficient value, then we shall give some conditions on other coefficients which can guarantee 

that every solution 0)(f  of the equation is of infinite order. More specifically, we estimate the lower bound of 

hyper-order of f if every solution 0)(f of the equation is of infinite order. 

 

Keywords—Deficient value, Complex differential equations, Meromorphic function, Hyper-order, Infinite order 

 

_________________________________________________________________________________ 

 

1. INTRODUCTION AND MAIN RESULTS 

We shall assume that reader is familiar with the fundamental results and the standard notations of Nevanlinna theory 

of meromorphic function (see [10], [14] or [18]). In addition, for a meromorphic function (z)f  in the complex plane, 

we will use the notation )( f and )( f  to denote its order and the lower order respectively; and use the notation 

)( f  and  to )
f

1
(  denote the exponent of convergence of its zero-sequences and pole-sequences respectively. 

       In order to express the rate of growth of meromorphic function of infinite order, we recall the following definition 

(see, [20]). 

Definition A.([20]) Let f be a meromorphic function, then we define the hyper-order )(2 f  of  (z)f , 

)(2 f =
r

T
r

log

f)(r,loglog
lim



 . 

For the second order linear differential equation 

0 BffAf ,                                                                  (1. 1) 

where )(zA  and )(zB  are entire functions. Many authors have investigated the growth of solutions of the equation (1.1). 

It is well known that if )(zA  is entire function and )(zB ( 0 ) is transcendental entire function, and 1f , 2f   are two 

linearly independent solutions of the equation (1.1), then at least one of 1f , 2f   must have infinite order. On the other 

hand, there are some equations of the form (1.1)  that possess a solution 0)(f  of finite order; for example, 

ze(z) f  satisfies 01)(e- -z-  ffef z
. Thus a natural question is: what conditions on )(zA  and )(zB  

can guarantee that every solution 0)(f  of the equation (1.1)  has infinite order?  From the works of Gundersen (see 

[6]), Hellerstein, Miles and Rossi (see [9]), we know that if )(zA  and )(zB  are entire functions with (B)(A)   ; 

or if )(zA  is a polynomial, and )(zB  is transcendental; or if 
2

1
(A)(B)   , then every solution 0)(f  of the 

equation (1.1) has infinite order. More results can be found in [11] and [16]. Then for a great deal of solutions with 
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infinite order, more precise estimates for their rate of growth is a very important aspect. There are many authors 

investigated the hyper-order )(2 f  of solutions of the equation (1.1) (see, [3] and [12-13]). Ki-Ho Kwon investigated 

the problem and obtained the following result in [12]. 

Theorem B.([12]) Let )(zA  and )(zB  be entire functions such that (B)(A)    or 
2

1
(A)(B)   . Then 

every solution 0)(f  of the equation (1.1) satisfies )(2 f (B)} (A),{max  . 

It seems that there are few work done on the equation (1.1), where )(zA  and )(zB  are meromorphic functions, but 

the growth of meromorphic solution of the equation (1.1) is a very important aspect (see [2-3] and [5]). It would be 

interesting to get some relations between the equation (1.1) and some deep results in value distribution theory of 

meromorphic functions. Thus, we shall introduce the deficient value into the studies of the equation (1.1). It is well-know 

that deficient value plays fundamental role in the theory of value distribution of meromorphic function and many 

important work done on this aspect (see, e.g. [19]). There are some results on the value distribution theory of the 

solutions of the equation (1.1) having connections with deficient values (see [11]). Furthermore, we mention that the 

author consider the equation (1.1) and obtain the following result. 

Theorem C.([15]) Let )(zA  be an meromorphic function having a finite deficient value, and let )(zB  be a 

transcendental meromorphic function with 
2

1
)( B  and 1),(  B . Then every solution 0)(f of the equation 

(1.1)  is of infinite order. 

In this paper, we shall consider the higher order linear differential equation 

0(z)fAf(z)(z)f 01

1)-(k

1-

(k)  AAf k  ,                                                        (1. 2) 

where (z)jA  (j= 1-1,0 k，， ) are meromorphic functions. Many authors have investigated the growth of solutions of 

the equation (1.2), and obtained lots of results on order and hyper-order of solutions of  the equation (1.2) (see [4] and 

[17]). Here we shall introduce the deficient value into the studies of the equation (1.2). The main results in the paper  are 

the following. 

Theorem 1.1. Let (z)jA  (j= 1-1,0 k，， )  be meromorphic functions. Suppose that there exists an integer 

1}-k,{1,2,l  such that lA  have a finite deficient value. Suppose that (z)0A  is a transcendental meromorphic 

function with 
2

1
)(A0   and 1),( 0  A , and )(A)(A 0i    for li  ( 1-1 ki  ). Then every solution 

0)(f  of the equation (1.2) satisfies (f)  and )(A(f) 02    

 Using the same method of the proof of Theorem 1.1, we can easily obtain the following results. 

Theorem 1.2. Let (z)jA  (j= 1-1,0 k，， ) be meromorphic functions. Suppose that there exists an integer 

1}-k,{1,2,l  such that lA  have a finite deficient value. Suppose that (z)0A  is a transcendental meromorphic 

function with 
2

1
)(A0   and 1),( 0  A , and )(A)(A 0i    for li  ( 1-1 ki  ). Then every solution 

0)(f  of the equation (1.2) satisfies (f)  and )(A(f) 02   . 

Theorem 1.3. Let (z)jA  (j= 1-1,0 k，， ) be meromorphic functions. Suppose that there exists an integer 

1}-k,{1,2,l , such that lA  have a finite deficient value. Suppose that there exist two constants 0 and 

0 , for any given 0 , two finite set of real numbers }{ k  and }{ k that satisfy 

12211  mmm   (  211 m )  and 

 




m

k

kk

1

1 )-( ,                                                                            (1. 3) 

such that 
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}zo(1)){(1exp(z)0


A                                                       (1. 4) 

and 

}z{o(1))exp(z)


iA , for  li  ( 1-1 ki  )                                           (1. 5) 

as z  in kk z   arg  ( mk ,,2,1  ). Then every solution 0)(f  of the equation (1.2) satisfies 

(f)  and  (f)2 . 

Theorem 1.4. Let (z)jA  (j= 1-1,0 k，， ) be meromorphic functions. Suppose that there exists an integer 

1}-k,{1,2,l , such that lA  have a finite deficient value. Suppose that )(0 zA  is a transcendental meromorphic 

function with 
2

1
)(A)

A

1
( 0

0

  , and )(A)(A 0i    for li  ( 1-1 ki  ). Then every solution 0)(f  

of the equation (1.2)  satisfies (f)  and )(A(f) 02   . 

Theorem 1.5. Let (z)jA  (j= 1-1,0 k，， ) be meromorphic functions. Suppose that there exists an integer 

1}-k,{1,2,l , such that lA  have a finite deficient value. Suppose that )(0 zA  is a transcendental meromorphic 

function with 
2

1
)(A)

A

1
( 0

0

  , and )(A)(A 0i    for li  ( 1-1 ki  ). Then every solution 0)(f  

of the equation (1.2)  satisfies (f)  and )(A(f) 02   . 

The paper is organized as the following. In Section 2, we shall state and prove some lemmas related with our 

theorems.  In Section 3, we shall prove Theorem 1.1-1.5. 

 

2. LEMMAS 

For the proofs of our theorems, we need the following lemmas. 

Lemma 2.1. ([7])  Let ( ,f )  denote a pair that consists of a transcendental meromorphic function f and a finite 

set )}j,(k,),j,(k),j,{(k qq2211  of distinct pairs of integers that satisfies 0 ii jk  for qi ,,2,1  . Let 

1  and 0  be given real constants. Then the following three statements hold. 

(i) There exists a set )2,0[1 E  that has linear measure zero, and there exists a constant 0c  that depend only 

on   and  , such that if  )2,0[0   1- E , then there is a constant )( 000 RR  >0 such that for all z  satisfying 

0arg z  and 0Rrz  , and for all ( jk, )  , we have 

j-k

)(

)(

f)) r,(loglog 
r

f) r, T(
(

)(

)(


  Trc
zf

zf
j

k

 .                                                (2. 1) 

In particular, if  f  has finite order (f) , then (2.1) be replaced (2.2) 

)1-)(j)(-(k

)(

)(

)(

)(  


f

j

k

z
zf

zf
.                                                                                   (2. 2) 

 (ii) There exists a set )(1,2 E  that has finite logarithmic measure, and there exists a constant 0c  that 

depend only on   and  , such that for all z  satisfying ]1 ,0[2 Ez   and for all ( jk, )  , the inequality (2.1) 

holds. 



Asian Journal of Fuzzy and Applied Mathematics (ISSN: 2321 – 516X) 

Volume 01– Issue 04, December 2013  

Asian Online Journals (www.ajouronline.com)  79 

 

In particular, if f  has finite order (f) , then inequality (2.2)  holds. 

(iii) There exists a set )[0,3 E  that has finite linear measure, and there exists a constant 0c  that depend 

only on   and  ,  such that for all z satisfying 3Erz   and for all ( jk, )  , 

j-k

)(

)(

f)) r, (log f) r, (T(
)(

)(
  Trc

zf

zf
j

k

 .                                                       (2. 3)               

In particular, if f  has finite order (f) , then (2.3) be replaced (2.4) 

\
))(j)(-(k

)(

)(

)(

)(  


f

j

k

z
zf

zf
.                                                                                   (2. 4) 

To state the following lemma, we define the upper and lower logarithmic density of ) [1,E  respectively by 

denslog E rlim
r log

r])[1,(Elm
, 

and 

r log

r])[1,(E
limlog

l
r

m
Edens  , 

where  ],1[
r])[1,(E

rE
l

t

dt
m


 . 

Lemma 2.2. ([8]) Suppose that )(zg  is a transcendental and meromorphic in the complex plane, of lower order 

1(g)   , and define g)} 1)T(r,-g) ,((cosg) L(r, log:1{r  E  and  

r}z:g(z)min{g) (r, L ,  





sin
 . Then E  has upper logarithmic density at least 1 




 . 

Remark 1. In Lemma 2.2, if the order of )(zg  is less than 
2

1
 , then, for every )

2

1
 (g),(  , there exists a set 

),1[ E , such that denslog


(g)
-1E ,  where 

g)} 1)T(r,-g) ,((cosg) L(r, log:1{r  E ,





sin
 , r}z:g(z)min{g) (r, L . 

Lemma 2.3. ([15]) Let )(zg  be a transcendental meromorphic function with 
2

1
)(0  g   and 1g) ,(  , and 

let (z)A  be a meromorphic function with (A) . If (z)A  has a finite deficient value a  with deficiency 

A) (a,  , then for any given constant 0 , there exists a sequence }{R n  with 1 nn RR and nR  as 

n , such that the following two inequalities 

}{Rexp)e(R
-(g)

n

i

n

 g ,  )2,0[  , 

and 

0dA)} ,T(R
4

-a-)eA(Rlog :)2 [0,mes{)(F n

i

nn 


 mes  

hold for all  sufficiently large n  where d  is a constant depending only on (A) , (g)  and  . 
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Remark 2. If g  is a transcendental meromorphic function with 0(g)   and 1g) ,(  , according to Lemma 2.2, 

we only need to give an appropriate modification for method of proof of Lemma 2.3 and Lemma 2.3 still holds. 

Remark 3. If g  is a transcendental meromorphic function with 
2

1
(g)   and 1g) ,(  , according to Remark 1, 

we only need to give an appropriate modification for method of proof of Lemma 2.3 and Lemma 2.3 still holds. 

Lemma 2.4. ([5]) Suppose that (z)w  is a meromorphic function with  (w) . Then for any given 0 , 

there is a set ) (1,4 E  that has finite linear measure and finite logrithmic measure, such that 

}{rexp(z) w  

holds for 4]1,0[ Erz  ,  r . 

Lemma 2.5. ([1])  Let (z)g  be an entire function with 1(g)0   . Then, for every 1) (g),(  , there exists a 

set ) [0,5 E  such that denslog 5E


 )(
-1

g
 , where 5E } M(r)cosm(r) :) [0,{r  , 

)(loginf)( zgrm
rz 

 , )(logsup)( zgrM
rz 

 . 

Remark 4. In Lemma 2.5, if the order of (z)g  is less than 
2

1
, then, for every 1) (g),(  , there exists a set 

) [0,6 E  such that denslog 6E


 )(
-1

g
 , where 6E } M(r)cosm(r) :) [0,{r  . 

 

3. PROOF OF THEOREMS 

In this section, we prove theorems. 

Proof of Theorem 1.1. (I). First we prove every solution 0)(f  of the equation (1.2)  is of infinite order. Suppose 

that 0)(f  is a solution of the equation (1.2) with )( f . We shall seek a contradiction.  Let a  be a finite 

deficient value of lA  with deficiency )A (a, l  . From equation (1.2), we have the following inequality 

(z)

)(
(z)

(z)

)(
)(

)(

)(
)( 1

1)-(k

1-

)(

0
f

zf
A

f

zf
zA

zf

zf
zA k

k 
  .                                         (3. 1) 

By Lemma 2.1, there exists a set ) [1,1 E with )(E1lm  such that the following inequality 

(f)
(n)

(z) f

(z) k
z

f
 , kn ,,2,1  ,                                                                        (3. 2) 

holds for all z  with ]r,0[ 01 Erz  , 10 r . 

Since )(A)(A 0i   ( 1-1, kili  ), from Lemma 2.4, then we have for any given constant   with 

)(A)(A 0i   , there exist a set ) (1,2 E  that has finite linear measure and finite logrithmic measure and 

a constant 01 r , such that for all z  with ])r,0[]1,0([ 12  Erz  , we have 

}{rexp(z) iA .                                                                                                  (3. 3) 

In the following, we treat two cases. 
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Case 1. 
2

1
)(A0 0   . By using Lemma 2.3 to (z)lA  and (z)0A , for any given 

2

-)(A0 
  , there exists 

a sequence }{R n  with 1 nn RR and nR  as n  , such that for every n , we have 

0d)}A ,T(R
4

-a-)e(RAlog :)2 [0,mes{)(F ln

i

nln 


 mes ,                                (3. 4) 

and 

                                          }{Rexp)e(R
-)(A

n

i

n0
0  A ,  )2,0[  ,                                                        (3. 5) 

where d  is a constant depending only on )(A l , )(A0  and  . 

For every 0nn  , we choose nn F . From (3.1), (3.2), (3.3) and (3.4), we get 

))e(RAaa-)e(R)e(RA(1)e(R nnnn i

n1

i

n

i

n1-k

(f)i

n0


  l

k

n ARA  

                         ))(Rexp)}A ,T(R
4

{-exp)exp(R(1 nlnn

(f)  
  aR

k

n .                   (3. 6) 

By using (3.5) and (3.6), we have 

}{Rexp
-)(A

n
0 

))}A ,T(R
4

{-exp)2)exp(R-(k(1 lnn

(f)
aR

k

n 


 , 0nn  . 

Obviously, when n  is sufficiently large, this is a contradiction. 

Case 2: 0)(A0  . By using Lemma 2.2, there exists a set ) [1,3 E  with denslog 3E =1 such that for all 

all z  satisfying 3Erz  ,  we have 

)A (r,
4

(z)log 00 TA


 .                                                                                            (3. 7) 

It follows from  the Remark 2 of Lemma 2.3, there exists a sequence }{R n  with 1 nn RR and nR  as 

n such that (3.4) and (3.7)  hold. From (3.1), (3.2), (3.3) and (3.4), we can obtain (3.6). Hence, from (3.6) and 

(3.7), we get 

)}A ,T(R
4

{exp 0n


))}A ,T(R

4
{-exp)2)exp(R-(k(1 lnn

(f)
aR

k

n 


  ( 0nn  ).    (3. 8) 

But (z)0A  is a transcendental meromorphic function, so we have 


r log

)A (r,
lim 0T

r .                                                                                           (3. 9) 

Thus, we can easily obtain a contradiction from (3.8) and (3.9). So we have that every solution 0)(f  of the equation 

(1.2) satisfies (f) . 

(II) The second step, we prove )(A(f) 02   . 

By using Lemma 2.1 that there exist a set )2 [0,4 E  that has linear measure zero and constant 0B , such 

that if 40 -)2,0[ E  , then there is a constant 0)( 022  rr  such that for all z  satisfying 0arg z and 

2rrz  , we have 

2k
(n)

f) (2r,
(z) f

(z)
BT

f
                                                                                (3. 10) 
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holds for .,,2,1 kn   

In the following, we treat two cases. 

Case 1. 
2

1
)(A0 0   , by using Lemma 2.3 for (z)lA  and (z)0A , we have for any given constant 0 , 

there exists a sequence }{R n  with 1 nn RR and nR  as n  , such that for every n , we have (3.4) and 

(3.5)  hold. 

For every 0nn  , there must exist real numbers )E-F)2 ([0, 4n n , }r ,{rmax 213 r , such that for all 

z  satisfying nz arg  and ])r [0,(E 32  rz , we have (3.3), (3.4) and (3.5)  hold. 

Hence, calculating at the points ni

nn eRz


  with ])r [0,(E 32 nR , we get from (3.1), (3.3), (3.4), (3.5) and 

(3.10) that 

}{Rexp
-)(A

n
0 

))}A ,T(R
4

{-exp)2)exp(R-(k(1f) ,(2R lnn

2k

n aBT 


  ( 0nn  ). 

Thus, 

n

n

R log

f) ,(Rloglog
lim

T
n



 )(A0 . 

Therefore, )(A(f) 02   . 

Case 2. 0)(A0  . Obviously, we have )(A(f) 02   . The proof of theorem is completed. 

Proof of Theorem 1.2. It follows from the Remark 3 of Lemma 2.3 and same method of proof of Theorem 1.1, we 

easy to obtain every solution 0)(f  of the equation (1.2)  satisfy )( f  and )(A(f) 02   . Here we omit 

detail of proof. 

Proof of Theorem 1.3. First we prove every solution 0)(f  of the equation (1.2)  is of infinite order. Suppose 

that 0)(f  is a solution of the equation (1.2) with )( f . We shall seek a contradiction.  Let a  be a finite 

deficient value of lA  with deficiency )A (a, l  . By Lemma 2.1, there exists a set ) (1,5 E with 

)(E5lm  such that the inequality (3.2) holds for all z  with ])r [0,(E 05  rz ( 10 r ). From the proof of 

Lemma 2.3, there still exists a sequence }{R n  that satisfy (3.4) and ])r [0,(E 05 nR . Let 
2

0
d

  . Then for 

every integer n , we choose ]) ,[( kk

m

1   knn F   . Thus there exists an integer m}, 2, {1, k  such that for 

every integer n  satisfies ] ,[ kk  nn F  (otherwise we use the subsequence 
jn  instead of n . Thus, from our 

hypothesis,  we have 

}o(1)){(1exp)e(R ni

n0

  nRA                                                      (3. 11) 

and 

}{o(1))Rexp)e(R n

i

n
n


iA , for  li  ( 1-1 ki  ) ,                                               (3. 12) 

hold as n . From (3.1), (3.2)  and (3.12), we get 

)e(R ni

n0


A ))}A ,T(R

4
{-exp}R2)exp{o(1)-(k(1 lnn

(f)
aR

k

n 


 .            (3. 13) 

Obviously, from (3.11) and (3.13), we can lead a contradiction for sufficiently large n . 

In the second step, we prove  (f)2 . 
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By using Lemma 2.1 that there exist a set )2 [0,6 E  that has linear measure zero and constant 0B , such 

that if 60 -)2,0[ E  , then there is a constant 0)( 044  rr  such that for all z  satisfying 0arg z and 

4rrz  , we have 

2k
(n)

f) (2r,
(z) f

(z)
BT

f
                                                                               (3. 14) 

holds for .,,2,1 kn   

From the proof of Lemma 2.3, there still exists a sequence }{R n  that satisfy (3.4) and ]r [0, 4nR . For any given 

2
0

d
  , let ] ,[ kk1 m

kmG   , from (1.3) and (3.4), we have 0)GF(G mn  mes . Thus for every 

integer n , we choose 6- EGn  , such that for all z  satisfying nz arg  and 4rRz n  , we have 

}o(1)){(1exp)e(R ni

n0

  nRA                                                      (3. 15) 

and 

}{o(1))Rexp)e(R n

i

n
n


iA , for  li  ( 1-1 ki  ) .                                               (3. 16) 

Hence, calculating at the points ni

nn eRz


 , we get from (3.1), (3.4), (3.14), (3.15) and (3.16) that 

}o(1)){(1exp


 nR ))}A ,T(R
4

{-exp)R2)exp(o(1)-(k(1f) ,(2R lnn

2k

n aBT 


 .      (3.17) 

Thus, 

                                                                 

n

n

R log

f) ,(Rloglog
lim

T
n



  .                                                           (3. 18) 

Therefore,  (f)2 . The proof of theorem is completed. 

Proof of Theorem 1.4. By using conditions of Theorem 1.4, let 
h(z)

g(z)
(z)0 A  , where (z)g  is an entire function 

and (z)h  is the canonical product of the poles of (z)0A  with (h)(h)   . Then it is clear that (h))
A

1
(

0

  . 

Since O(1)h) T(r,g) T(r,)A (r, 0 T and )(A)( 0 h , for any  ( (h)-)(A20 0   ), there 

exists a sequence }{R n  with nR  as n , such that 
 -)(A

0n
0)A ,(R nRT  and 

 


(h)

n h) ,(R nRT  

hold for sufficiently large n . Hence, we get (g))(A0   . On the other hand, since h) T(r,)A T(r,g) (r, 0 T  

and )(A)( 0 h , we deduce that )(A(g) 0  . Thus (g))(A0   . 

Let ))
A

1
(-(g)(

4

1

0

0   . It follows from remark 4 of Lemma 2.5 that there exist a 

set ) [0,(g)) ,( 077  EE with denslog 7E
0

)(
-1


 g
 , where

2

2

1
(g)

0






  

7E } rM(r)cosm(r) :) [0,{r 2
-(g)

0

0

  , )(loginf)( zgrm
rz 

 , )(logsup)( zgrM
rz 

 . 

Furthermore, there exists a constant 05 r  such that for all 5rr  , we have 
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}{rexp(z) 0(h)  
h . 

Thus for all ]r [0,- 57EEr  , we get 

}{rexp
}{rexp

}{rexp
(z) 0

0

0

-(g)

(h)

2

1
-(g)

0










A .                                                                        (3. 19) 

Let a  be a finite deficient value of (z)lA  with deficiency )A (a, l  . By using Lemma 2.3 and the same 

methods of proof Theorem 1.1, we deduce that every solution 0)(f  of the equation (1.2) is of infinite order and 

)(A(f) 02   . 

Proof of Theorem 1.5. By using conditions of Theorem 1.5, let 
h(z)

g(z)
(z)0 A  , where (z)g  is an entire function 

and (z)h  is the canonical product of the poles of (z)0A  with (h)(h)   , then (h))
A

1
(

0

  . Similarly to the 

case of Theorem 1.4, we deduce that (g))(A0   . Let ))
A

1
(-(g)(

4

1

0

1   . By using Lemma 2.5 to )(zg , 

there exists a set ) [0,(g)) ,( 188  EE with denslog 8E
1

)(
-1


 g
 , where

2

2

1
(g)

1






  

8E } M(r)cosm(r) :) [0,{r 1 , (r)m ,  (r)M  are the same as case Theorem 1.4. Thus, Using the method 

of Theorem 1.4, we can obtain a set E  with denslog E 
1

(g)
-1



, such that for all Erz  , we get 

}{rexp(z) 1-(g)

0


A .                                                                        (3. 20) 

Using the same method of proof of in Theorem 1.1, we deduce that every solution 0)(f  of the equation (1.2)  is of 

infinite order and )(A(f) 02   . The proof of theorem is completed. 
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