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ABSTRACT—In this paper, we investigate the growth of solutions of the linear differential equation
fOLA @Y+ + A@F +A,2)f =0,

where Aj (2) =0,L---, k-1) are meromorphic functions. Assume that there exists | €{1,2,---,k -1} such that

A (z) have a finite deficient value, then we shall give some conditions on other coefficients which can guarantee
that every solution f ( 0) of the equation is of infinite order. More specifically, we estimate the lower bound of
hyper-order of f if every solution f ( 0) of the equation is of infinite order.

Keywords—Deficient value, Complex differential equations, Meromorphic function, Hyper-order, Infinite order

1. INTRODUCTION AND MAIN RESULTS

We shall assume that reader is familiar with the fundamental results and the standard notations of Nevanlinna theory
of meromorphic function (see [10], [14] or [18]). In addition, for a meromorphic function f (z) in the complex plane,

we will use the notation p(f)and 4(f) to denote its order and the lower order respectively; and use the notation

1
A(f) and to /1(?) denote the exponent of convergence of its zero-sequences and pole-sequences respectively.

In order to express the rate of growth of meromorphic function of infinite order, we recall the following definition
(see, [20]).
Definition A.([20]) Let f be a meromorphic function, then we define the hyper-order p, () of f(z),

log™ log™ T (r,f)

po(f)=lime
logr

For the second order linear differential equation
f"+ Af'+Bf =0, 1.1
where A(z) and B(z) are entire functions. Many authors have investigated the growth of solutions of the equation (1.1).
It is well known that if A(z) is entire function and B(Zz) (# 0) is transcendental entire function, and f,, f, are two

linearly independent solutions of the equation (1.1), then at least one of f,, f, must have infinite order. On the other
hand, there are some equations of the form (1.1) that possess a solution f (3 Q) of finite order; for example,
f(z)=e’ satisfies f"+e*f’'-(e* +1)f =0. Thus a natural question is: what conditions on A(z) and B(z)
can guarantee that every solution f ( Q) of the equation (1.1) has infinite order? From the works of Gundersen (see
[6]), Hellerstein, Miles and Rossi (see [9]), we know that if A(z) and B(z) are entire functions with p(A) < p(B);

1
or if A(z) is a polynomial, and B(z) is transcendental; or if p(B) < p(A) < > then every solution f ( 0) of the
equation (1.1) has infinite order. More results can be found in [11] and [16]. Then for a great deal of solutions with
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infinite order, more precise estimates for their rate of growth is a very important aspect. There are many authors
investigated the hyper-order p, (f) of solutions of the equation (1.1) (see, [3] and [12-13]). Ki-Ho Kwon investigated
the problem and obtained the following result in [12].

Theorem B.([12]) Let A(z) and B(z) be entire functions such that p(A) < p(B) or p(B) < p(A) < % Then

every solution f (% 0) of the equation (1.1) satisfies p, () = max{o(A), p(B)}.

It seems that there are few work done on the equation (1.1), where A(Z) and B(z) are meromorphic functions, but
the growth of meromorphic solution of the equation (1.1) is a very important aspect (see [2-3] and [5]). It would be
interesting to get some relations between the equation (1.1) and some deep results in value distribution theory of
meromorphic functions. Thus, we shall introduce the deficient value into the studies of the equation (1.1). It is well-know
that deficient value plays fundamental role in the theory of value distribution of meromorphic function and many
important work done on this aspect (see, e.g. [19]). There are some results on the value distribution theory of the
solutions of the equation (1.1) having connections with deficient values (see [11]). Furthermore, we mention that the
author consider the equation (1.1) and obtain the following result.

Theorem C.([15]) Let A(z) be an meromorphic function having a finite deficient value, and let B(z) be a

1
transcendental meromorphic function with z(B) < > and (o0, B) =1. Then every solution f ( Q) of the equation

(1.1) is of infinite order.

In this paper, we shall consider the higher order linear differential equation
fOLA @Y+ + ARF +A,(2)f=0, 1.2

where Aj (2) =0,1---, k-1) are meromorphic functions. Many authors have investigated the growth of solutions of
the equation (1.2), and obtained lots of results on order and hyper-order of solutions of the equation (1.2) (see [4] and
[17]). Here we shall introduce the deficient value into the studies of the equation (1.2). The main results in the paper are
the following.

Theorem 1.1. Let Aj () =01---, k-1) be meromorphic functions. Suppose that there exists an integer
| €{1,2,---,k -1} such that A have a finite deficient value. Suppose that A, (z) is a transcendental meromorphic

function with z2(A,) <% and 5(o0, Ay) =1, and p(A;) < u(A,) for i 1 (1<i<Kk-1). Then every solution
f (= 0) of the equation (1.2) satisfies p(f) =00 and p, (f) = u(A,)

Using the same method of the proof of Theorem 1.1, we can easily obtain the following results.

Theorem 1.2. Let A;(z) (= 0L---, k-1) be meromorphic functions. Suppose that there exists an integer
I €{1,2,---,k -1} such that A have a finite deficient value. Suppose that A, (Z) is a transcendental meromorphic

function with p(A,) <% and 9(0, Ay) =1, and p(A;) < p(A,) for i =1 (1<i<k-1). Then every solution
f (# 0) of the equation (1.2) satisfies p(f) =0 and p, (f) = p(A,).

Theorem 1.3. Let Aj () G=0L---, k-1) be meromorphic functions. Suppose that there exists an integer
| €{1,2,---,k -1}, such that A have a finite deficient value. Suppose that there exist two constants & > Oand
p>0 , for any given £>0 , two finite set of real numbers {@ } and {6} that satisfy
$h <0, <¢, <0, < <@, <O, <P 1(F.s =4 +27) and

Z(¢k+1"9k)<5: (1.3)
k=1

such that
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A, @) > ep{(1+0(1)7"} (L. 4)

and
A @) < ep{o(L))z"}. for i#1(L<i<k-1) (L.5)

as Zz—oo in g <argz<6, (k=L2,---,m). Then every solution f(#0) of the equation (1.2) satisfies

p(f) =0 and p, () = .

Theorem 1.4. Let Aj () G=0L---, k-1) be meromorphic functions. Suppose that there exists an integer

I €{1,2,---,k -1}, such that A, have a finite deficient value. Suppose that A,(Z) is a transcendental meromorphic
1 1 . i

function with /”L(A—) < p(A,) < > and p(A,) < p(A,) for i =1 (1<i<k-1). Then every solution f (= 0)

0

of the equation (1.2) satisfies p(f) =0 and p, () = p(A,).

Theorem 15. Let A;(z) (= 0L---, k-1) be meromorphic functions. Suppose that there exists an integer

l €{1,2,---,k -1}, such that A, have a finite deficient value. Suppose that A,(Z) is a transcendental meromorphic
1 1 . .

function with /L(A—) < u(A,) < > and p(A,) < u(A,) for i =1 (1<i<k-1). Then every solution f(+0)

0
of the equation (1.2) satisfies p(f) =o0 and p, (f) > u(A,) .

The paper is organized as the following. In Section 2, we shall state and prove some lemmas related with our
theorems. In Section 3, we shall prove Theorem 1.1-1.5.

2. LEMMAS

For the proofs of our theorems, we need the following lemmas.

Lemma 2.1. ([7]) Let ( f,I") denote a pair that consists of a transcendental meromorphic function f and a finite
set ['={(k,, J;),(K;,J,),-, (Kq, Jq ) }of distinct pairs of integers that satisfies k; > j; >0 for i =1,2,---,q. Let

a >1and £ >0 be given real constants. Then the following three statements hold.
(i) There exists aset E; < [0,277) that has linear measure zero, and there exists a constant ¢ > O that depend only

on & and I", such that if y, €[0,27) - E,, then there is a constant R, = R, (,) >0 such that for all z satisfying
argz =y, and |Z| =r>R,,andforall (k, j)e T, we have

f902)|_  T(@
‘f“’(z)|£c( r

) log“rlogT (ar, f))* . @.1)

In particular, if f has finite order p(f), then (2.1) be replaced (2.2)

f®(z)

IR Sl P
f(J)(Z)

| |<k-j)<p( D). (2.2)

(ii) There exists a set E, < (1,00) that has finite logarithmic measure, and there exists a constant C >0 that
depend only on & and I', such that for all Z satisfying |Z| ¢ E, U[0,1] and for all (K, j)e T, the inequality (2.1)
holds.
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In particular, if f has finite order p(f) , then inequality (2.2) holds.

(iii) There exists a set E; < [0,00) that has finite linear measure, and there exists a constant ¢ > O that depend
only on ¢ and I, such that for all Z satisfying |z| =r & E, and forall (k, j)e T’

f (k)(z) 3 K-j
F0(2) <c(T(ar,f)rologT(ar, )™,

(2.3)
In particular, if f has finite order p(f), then (2.3) be replaced (2.4)
f @) _ i
[t (0| <l . (2. 4)

To state the following lemma, we define the upper and lower logarithmic density of E —[1, ) respectively by

logdens E = lim .. mENLL D).
log r

and

log densk =lim, , M
—_— log r

where m, (EM[1,1]) = .[Eﬂ[l Mt

Lemma 2.2. ([8]) Suppose that g(z) is a transcendental and meromorphic in the complex plane, of lower order
1(Q) = u<a<1,anddefine E={r>1:log L(r,g) > y(coszmx + &(c0, Q) -1)T(r,g)} and

L(r,g) = min{lg2)|:[z| =1}, ¥ =

. Then E has upper logarithmic density at least 1 — ﬁ
sin o a

1 1
Remark 1. In Lemma 2.2, if the order of g(Zz) is less than — , then, for every @ € (p(Q), =), there exists a set
2
E c[1,9), such that logdens E > 1-&

(04

, Where

E={r>1:log L(r,q) > y(cosza +&6(0,q) -1)T(r,g)}. ¥ = S_ﬂ, L(r,g) = min{g(z)| :[z| =}

1
Lemma 2.3. ([15]) Let g(z) be a transcendental meromorphic function with 0 < z£(g) <= and d(e0, @) =1, and

let A(z) be a meromorphic function with p(A)<oo. If A(z) has a finite deficient value @ with deficiency

0 =05(a, A), then for any given constant & > 0, there exists a sequence {R,} with R, <R ,;and R, — o as
N — oo, such that the following two inequalities

9(R,")|>ep{R,"“"}, pe[0,27),

and

mes(F, ) = mes{0 [0, 27) : log|A(R &'") - 4| < -%T(Rn ,A)}>d>0

hold for all sufficiently large N where d is a constant depending only on p(A), (g) and &
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Remark 2. If g is a transcendental meromorphic function with £(g) =0 and &(o0, g) =1, according to Lemma 2.2,

we only need to give an appropriate modification for method of proof of Lemma 2.3 and Lemma 2.3 still holds.

1
Remark 3. If g is a transcendental meromorphic function with p(g) < 5 and &(o0, g) =1, according to Remark 1,
we only need to give an appropriate modification for method of proof of Lemma 2.3 and Lemma 2.3 still holds.

Lemma 2.4. ([5]) Suppose that W(z) is a meromorphic function with p(W) = p < oo. Then for any given £ >0,

thereisaset E, < (1, 00) that has finite linear measure and finite logrithmic measure, such that

w(z) < exp{r~*}
holds for |Z| =re¢[0]JUE,, r— x.
Lemma 2.5. ([1]) Let g(z) be an entire function with O < £(g) <1. Then, for every o € (1(g), 1), there exists a

o

m(r) =inf ,_ log|g(z)|, M(r) =sup,,_, log|g(z).

set E. —[0,00) such that logdens E, > where E, ={r [0, ) :m(r) > M(r)cosz } ,

1
Remark 4. In Lemma 2.5, if the order of g(z) is less than > then, for every & € (0(Q), 1), there exists a set

E < [0, o) suchthat logdens E; 21-@ where E; ={r €[0, o) :m(r) > M(r)cosza }.
(24

3. PROOF OF THEOREMS

In this section, we prove theorems.

Proof of Theorem 1.1. (1). First we prove every solution f (s 0) of the equation (1.2) is of infinite order. Suppose
that f(+ 0) is a solution of the equation (1.2) with p(f) <oo. We shall seek a contradiction. Let @ be a finite
deficient value of A, with deficiency & = &(a, A,) . From equation (1.2), we have the following inequality

z f & (z f'(z
NOE ‘ o |Ak()|‘ L ae e @
By Lemma 2.1, there exists a set E; < [1, o) with m, (E;) < oo such that the following inequality
()
ws|z|k”“’, n=12--Kk, (3.2)
f(2)

holds for all z with 2| =r ¢ E; U[0,r,],1, >1.

Since p(A;) < u(A,) (1 #11<i<k-1), from Lemma 2.4, then we have for any given constant ¢ with
P(A,) <a < u(A,), there exista set E, < (1,0) that has finite linear measure and finite logrithmic measure and
aconstant r, > 0, such that for all z with |Z| =r ¢ ([0JUE, U[0,r,]), we have

A (2) < exp{r*}. (3.9)

In the following, we treat two cases.
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, there exists

A -
Case 1. 0 < u(A,) < % By using Lemma 2.3to A (z) and A, (z), for any given & < #( ;) a

asequence {R,} with R, <R, ,;and R, — 00 as N — oo , such that for every n, we have

mes(F,) = mes{p [0, 27) :log/A, (R ) -a| < -%T(Rn JA)}>d>0, (3.4)
and
A R,e7)| > ep{R, "}, pe[027), (3.5)
where d is a constant depending only on p(A,), ©(A,) and 5.

For every N = n,, we choose 8, € F, . From (3.1), (3.2), (3.3) and (3.4), we get

A (R,e")

<R (1+|A,(R,e")

+...+‘A1(Rneign)-a‘+|a|+---+‘A1(Rnei9")

)
<R (1+exp(R,”)+ ---+exp{-%T(Rn A A+ +exp (R,Y)). (3.6)
By using (3.5) and (3.6), we have
exp{R,“““}1 <R ¥ 1+ (k-2)ep(R,*) +--~+exp{-%T(Rn AN+, n=n,.
Obviously, when n is sufficiently large, this is a contradiction.

Case 2: 1(A,) =0. By using Lemma 2.2, there exists a set E, < [1, ) with logdens E;=1 such that for all
all Z satisfying |Z| =r e E;, wehave
T
log|A, @) > 5 T( Ay). 3.7
It follows from the Remark 2 of Lemma 2.3, there exists a sequence {R } with R, <R ,;and R, — o0 as
N — oosuch that (3.4) and (3.7) hold. From (3.1), (3.2), (3.3) and (3.4), we can obtain (3.6). Hence, from (3.6) and
(3.7), we get
T k a o
exp{ZT(Rn,Ao)}< R,“? (1+(k-2e0(R, )+-'~+e><p{-ZT(Rn,A|)}+|a|) (n2ny). (3.8)
But A, (2) is a transcendental meromorphic function, so we have

T(rA,)
logr

hﬂr%w

+00. 3.9

Thus, we can easily obtain a contradiction from (3.8) and (3.9). So we have that every solution f (# 0) of the equation
(1.2) satisfies p(f) =o0.

(1) The second step, we prove p, (f) > u(A,) .

By using Lemma 2.1 that there exist a set E, < [0, 277) that has linear measure zero and constant B > 0, such
that if y, €[0,27) - E,, then there is a constant I, =T, (,) > 0 such that for all Z satisfying arg z = y/,and
|Z| =Tr 2Tr,, wehave

f0(2)

< BT (2r, f)* .
@ (2r, ) (3. 10)
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holds for n=12,---,k.
In the following, we treat two cases.
1
Case 1. 0 < u(A,) < 5 by using Lemma 2.3 for A (z) and A,(z), we have for any given constant &£ >0,

there exists a sequence {R,} with R, <R, and R, — o0 as N — oo , such that for every n, we have (3.4) and
(3.5) hold.

For every N > Ny, there must exist real numbers 6, € ([0, 27) NF, -E,), r, > max{r,, r,}, such that for all
z satisfying argz =6, and |z| =r & (E, U[0, ;] we have (3.3), (3.4) and (3.5) hold.

Hence, calculating at the points z, = R e'* with R ¢ (E, U[0, r,]), we get from (3.1), (3.3), (3.4), (3.5) and
(3.10) that

ep{R, """} < BT(ZRn,f)2k(1+(k-2)exp(Rn“)+~~+exp{-§T(Rn,A.)}+lal) (n>ng).

Thus,

log"log" T(R,,f)
logR,

lim

nN—oo

> 1(Ay).

Therefore, p,(f) = u(A,) .

Case 2. 11(A,) = 0. Obviously, we have p, (f) > £(A,) . The proof of theorem is completed.

Proof of Theorem 1.2. It follows from the Remark 3 of Lemma 2.3 and same method of proof of Theorem 1.1, we
easy to obtain every solution f(# Q) of the equation (1.2) satisfy p(f)=c0 and p,(f) > p(A,). Here we omit
detail of proof.

Proof of Theorem 1.3. First we prove every solution f ( Q) of the equation (1.2) is of infinite order. Suppose
that f(+ 0) is a solution of the equation (1.2) with p(f) <oo. We shall seek a contradiction. Let @ be a finite
deficient value of A, with deficiency & =0(a, A|) . By Lemma 2.1, there exists a set E; — (1,0) with

m, (E5) < oo such that the inequality (3.2) holds for all z with |Z| =r ¢ (E;U[O,r,]) (r, >1). From the proof of

d
Lemma 2.3, there still exists a sequence {R,} that satisfy (3.4) and R, & (E; U[0,r;]). Let 0 < & < > Then for

m

every integer N, we choose @, € F, N (UL [4., 6.]) . Thus there exists an integer K € {1, 2, ---,m} such that for
every integer N satisfies @, € F, N[, 6] (otherwise we use the subsequence P, instead of ¢, . Thus, from our

hypothesis, we have

A (R, &) > exp{(1+0(1))aR,”} (3.11)
and
A R,e)| <ep{oL)R,”} for i=l(1<i<k-1), (3.12)
hold as N — oco. From (3.1), (3.2) and (3.12), we get
\AO(Rne“/’n) <R 01+ (k-2)exp{o(1)Rnﬁ}+---+exp{-%T(Rn A} +a). (3.13)

Obviously, from (3.11) and (3.13), we can lead a contradiction for sufficiently largen .

In the second step, we prove p,(f)> f.
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By using Lemma 2.1 that there exist a set E, < [0, 277) that has linear measure zero and constant B > 0, such
that if y, €[0,27) - E;, then there is a constant I, =1, (y,) >0 such that for all z satisfying arg z = y/,and

|Z| =r =r,, wehave

f0(2)

< BT (2r,f)* 3.
@ @r, 1) (3.14)

holds for n =1,2,---, K.

From the proof of Lemma 2.3, there still exists a sequence {R } that satisfy (3.4) and R, ¢[0, r,]. For any given
d
O<e< 5 let G,, =U\,[d, 6,1, from (1.3) and (3.4), we have mes(G=F, (1G,,)>0. Thus for every
integer N, we choose @, € G - E,, such that for all z satisfying argz = ¢, and |Z| =R, >r,, wehave

A (R, &) > exp{(1+0(1))aR,”} (3.15)

and
A R,e)| <ep{oL)R,”} for i=l(1<i<k-1). (3. 16)

Hence, calculating at the points z, = Rnei"’“ , we get from (3.1), (3.4), (3.14), (3.15) and (3.16) that

exp{(1+o(1)aR "} < BT (2R, H)*(1+ (k- 2)ep(o(1)R,”) +---+exp{-%T(Rn JANY+a). @1
Thus,

lim log”log" T(R,, ) S
logR,

B. (3. 18)
Therefore, p, (f) > £ . The proof of theorem is completed.

. . _9(2) . . .
Proof of Theorem 1.4. By using conditions of Theorem 1.4, let A,(z) =-—— , where g(z) is an entire function

h(z)
and h(z) is the canonical product of the poles of A,(z) with A(h) = p(h). Then it is clear that /’L(Ai) = p(h).
0

Since T(r,A,) <T(r,g) + T(r,h)+0O(1) and p(h) < p(A,), for any & ( 0<2¢ < p(A,) - p(h) ), there
exists a sequence {R ,} with R —> o0 as N — o0, such that T(R,, A,) > R *®“and T(R,, h) < R """

hold for sufficiently large n. Hence, we get p(A,) < o(0) . On the other hand, since T(r, @) < T(r,A,)+T(r,h)
and p(h) < p(A,), we deduce that p(g) < p(A,). Thus p(A,) = p(0) .

1 1
Let gozz(p(g)-ﬂ,(A—)) . It follows from remark 4 of Lemma 25 that there exist a
0

P+ -
21__/0(9) where  a, = 2

set E, =E,(&,p(Q) c[0,0) with logdens E, . 5
0

E, ={r [0, ) :m(r) > M(r)cosma, > rp(g)%} . m(r)=inf,_, log|g(z)| . M(r) =sup,,,, log|g(2)| .

Furthermore, there exists a constant Iy > O such that for all I > I, we have
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Ih(z)| < exp{r" ™},
Thus forall r € E =E, -[0,r;], we get
1
@-5%
eofr” 2"}
eXp{I’p(h)H“}

Let & be a finite deficient value of A (z) with deficiency & = &(a, A,) . By using Lemma 2.3 and the same

A (2) = > exp{r @}, (3.19)

methods of proof Theorem 1.1, we deduce that every solution f (3 0) of the equation (1.2) is of infinite order and

P2 () = p(A,) .

)= 9(2)
h()

and h(z) is the canonical product of the poles of A, (z) with A(h) = p(h), then ﬂ(Ai) = A(h) . Similarly to the
0

Proof of Theorem 1.5. By using conditions of Theorem 1.5, let A, (z , where g(z) is an entire function

case of Theorem 1.4, we deduce that £(A,) = u(Q) . Let & = %(,u(g) - A(Ai)) By using Lemma 2.5 to g(z),
0

1
- 2(9) u(9) + 2
there exists a set Eg; =Egz(g;, 1(9)) <[0,0) with logdens E; >1-—=—= , where o, ==
a,
E; ={r €[0, ) :m(r) > M(r)cosme, }, m(r), M(r) are the same as case Theorem 1.4. Thus, Using the method
of Theorem 1.4, we can obtain a set E with logdens E > 1-& , such that for all |Z| =r ek, weget
o

Ay (2) = exp{r"@ =}, (3. 20)

Using the same method of proof of in Theorem 1.1, we deduce that every solution f (s O) of the equation (1.2) is of

infinite order and p, (f) > 1£(A,) . The proof of theorem is completed.
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