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ABSTRACT. In this paper, we have constructed an intuitionistic fuzzy
G-module with level cardinality (n + 1) on the Galois field GF(p"), and
then proved that infinite many such intuitionistic fuzzy G-modules can
be constructed on it. We have also proved that each such intuitionistic
fuzzy G-module, admits a sequence of k intuitionistic fuzzy G-submodules,
where k is the number of divisors of n. Further, we have also discussed
intuitionistic fuzzy noetherian G-module on GF(p").
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1. INTRODUCTION

It is well-known result that there exists finite field of order ¢ if and only if ¢ is
of the form p™, where p is a prime number and n is a positive integer. Such a field
is called Galois field and is denoted by GF(p™). The notion of intuitionistic fuzzy
G-modules and their properties are discussed by the author et.al. in [4, 5, 6, 7, 8]. In
this paper, we construct an intuitionistic fuzzy G-module of level cardinality (n+1).
We also prove that there is a sequence of k intuitionistic fuzzy G-submodules where
k is the number of divisors of n. Further, we have also discussed intuitionistic fuzzy
noetherian G-module on GF(p").

2. PRELIMINARIES

In this section, we first discuss some important results and properties of Galois
field GF(p™), G-modules, intuitionistic fuzzy set theory and intuitionistic fuzzy G-
modules, which are respectively taken from [9], [3], [1, 2], [4, 5, €].

Definition 2.1. ([9]) A field K with p™ elements is called a Galois field and is
denoted by GF(p"), where p being a positive prime number.

Theorem 2.2. ([9]) Let p be a prime number and n be a positive integer. Then
there exists a field with p™ elements.

Theorem 2.3. ([9]) The multiplicative group of Galois field is cyclic.

Theorem 2.4. ([0]) Let K be a subfield of the Galois field GF(p™). Then there
erists an integer m such that K' contains p™ elements and m divides n.
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Remark 2.5. ([9]) Any finite field having p™ elements (p is prime) has a subfield
isomorphic to Z,.

Definition 2.6. ([3]) Let G be a group and M be a vector space over a field K.
Then M is called a G-module if for every g € G and m € M, 3 a product (called
the action of G on M), gm € M satisfies the following axioms
(i): 1lg.m=m,V m € M ( 1g being the identity of G)
(i): (g-h)-m=g-(h-m),VmeMgheG
(iii) g.(k;lml + kgmg) = k‘l(g.ml) + k‘g(g.mg), V ki, ke € K;mq,mg € M and
geqG

Example 2.7. For any prime p, we have M = (Z,, Xp,+p), is a field. Let G =
M — {0}. Then under the field operations of M, it is a G-module.

Example 2.8. For the prime 2, let M be the field having 2* = 16 elements i.e.,
M = { zeros of the polynomial 216 —z over Zy}. Let M* = {zeros of the polynomial
2% — z over Zy}. Then M* is the field having 22 = 4 elements. Hence by theorem
(2.4) M* is a subfield of M. Let G* = M* — {0}. Then M is G*-module. Also, M

has a subfield K isomorphic to Z. If G** = K — {0}, then M is also a G**— module.

Example 2.9. ([1],[5]) Let G = {1,—1,i,—i} and M = C"(n > 1). Then M is a
vector space over C, and under the usual addition and multiplication of the elements
of M, we can show that M is a G-module.

Example 2.10. Consider the Galois field M = GF(p™). Then M is a vector space
over K = GF(p) = Z,, the field of integers modulo p. Let G = K* the multiplicative
group of M. Then we can show that M is a G-module.

Let the divisors of n be 1 = dy, do, ...... ,dp =nsuchthat 1l =dy <ds < .... < dj = n.
Let G = Z, — {0}. Then we can show that M has "k” G-submodules M; = GF(p%)
fori=1,2,...... k.

Definition 2.11. ([3],[9]) Let M be a G-module. The G-submodules of M are said
to satisfy the ascending chain condition (A.C.C) if any chain of G-submodules of
M, M; C My C.......... terminates. This means that there exists a positive integer k
such that My = M, for k > n. If G-submodules of M satisfy the A.C.C. then M is
said to be a Noetherian module.

Example 2.12. Every finite dimensional vector space V over a field K is Noetherian
module. In particular, M = GF(p") as G-module over GF(p) is a Noetherian
module, where G = K™ is the multiplicative group of M.

Definition 2.13. ([1],[2]) Let X be a non-empty set. An intuitionistic fuzzy set
(IFS) A of X is an object of the form A = {< z,pua(x),va(x) >: & € X}, where
pa: X —[0,1] and v4 : X — [0,1] define the degree of membership and degree
of non-membership of the element x € X respectively and for any € X, we have
pa(x) +va(r) < 1.

Remark 2.14.
(i) When pa(z) +va(z) = 1, ie., va(z) =1 — pa(z), Vo € X. Then A is called a
fuzzy set.
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(ii) For convenience, we write the IFS A = {< z,pa(z),va(z) > = € X} by
A= (pa,va).

Definition 2.15. Let G be a group and M be a G-module over K, which is a
subfield of C. Then a intuitionistic fuzzy G-module on M is an intuitionistic fuzzy
set A= (ua,va) of M such that following conditions are satisfied

(i) palax +by) > pa(x) A pa(y) and va(az + by) < va(z) Vwvaly), Ya,b € K and
z,y € M and

(ii) pa(gm) > pa(m) and va(gm) <wva(m), Vg € G; m € M.

Example 2.16. ([4]) Let G = {1,—1}, M = R" over R. Then M is a G-module.
Define the intuitionistic fuzzy set A = (ua,v4) on M by

(2) 1, ifx=0 (2) 0, ifx=0

xr) = 5 vaAl\T) = .

pa 0.5, ifz£0 A 0.25, ifz#0

where © = (z1, %2, .....,Z,) € R". Then A is an intuitionistic fuzzy G-module on M.

Theorem 2.17. ([6]) Consider a mazimal chain of submodules of G-module M over
the field K

My C My C My C ........ cM,=M,

where C denotes proper inclusion. Then there exists an intuitionistic fuzzy G-module
A of M given by

o)) Zfl‘ € My 50 Zf(E € My
(%1 Zfl‘ € Ml\MO 51 lfl‘ S Ml\MO
pa(z) = as if x € Mo\ M, iva(x) =< Ba if © € Mo\ M,
o if x € Mu\M,_4 B if v € Mp\M,—1.
where ag > a1 > g > ... > a, and By < B < B2 < By, Bi € 10,1] such that

@i+ Bi<1,Vi=0,1,....n.

Remark 2.18. ([6]) The converse of above theorem (3.5) is also true i.e., any
intuitionistic fuzzy G-module A of a G-module M can be expressed in the above
form.

Definition 2.19. ([0]) Let A be an intuitionistic fuzzy set of a G-module M. Put

AA) = {(ao, Bo), (a1, B1), (a2, B2), ... , (an, Br)}, where «y, 8; € [0,1] such that
a; + B < 1,Vi=0,1,....,n then we call the chain («g, 8y) > (a1,61) > (a2, P2) >
....... > (e, Bn) a double keychain if and only if ag > @1 > ag > ....... > «a,, and
Bo < B1 < Ba < B, and the pair («y, ;) are called double pinned flags for the
intuitionistic fuzzy set A. The number | A (A)] = n+1 is called the level cardinality

of the intuitionistic fuzzy set A.

Example 2.20. ([6]) Consider the G-module M = R(i) = C over the field R and
let G = {1, —1} be the group. Define an intuitionistic fuzzy set A = (ua,v4) on M
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defined by
1, ifz=0 0, ifz=0
pa(z) =405 ifze R—{0} ; wva(z)=<025 ifze R—{0}
0.25, ifz€ R(i) - R 0.5, ifz€ R@)— R

Then A is an intuitionistic fuzzy G-module on M of level cardinality | A (4)| = 3.

3. INTuIrTIONISTIC FUZZY GALOIS MODULE

In this section, we construct an intuitionistic fuzzy G-module A on Galois field
GF(p"™) and also show that infinite many such intuitionistic fuzzy G-modules can
be constructed. We have also discussed intuitionistic fuzzy noetherian G-module on

GF(p").

Proposition 3.1. Any n-dimensional G-module M over K has an intuitionistic
fuzzy G-module A of level cardinality | A (A)] =n + 1.

Proof. Let {my, ma,........ ,Mn} be the basis of G-module M. Let M, be the G-
submodule of M span by {m1,ma, ......,m; }. Take My = {0}. Then we get a maximal
chain of G-submodules of M as My C M; C My C ....... C M, = M. Let A(A) =
{(1,0),(1/2,1/n+1),(1/3,1/n), cccuv..... ,(1/n+1,1/2)} be the set of double pinned
flags for the intuitionistic fuzzy set A = (ua,va) defined by
1, imeMoZ{O} 0, imeMQZ{O}
1/2, ifmeMl\Mo 1/n—|—1, ifmGMl\Mo
1/3, if m € Ma\M 1/n, if m € My\M
pa(m) = / it m 2\ M L ua(m) = /n if m 2\ M
1/7’L7 if me Mn—l\M _92 1/3, if me Mn—l\Mn—2
1n+1, ifme M\M,_, 1/2, if m € M,\M,_.
ie., if m=cimy +como + ..... + cpmy,, then
1, if ¢; = OVi
1/2, ifcy #0,c0=c3=0,¢, =0
1/3, if ¢ 0,c3 =c4 =0,¢, =0
walcamy + cama + ... +cpmy) = / 27 0,¢3 4 and
1/n, if ¢po1 #0,¢, =0
1/n+1, ifec,#0
0, if ¢; = OVi
1/n+1, ifcg #0,ca=¢3=0,¢,=0
1 if co #£0,c3=c4=0,¢, =0
VA(Clml + oMy + .. +Cnmn) _ /Tl, 1 ¢ 7é , C3 Cq , C
1/3, if cno1 0,00 =0
1/2, if ¢, # 0.

Then, A is an intuitionistic fuzzy G-module of level cardinality |A (A)| =n+1. O
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Theorem 3.2. For every prime number p and every positive integer n, there exists
an intuitionistic fuzzy G-module A on GF(p") of level cardinality | A (A)] =n + 1

Proof. Tt follows from Proposition (3.1) by taking K = GF(p™). O

Proposition 3.3. For any intuitionistic fuzzy G-module A on a G - module M
and for each r € (0,1], the IFS A, = (ua,va) defined by pa.(x) = rua(z) and
va.(x) =1 —r)va(x), YV & € M. is also an intuitionistic fuzzy G-module on M.

Proof. Let a,b € K,z,y € M be any elements, then

pa,(ax +by) = rpalax +by) > r(pa(@) A pay)) = rpa(@) Arpaly) = pa, (z) A
ta,(y) and

v, (az + by) = (1= r)valaz +by) < (1 - 1) (val@) V valy) = (0 - rwala) v (1 -
rva(y) = va, (@) Vva,(y)

Let g € G and « € M be any elements, we have

pa, (gz) = rpa(ge) > rpa(r) = pa, (z) and

va,(9z) = (1 —rjvalge) < (1 —rjva(z) = pa, (@)

Hence A, is an intuitionistic fuzzy G-module on M. d

Remark 3.4. Tt is easy to check that if in the proposition (3.4), we have r, s € (0, 1]
such that r < s then A, C A,.

Theorem 3.5. For every prime number p and every positive integer n, there exists
infinite many intuitionistic fuzzy Galois G-module A.,r € (0,1] of level cardinality
‘ A (Ar)| =n+1

Proof. Follows from Theorem (3.2) and Proposition (3.4). O

Theorem 3.6. For every prime number p and every positive integer n, any in-
tuitionistic fuzzy G-module A on GF(p™) has a sequence of intuitionistic fuzzy G-
submodules Aj;,j =1,2,...... k, where k is the number of divisors of n.

Proof. Consider the Galois field M = GF(p"). Then M is a vector space over
K = GF(p) = Z,, the field of integers modulo p and dimg M = n. Without loss of
generality, we assume that A is an intuitionistic fuzzy G-module in Theorem (3.1).
Let the divisors of n be 1 = dy,ds, ..... ,di = n such that d; < ds < ..... < dg. Then
from theorem (2.13) M has k G-submodules M; = GF(p%) for j = 1,2,.....,k such
that Z, = M; C My C ... C Mj. Clearly, M; is a subspace of M of dimension

dj. Let {a1, g, .....,aq, } be a basis of M;. Then we can extend this to form a basis
{a1, a2, .....;aq;, ..., } for M. Define an intuitionistic fuzzy set A; on M; by
1, if ¢; = 0Vi
1/27 if617é0,02163:(),€dj:0
1/3, ifeg £0,c3=c4=0,cq. =0
pa;(cran +crag + ... + ca;oq;) = / 27 0,¢3 4 d and
1/dj, ifcdj_l#o,cdj =0
l/dj+1, ifcdj;é()
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0, if ¢; = OVi
1/dj+]., if01#0,02203:070dj:0
1/d;, if ¢ 0,c3 =c4 =0,¢cq. =0
va;(cron +crag + ... + ca;0q;) = /d; 27 0,¢3 4 di
1/3, ifcdj_l;éO,cdj =0
1/2, if cq; # 0.
Then for each j, A; is an intuitionistic fuzzy G-module of M of level cardinality
IA(A4)] =d; +1.
Note that A1 C Ay C ... C Ay be a sequence of k intuitionistic fuzzy G-submodules
of M, where k is the number of divisors of n. O

Theorem 3.7. FEvery intuitionistic fuzzy Galois G-module has an ascending chain
of intuitionistic fuzzy G-submodules, which terminates.

Proof. By theorem (3.2), for every prime number p and every positive integer n, there
exists an intuitionistic fuzzy G-module A on GF(p™) of level cardinality | A (A)] =
n + 1. Also, by theorem (3.7) any intuitionistic fuzzy G-module A on GF(p™) has
a sequence of intuitionistic fuzzy G-submodules A;,j = 1,2,.....,k, where k is the
number of divisors of n.

Let t; =1/(d; + 1) forj = 1,2,.....,k. Then for each j, we have an IFS B; on M;
defined by

g (x) = pa;(x), ifxe M; - g (@) = va,(z), ifze M;
’ t5, ifeeM-M "~ 1—t;, ifeeM-M,

Clearly, each B; is an intuitionistic fuzzy G-module on M. Let C; = Bj|p;,, for
=12 . ,k. Then each C; is an intuitionistic fuzzy G-module on M; such
that C1 C Cy C ... terminate at k. O

Corollary 3.8. For an intuitionistic fuzzy Galois G-module there exists infinite
many chains of intuitionistic fuzzy G-submodules terminates at k.

Proof. Follows from Theorem (3.6) and Theorem (3.8) O

4. CONCLUSIONS

In this paper, we have constructed an intuitionistic fuzzy G-module of level car-
dinality (n+41) on the Galois field GF'(p™), and then proved that infinite many such
intuitionistic fuzzy G-modules can be constructed on it. We have also proved that
each such an intuitionistic fuzzy G-module, admits a sequence of k intuitionistic
fuzzy G-submodules A;, where k is the number of divisors of n. We have also proved
that any ascending chain of intuitionistic fuzzy Galois modules terminates at some fi-
nite stage and that there are infinitely many such terminating chains of intuitionistic
fuzzy G-modules.
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