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ABSTRACT. In this paper, we introduce the notion of direct sum of
intuitionistic fuzzy submodules of G-module M and discuss some related
properties. If B and C are intuitionistic fuzzy submodules of G-module M
and G-module N respectively, then we extend the definition of intuitionistic
fuzzy submodules B and C to formulate intuitionistic fuzzy submodules of
the direct sum M & N. It is proved that the support of the direct sum
of intuitionistic fuzzy submodules B and C' is equal to the direct sum
of supports of intuitionistic fuzzy submodules B and C. Also we analyze
the direct sum of arbitrary family of intuitionistic fuzzy submodules and
obtained some results. We also introduce the notion of decomposability and
indecomposility of intuitionistic fuzzy G-modules and prove some results.
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1. INTRODUCTION

The notion of a fuzzy set in a set was introduced by Zadeh [23], and since then this
concept has been applied to many mathematical branches. Rosenfeld [11] applied
the notion of fuzzy sets to algebra and introduced the notion of fuzzy subgroups.
The literature of various fuzzy algebraic concepts has been growing very rapidly. In
particular, Negoita and Ralescu [10] introduced and examined the notion of fuzzy
submodule of a module. Since then different types of fuzzy submodules were inves-
tigated in the last two decades. Shery Fernadez introduced and studied the notion
of fuzzy G-modules in [3].

One of the interesting generalizations of the theory of fuzzy sets is the theory of
intuitionistic fuzzy sets introduced by Atanassov [1, 2, 3]. Biswas [5] was the first
one to introduce the notion of intuitionistic fuzzy subgroup of a group. Using the
Atanassov’s idea, Davvaz et al. [7] established the intuitionistic fuzzification of the
concept of submodule in a module and introduced the notion of intuitionistic fuzzy
submodule of a module which was further studied by many authors (for example see
[4, 9, 12, 13, 14]). The notion of intuitionistic fuzzy G-modules was introduced by
the author et al. in [15]. Many properties like representation, reducibility, complete
reducibility, semi-simplicity, fundamental theorems of isomorphisms, injectivity and
projectivity of intuitionistic fuzzy G-modules have been discussed in [16, 17, 18,
]. Here in this paper, we developed the intuitionistic fuzzification of one
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of the most useful concept, direct sum of submodules of a module. Some related
results like decomposability and indecomposibility of intuitionistic fuzzy G-modules
has also been discussed.

2. PRELIMINARIES

For the sake of convenience we set our the former concepts which will be used
in this paper are mainly taken from [2], [4], [5], [0], [L5], [17] and [19]. Throughout
the paper, M will always be a G-module over the field K (a subfield of the field of
complex numbers).

Definition 2.1. ([2]) Let X be a non-empty set. An intuitionistic fuzzy set (IFS)
A of X is an object of the form A = {< z,pa(z),va(x) > v € X}, where pg :
X — [0,1] and v4 : X — [0,1] define the degree of membership and degree of
non-membership of the element x € X respectively and for any = € X, we have
0<palx)+va(zr) <1

Remark 2.2.

(i) when pa(z)+va(z) =1, ie., va(z) =1—pa(x) Vo € X, then A is called a fuzzy
set.

(ii) For convenience, we write the IFS A = {< x,ua(z),va(z) > =z € X} by
A= (pa,va).

Definition 2.3. ([2]) Let A = (ua,va) and B = (up,vp) be any two IFSs of X,
then

(i) AC Bif and only if pa(x) < pp(z) and va(z) > vp(z) ¥V z € X;

(i) A= B if and only if pa(z) = pp(x) and va(z) = vp(x) V x € X;

(iii) A = (pae,vac), where pac(x) = va(x) and vae(x) = pa(z) V z € X;

(iv) AN B = (tanB,vanB), where panp(x) = pa(r) A pp(x) and vanp(r) =
pa(@) V pp(@);

(v)(A)UB = (nauB, VauB), where paup(z) = pa(x)Vupp(x) and vaup(z) = va(z) A
vp(x).

Definition 2.4. [15] Let (X, +) be a groupoid and A, B be two IFSs of X. Then the
intuitionistic fuzzy sum of A and B are denoted by A+ B = (pa+p,va+p) and is
defined as patp () = Vamyo{pna(y) A s (2)}ivar (@) = Vooyt{valy) Vs(2)
VoelX.

Definition 2.5. ([15]) Let A = (pa,v4) be an IFS of a universe set X, then support
of A in X is denoted by A* and is defined as
A*={z € X : pa(z) >0 and va(z) < 1}.

Definition 2.6. ([6]) Let G be a group and M be a vector space over a field K.
Then M is called a G-module if for every g € G and m € M, 3 a product (called
the action of G on M), gm € M satisfies the following axioms
(i): 1lg.m=m,V m € M ( 1 being the identity of G)
(ii): (g-h)-m=g-(h-m),Yme M,gheqG
(iil): g.(k1m1 + kgmg) = kl(g.ml) + kg(g.’ﬂlg), \ kl, ko € K;ml, mo € M and
g € G.
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Since G acts on M on the left hand side, M may be called a left G-module. In a
similar way, we can define a right G-module. But here we shall consider only left
G-modules. A parallel study is possible using right G-modules also.

Definition 2.7. ([6]) Let M be a G-module. A vector subspace N of M is a G-
submodule if N is also a G-module under the same action of G.

Definition 2.8. ([6]) Let M and M* be G-modules. A mapping f: M — M*is a
G-module homomorphism if

(i) f(kimi + kama) = k1 f(my1) + ko f (m2)

(i) f(gm) = gf(m),Vk1, ko € K;m,my1, mg €M and g €G.

Definition 2.9. ([15]) Let G be a group and M be a G-module over K, which is a
subfield of C. Then an intuitionistic fuzzy G-module on M is an intuitionistic fuzzy
set A= (ua,va) of M such that following conditions are satisfied

(i) palax +by) > pa(x) A pa(y) and va(az + by) < va(x) Vvaly), Ya,b € K and
z,y € M and

(i) pa(gm) = pa(m) and pa(gm) < pa(m), v g € Gym € M.

Example 2.10. ([15]) Let G = {1, -1}, M = R" is a vector space over R. Then M
is a G-module. Define the intuitionistic fuzzy set A = (ua,v4) on M by

o (b =0 foite=o
A =05, ite20’ " T Y025, ifx 0.

where z = (z1, 2, ...., ) € R". Then A is an intuitionistic fuzzy G-module on M.

Proposition 2.11. Let M be a G-module and N(# {0}, M) be a G-submodule of
M. Then the characteristic intuitionistic fuzzy set xn on N is defined by

@) = (1,0), ifzeN
AN = (0,1), otherwise.

is an intuitionistic fuzzy G-module of M.
Remark 2.12. Clearly, (xn)* = N.

Theorem 2.13. ([15]) Let M be a G-module over the field K and A be an intu-
itionistic fuzzy G-module of M, then A* is a G-submodule of M. But converse is not
true.

Theorem 2.14. ([17]) Consider a mazimal chain of submodules of G-module M
My C My C My C ........ cM,=M,

where C denotes proper inclusion. Then there exists an intuitionistic fuzzy G-module
A of M given by
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(o)) Zf],‘ € My ﬁo Zf.T € M,
(651 Zfﬂ? S Ml\MO [‘31 foE S Ml\MO
pa(r) = ¢ as if v € Mo\ M, sva(z) = q P2 if x € M\ M,
Qn if x € Mp\M,—1 B if x € Mp\M,—1
where 1 = ag > a1 > ag > ... > a, and 0 = By < B1 < B < ... < Bn ;

ai, Bi € [0,1] such that a; + 5; <1,V i=0,1,2,...,n.

The converse of above theorem is also true i.e., any intuitionistic fuzzy G-module
A of G-module M can be expressed in the above form.

Definition 2.15. ([19]) Let A € GM (where GM denotes the intuitionistic fuzzy
power set of G-module M). Then A is called an intuitionistic fuzzy submodule
(IFSM) of G-module M, if it satisfies the following:

(i) #a(0) =1 and v4(0) = 0;

(ii) pa(gm) > pa(m) and va(gm) <va(m),V g € G,m € M;

(iil) pa(mi +ma) > pa(mi) A pa(mz) and va(my + mz) < va(mi) V va(mi),
le, mo € M.

We denote the set of all intuitionistic fuzzy submodules of G-module M by G(M).

Definition 2.16. ([4],[14]) We define two IFSs  and Q(M) of G-module M by
@ 1, ifz=0 @ 0, ifz=0
x) = i va(z) =
ol 0, ifz£0 ' ° 1, ifz#0

and po(ary(r) = 1, por)(z) =0, Yo € M.

Then it can be easily verified that both Q and Q(M) € G(M). These are called
trivial IFSMs of G-module M. Any IFSM of G-module M other than these is called
proper IFSM of M.

Lemma 2.17. Let M be a G-module and let A be any IFSM of M, then A* = {0}
if and only if A = Q.

Proof. If A = Q, then clearly A* = {0}.

Conversely, let A* = 0. Then p4(0) > 0 and v4(0) < 1.

Also, pa(x) =0 and vy(x) =1 for all z(#£ 0) € M. But pa(0) =1 and v4(0) = 0.
Therefore,

1

itz =0 0, ifz=0
=<7 ; =<7 Vo € M.
Ha(@) {Q foz0l VAD {L ifr£0

This shows that A = Q. O

3. DIRECT SUM OF INTUITIONISTIC FUZZY SUBMODULES OF (G-MODULES

Definition 3.1. If A and B are two IFSMs of G-module M, then the sum A+ B is
called the direct sum of A and B if AN B = and we write it as A ¢ B.
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Definition 3.2. Let A; = (ua,,v4,) be IFSMs of a G-module M, then we say that
A = (pa,va) is the direct sum of {A; : i € J} denoted by ®;csA4; if

(i) A=ZXics 4

(i) 4N iengy 4i = Q. Vi€

Example 3.3. Let G = {1,—1}, M = R?> = {(p,q) : p,q € R} is a vector space over
the field R. Then M is a G-module. Define IFSs A = (ua,v4),B = (up,vp),C =

(ne,ve) of M by

1, ifa=(0,0) 0, ifz=(0,0)

palx) =1<0.25, ifx=(p,0),p#0; va(zr)=<05 ifz=(p,0),p#0
0.25, ifx=(p,q),q#0 0.5, ifx=(p,q),q#0;
1,  ifz=(0,0) 0, ifz=/(0,0)

pp(z) =025 ifz=(p,0),p#£0; ve(z)=1405, ifz=(p0),p#0
0, ifz=(pq,q#0 L ifz=(pq)q#0;
1, ifz=(0,0) 0, ifz=/(0,0)

po(x) =025, ifz=(0,9),g#0; ve(z)=<¢0.5 ifz=(0,q),9q#0
0, ifz=(pq,p#0 L ifz=(pq),p#0.

It can be easily verified that A, B and C' are IFSMs of M such that A = B+ C and
BNC=Q.Hence A=B®C.

Theorem 3.4. Let A = (pa,va),B = (up,vp),C = (uc,ve) be IFSMs of G-
module M such that A= B @ C, then A* = B* ® C*.

Proof. Let x € A*, then z € (B® C)* = upgc(x) >0 and vpge(z) < 1

= pupyc(zr) >0and vpyco(z) <1 [ A=B&C=A=B+C,BNC =]

Now, pp+c(T) = Vaeyt-{ps®) A pc(z)} > 0 implies 3's y,2 € M withy +z ==
such that pup(y) > 0 and pc(z) > 0 and thus vg(y) < 1 and ve(z) < 1,

i.e., there exists y, z € M such that y € B* and z € C*, so that z = y+2z € B*+C"*.
Therefore, A* C B* 4 G .ooiiiiiiii e (1)
Again, let © € B* +C* be any element, then 3's y € B*, z € C* such that & = y+ 2
ie., pp(y) > 0,uc(z) >0 and vp(y) < 1,vc(z) < 1 such that x =y + 2

ie, up(y) Apc(z) > 0 and vp(y) Vve(z) < 1 is true for all y,z € M such that
r=y+z

i-e~a \/ac:y—i-z{,u'B(y) A /U'C'(Z)} >0 and /\z:y+z{VB(y) \ VC(Z)} <1

= ppt+c(z) > 0and vpyo(x) < 1ie., pa(z) >0 and va(zr) < 1. Thus z € A*.
Therefore, B*+C™* C A™ .ottt (2)
From (1) and (2), we get A* = B* 4+ C*.

Now, x € B*NC* =z € B* and z € C*

= pp(r) > 0,vp(xr) <1 and pe(r) > 0,ve(x) <1

= pp(x) Apc(z) > 0and vp(z) Vie(z) <1

= upnc(z) > 0 and vpno(x) < 1

= ppno(z) =1and vpre(z) =0[As A=Ba®dC,so BNC=Q] =2 =0.

Thus, B* N C* = 0. Hence A* = B* @ C*. O

Remark 3.5. The converse of the theorem (3.4) need not be true.
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Example 3.6. Let G = {1,-1},M = R?

= {(p,q) : p,q € R} as in example
(3.3).Then M is a G-module. Define IFSs A = (4,

va),B = (us,vB),C = (uc,vc)
of M by
1, if x = (0,0) 0, if x = (0,0)
pa(z) =1<0.25, ifz=(p,0),p ;o valx) =¢0.75, ifz=(p,0),p#0;Vee M
0.5, ifx=(p,q),q 0.25, ifx=(p,q),q#0
1, if x = (0,0) 0, ifz=(0,0)
up(z) =1<0.25 ifz=(p,0),p ;o ve(x) =405, ifx=(p,0),p#0;YzeM
0, ifz=(pqq L, ifz=(pq)q#0
1, if x = (0,0) 0, ifz=(0,0)
po(x) =025 ifx=(0,9),q#0; ve(z)=<¢0.5 ifz=(0,q),q#£0;VeeM
0, ifz=(p,q),p#0 L ife=(pq)p#0

It is easy to verify that A, B and C are IFSMs of M.
Now, A* = {z € R?: pa(x) >0 and va(z) < 1} = R%
Similarly, B* = (R,0) and C* = (0, R). Therefore, we have A* = B* @ C*.

1, ifz=(0,0) 0, ifz=/(0,0)
ppto(z) =025, ifx=(p,0),p#0; vpic(x) =405, ifz=(p,0),p#0
0.25, ifx=(p,q),q#0 0.5, ifz=(p,q),q#0.

Clearly, B+C # Aandso A# B&C.

Definition 3.7. Let M and N be G-modules. Let A = (pua,v4) be an IFSM of M
and B = (up,vp) be an IFSM of N. Consider the direct sum M @& N. We extend
the definition A and B to M & N to get A" = (v, ) and B = (uy,vg) , the
IFSs in M & N as follows

ifn=0 ifn=0
tar(m,m) = pa(m), l " i vy (myn) = va(m), ifn ;V(m,n) € M®N.
0, ifn#0 1, ifn#0’

up(n), ifm=0 vg(n), ifm=20
4 y = 5 ’ ; = . ,\V/ y € M®N.
i (m,m) {07 tmpo = im0 V) € MO

Theorem 3.8. The IFSs A" = (u,,vy) and B = (g ,vy) defined above are
IFSMs of M & N.

Proof. Let x = (my,n1),y = (ma,n2) € M & N,a,b € K,g € G be any elements,
then
palamy +bma); if ang +bng =0

r(ax +by) = py (amy + bmeg, any +bng) =
par( y) = par(ama + bma, any + bna) {0, if any + bny # 0.

Case(i) if any + bng = 0, then
Subcase(i) when both n; = ng =0, then

par(az +by) = puyr (ama +bma) > pa(ma) A pa(ma) = pyr () A g (y).
Subcase(ii) when ny # 0 and ny = 0 then bng = —an; = 0 implies b = 0, so
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e (az + by) = palam +bma) = palamn) > palm) > palm) A0 = () A
4 (y). The subcase when nq # 0 and ne = 0 can be dealt similarly.
subcase (iii) when n; # 0 and ng # 0 then bny = —any # 0, so

o (ax +by) = palamy +bma) > pa(ma) A pa(mz) 2 0A0 = pyr (2) Ay (y).

Case(ii) if any + bng # 0, then
Subcase(i) when ng # 0 and n; = 0 then an; 4+ bng = bng # 0 implies b # 0, so

par(az +by) = 0= pa(mi) N0 =y (z) A py (y)-
The subcase when n; # 0 and ny = 0 can be dealt similarly.
Subcase (ii) when n; # 0 and ns # 0, then

prar(az +by) =0=0A0=py (x) Apy (y).

Thus in all the cases, we see that w4 (ax + by) > w4 () A iy (y).
Similarly, we can show that v,/ (ax + by) < v, (x) Vv (y).
Also,
b (92) = iy (gmy, gny) = § 14l 1om =0
A A ’ 0, if gny # 0.
Case(i) when gny = 0 = ny =0, then

par(9) = ppr (gma, gna) = palgm) = pa(ma) = py ().
Case(ii) when gn; # 0 = ny # 0, then

tar(gz) = pyr (gma, gna) = 0 = py (2).

Thus in all cases we see that u 4 (gz) > py ().

Similarly, we can show that v, (gz) < v,/ ().

Thus, A" is an TFSM of M & N.

In a similar way we can prove that B' is also an IFSM of M @& N. g

Remark 3.9. Since A" = (u,v,), B = (up,vy) are IFSMs of M & N, their
sum A + B’ is also IFSM of M & N. Now, A' N B' = (la'nB' VA’ np' ), Where

1, if (m,n) =0

HaA'AB’ (m7n) = My (m7n) A 12524 (m7n) = {0, if (m’n) # 0

and
0, if (m,n)=0

ie,A NB =q.
1, if (m,n) #0.

mmﬂm@=%ﬂmmv@Wmm={

ie., A + B is infact a direct sum and is denoted by A @ B which is an IFSM of
M ® N.

Remark 3.10. we have A® B = (iagp,vagp) = A + B = (A’ 4B VA" 1B )
where
pasp(m,n) = KA+ B (m,n)
= Vimmn)=(m1,n)+(mama) 1Ha’ (M1,11) A pgr (ma,n2)},¥(m,n) € M © N
= pyu(m,0)Apg (0,n)
= pa(m) A pp(n).
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Similarly, pags(m,n) =va(m)Vuvg(n), v (m,n) € M & N.

Theorem 3.11. Let A and B be intuitionistic fuzzy submodules of G-module M and
G-module N respectively, then (A@® B)* = A* @ B*.

Proof. from remark (3.10) we have A@® B = A" + B’ is the intuitionistic fuzzy sub-
module of G- module M & N

Let (m,n) € (A® B)* tagp(m,n) >0 and vagp(m,n) <1

wa(m) A pp(n) >0 and va(m)Veg(n) <1
pa(m) >0,up(n) >0and va(m) < 1,vg(n) <1
m € A* and n € B*

= m+neA +B".

el

Now,z € A*NB* = x€ A" and x € B*
= pa(x) >0,va(z) <1and pp(x) > 0,vp(x) <1
= pa(x)Apup(x) >0and va(z) Veg(z) <1
= panp(z)>0and vanp(z) <1
= panp(z) =1and vanp(z) =0[ForA® B,ANB = Q]
= z=0.
;. A* 4+ B* is the direct sum denoted as A* @ B*, which is a submodule of G-module
M @& N. Thus (A@® B)* C A* @ B*eeoooeooeeeeevececer. (1)

Further, let (m,n) € A*+B* = me& A" and n € B*

= pa(m)>0,va(m) <1 and pp(n) >0,vg(n) <1
= pa(m)Appg(n)>0and va(m)Veg(n) <1
= pagp(m,n) >0 and vagp(m,n) <1
= (m,n) € (A® B)".
Hence A* @ B* C (A® B) evviiiiiieiiiieece (2)
from (1) and (2) we get (A® B)* = A* ® B*. O
Corollary 3.12. If A and B are two IFSMs of a G-module M, then (A ® B)* =
A* @ B*.

Theorem 3.13. If A;,i € J and B are IFSM of G-module M, where ¥;c jA; is
the direct sum ®;cjA; and if BN Y;cjA; = Q, then B 4+ 3;c 7 A; is the direct sum
B @ (DicsAs).

Proof. Given that ¥;cA; is a direct sum, hence A; N (X;c ;3 A4i) = Q Vi€ J.
Also given that BN X;c;A4;) = Q. Forany x € M,j € J

(AJ N (B + ZlGJ\{]}Al))(x) = (MAjm(B+EriEJ\{j}Ai)('T)7 VAjm(B“FEieJ\{j}Ai)(x))

Now, MAjm(BJrEiEJ\{_”Ai)(ﬂ?)

= KA, (SC) A HB43,e 153 As (:L')
= A, () A Va=yssic gy addms @) M Aien gy pa, (2:) 1], where i, y € M,i € J\{i}

Asian Online Journals (www.ajouronline.com) 43



Asian Journal of Fuzzy and Applied Mathematics (ISSN: 2321 — 564.X)
Volume 04 — Issue 04, August 2016

= A, (y + EZEJ\{j}xZ) A [VI:erEieJ\{j}mi {IU’B(y) A {/\iGJ\{i}p’Ai (Il)}}]

= (\/?E:y+2ieJ\{j}Ii [:uAj (y)/\{/\iEJ\{j}.uAi (xi)}])/\(\/I:y-‘rzieJ\{j}% [:LLB (y)/\{/\ie.]\{j}:uAi, (zl)}])
= Voot e g2 104, () AMNiengiyka, ()} A us(y) Nieagy 1a; (i) }]

= Vamy+ e 2 (104 (W) A s () A Niengiyka, (i) A pa, (i) }]

= va:y+2ieJ\{j}Ii [/‘I’Aij(y) A {/\iEJ\{j},qujﬁAi (xz)}]

1, ify=0,2;, =0vie J\{i}

= CANB=QVj e Jand A:NA; = QVi € j\{i}).
{0, ify#Oorxi#OforsomeiEJ\{i}( ! J e A T

1, ifz=0_
=10 ifx#0[~-x:y+2ieJ\{j}xi]

= po(z)

Similarly, we can show that

0, ifz=0
1, ifx#0

Therefore B + X, s A; is the direct sum B @ (B;c54;).
Thus the theorem is proved.

VAjﬁ(BﬂEieJ\{j}Ai)(x) = { = vo(z)

0

4. DECOMPOSABILITY AND INDECOMPOSABILITY OF INTUITIONISTIC FUZZY
G-MODULES

Definition 4.1. An IFSM A(# Q) of a G-module M is said to be an indecomposable
intuitionistic fuzzy G-module if there donot exists IFSM B and C(# 2, A) of M such
that A = B®C, otherwise A is called a decomposable intuitionistic fuzzy G-module.

Example 4.2. Let M = K = GF(p) be the Galois field, p is a prime, and let
G = M — {0}. Then M is a G-module over the field K. Then the IFS A on M
defined by

1

ifx=0 0, ifx=0
palz)=4" 1 v iovalz)=<" l * Vo e M,
r, ifx#0 s, ifx#0

where r,s € [0,1] such that » + s < 1 is an fuzzy indecomposable intuitionistic
G-module.

Proposition 4.3. Q(M) is an indecomposable intuitionistic fuzzy G-module if and
only if M is indecomposable G-module.

Proof. First let Q(M) be an indecomposable intuitionistic fuzzy G-module.

Let M = P& Q, where P and @ are non-zero proper submodules of a G-module M.
Let x p and x¢ be the charactersistic intuitionistic fuzzy sets on P and () respectively.
Then xp and xg are IFSMs of M such that (xp)* = P and (xg)* = Q.

So M = (xp)* @ (x@)" = (xp @ x@)" = QM) = xpr © xq-

Since P and @ are non-zero proper submodules of M so xp, xq # 2, Q(M).

This contradict that Q(M) is an indecomposable.

Hence M is indecomposable G-module.

Conversely, let M is indecomposable G-module. Let A and B be two IFSMs of
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M such that A, B # Q,Q(M) and Q(M) = A® B. Then M = A* @ B*. Since
A,B # Q(M) so A*, B* # M. Also, if A* = {0} then B* = M and so B = Q(M),
which is not true. This contradicts the fact that M is indecomposable G-module.
Hence Q(M) is an indecomposable intuitionistic fuzzy G-module. O

Theorem 4.4. If a G-module M is decomposable, then there exist a decomposable
intuitionistic fuzzy G-module .

Proof. The result follows from proposition (4.3). O

Remark 4.5. Let M and N be G-modules and f : M — N be a G-module ho-
momorphism. If A = B @& C be a decomposable intuitionistic fuzzy submodule of
G-module M. Then f(A) need not be equal to f(B) @ f(C).

Example 4.6. Let G = {1,-1},M = R?> = {(p,q) : p,q € R} as in example
(3.3) and let N = R, the set of real numbers, then N is a G-module. Define IFSs
A= (pa,va),B=(up,vg) and C = (uc,ve) as in example (3.3).

Then we have A= B & C.

Now consider the mapping f : M — N defined by f(p,q) =p+q V(p,q) € M.
It is easy to check that M is a G-module homomorphism.

(V{pa(z) : f(x) =y}, Mpalz) : fx) =y}), if f7H(y) # ¢

Now, f(A)(y) = {(0, 1), otherwise.

Hence we have fi¢(4)(0) = pa(0,0) V pa(p, —p) = 1V 0.25 = 0.25 and
viay(0) = v4(0,0) Ava(p,—p) = 0A0.5=0.

Also, ppay(p+4q) = paP@+¢0)V pa(0,p+q)Vpuap.q) VvV pale,p)
= 0.25V0.25V0.25V 0.25
0.25

and vy (p+4q) = valp+¢,0) Ava(0,p+q) Ava(p,q) Avalq,p)
0.5A0.5A0.5A0.5
= 0.5

Thus,

(1,0), ify=0
(0.25,0.5), ify#0
It can be easily checked that f(A) = f(B) + f(C), but f(B)N f(C) # Q implies
that f(A) £ [(B) ® (C).

,Vy € R.

5. CONCLUSIONS

In this paper, we introduce the notion of direct sum of intuitionistic fuzzy sub-
modules of G-module. This notion is very useful in studying some properties of
intuitionistic fuzzy G-module like projectivity, injectivity and semi-simplicity of in-
tuitionistic fuzzy submodules in term of exact sequences. This work is under progress

[22].
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