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ABSTRACT---- In This paper we study the stability of a trivial solution of certain nonlinear delay differential
equations of the form x(t) = F(¢,x,) — (1.1) where x,; = @, - (1.2) for us to improves on the existence
literature, equation (1.1) was re-written as a perturbation of the linear homogeneous system of the form y'(t) =
=0 4,0y (t—5®) + [ Bt O) y(t+6)d6 > (1.3)  and  x(t) =X =0 4;(O)x(t—7;(0) +
—6O0BLO xt+0df +htxt—1.4 and we use existences an uniqueness theorem of a linear system to establish
sufficient conditions that guarantee the stability of the trivial solutions of a certain class of nonlinear delay

differential equations. The goal of this paper is to give a simple criterion for the stability of (1.1) when re-written as a
perturbation of a linear homogeneous system of the form (1.3) and (1.4).

Keywords---- Stability, Trivial solution, nonlinear delay differential equations,(DDES) Perturbation, linear and
homogeneous system

1. INTRODUCTION

Delay differential equations (DDE) have been studied extensively for the past 60 years. They have Applications in
domains as diverse as engineering, biology and medicine where information transmission and/or response in control
system is not instantaneous. For a good introduction to the subject, see [8] works that has been done treats DDES with
one or a few discrete delays. A number of Realistic physiological models however include distributed delays and a
problem of particular interest is to determine the stability of the steady state solutions. For applications in physiological
system see [10,11,11 3,1,2].

The study of machine tool dynamics has led to many problems involving delay differential Equations (DDES)
Bakhandran [4]. For example in turning operations, a cutting tool passes over a work Piece many times successively.
The forces on the tool depends on the chip thickness which dependents on the tool’s current position and its position on
previous revolution of the work piece, thus introducing a delay effect. The delay effect of the irregularities can introduce
self-sustained oscillations of the tool against the work piece, called regenerative chatter. This phenomenon has been
studied by Tlusty and placek[16] and Tobias[117] as early as the 1960’s. Therefore, being able to determine the Nature
of the bounded delay solutions to differential equations, it is crucial to determining the quality Of the work piece
surface finish. Reader refer to obtain literature[3,5,6,7,9,12,14,15].

In this paper will consider the DDE initial value problem

x (t) = F(t;,x,) » 1.1

Xy = P > 1.2

Where Cp, = C([-1,0],D),F: (a,o) X C = R, ty > a,PyeCp and D is an open subset of R™, we will Assume that
F(t, ) is continuous, locally Lipschiz with repect to ¢ and quasi-bounded on its domain, So that existence of a unique

non continual solution to the initial value problem is guaranteed.

In order to study the stability of the trivial solution of the nonlinear DDE of the form (1.1), we write it as
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Perturbation of the linear, homogeneous system of the form,

Y (©) = S Aj©y(t = j(©) + [ B(t,6) y(t + 6)d6 > 1.3

Defining

h(t, @) = F(t,9) — X1y AjDe(-1j(©) — f_oa B(t,0) ¢(0)dh, and equation (1.1) can then be

Rewrittenas ~ x (¢) = X0 4j(©)x(¢ — 7j(©) + [ B(6,6) x(t + 0)dO + h(¢y,x,) - 1.4
2. NOTATIONS AND DEFINITIONS

Definition 2.1; The DDE (1.1) is called autonomous if F is independent of t, i.e. F = F(x,) , otherwise it is called
nonautonomous

Definition 2.2. An equilibrium solution of (1.1) is a constant solution x(t) = x* t =« —r The trivial solution (or zero
solution) of (1.1) is the equilibrium solution x(t) = 0t >« —r

Note that equation (1.1) admits the trivial solution only if 0eD and F(t,0) =0 forall t > ie. ifp(0) =0,—r <6 <
0=F(t, o) =0t >

Definition 2.3. The trivial solution of (1.1) is said to be stable at t,(t, > «). If for each € > 0 there is § = §(¢,ty) > 0
such that whenever ||@,||r < §, the solution (1.1) (1.2) exist On [t, —r, o) and [|x(t)|| < € for all t = t,. Otherwise
the trivial solution is said to be Unstable at ¢t

Definition 2.4; The trivial solution of (1.1) is said to uniformly stable on (a, ) if it is Stable at each t, > «a and the
number & is independent of ¢,

Definition 2.5; The trivial solution of (1.1) is said to be asymptotically stable at ¢, if It is stable at t, and there exists
61 (ty) > 0 such that whenever ||@,||r < §; the solution Of (1.1) and (1.2) satisfies lim,_,..|[x(¢t)]| = 0

Note that this is sometimes referred to as local asymptotic stability as it only applies to Solutions with initial functions
“close enough” to the trivial

3. PRELIMINARY

We begin with a few preliminary results about (1.3) which will enable us to establish the main results for (1.4).

Lemma 3.1; the trivial solution of (1.3) is uniformly stable if and only if there exists a Constant M; (= 1) such that for
any t, > a and any @,e c, the solution of (1.3) and (1.2) Satisfies ||y (t)|| < M;||®ollr forall t = t, — 7. (1.5)

Proof; suppose that the trivial solution of (1.3) is uniformly stable and let e = 1 and § = min(a(1),1). then ||y (®)|l <
1 whenever ||&;y|lr < § and t > ty, > a. Define M; = %clearly (1.5) holds if @, = 0. Consider an arbitrary &, # 0 then
for each 67€(0, ), the solution y Of (1.3) with the initial condition y, = §*®,/||P||r satisfies||y|| < 1. By linearity the

Solution of (1.3) with the initial condition (1.2) is y(t) = ||®,||r/6*y and hence satisfies ||y (t)| < % forall t >t
ll@ollr

Now for each fixed t, > a and t = t, let §* — 6§, to find ||y (®)|| < —

inequality also holds for t; —r <t <t,

= M, ||[Dgl|lr which implies M; > 1 so this

Lemma 3.2. (Halanay [1966] ).
Let K and P be constants with0 < p < k. Let v be a continous nonnegative function on [ t, — r, 8] satisfying
v (t) < —kv(t) +pllvllr forty<t<p

e/l(t— to)

then [lv(@®)|l < ||vt0||r forty <t < p.

Where A is the (unique) positive solution of A= k — pe’”
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Proof; The proof that A= k — pe?” has a unique positive solution requires only simple argumenst from calculus, which
is trivial.

A(t—tg)

Define w(t) = ||v,,||r* forty—r <t <pandk > 1 be arbitrary. Note that w

Satisfies w (t) = —kw(t) + pw(t — 1) and v(t) < kw(t)for ty —r <t < t,. now suppose (for Contradiction) that
v(t) = kw(t) for some te(ty, B). then, since v and w are continous,

There must exist t;e(ty, B) such that v(t) < kw(t) forty—r <t < t; and v(t;) = kw(ty).
This could not occur if v (t;) < kw (t;). But on the other hand,

v (t) — kv(t)) + p||vt1||r

< —kkw(t)) + pkw(t —1)

= kw (t).

This is a contradiction. Thus we conclude that v(t) < kw(t) fort, <t < B. Since k > 1 is arbitrary, it follows that
and v(t) < w(t). This completes the proof.

4. THE MAIN RESULTS

Theorem 4.1; the trivial solution of (1.3) is uniformly asymptotically stable if and only If there exist constants M > 1
and k > 0 such that for every (ty, ®,)e(a, ©) X c, the Solution of (1.3) and (1.2) satisfies.

—K(t—tg)

ly(®Il < M||Dg]Ire forallt >t, (4.1)

—K(t—tg)

Or, equivalently, [ly, [lr < Me*" [|®,||re forallt>t, (4.2)

Proof; assume that the trivial solution of (1.3) is uniformly asymptotically stable. Then It is uniformly stable, and by
Lemma 3.1 given t, > Fa and @€ c . there exist a constant M; = 1 Such that the solution of (1.3)-(1.2) satisfies
ly@OIll < MyllPgllr, forallt =ty —r

Now let §; > 0 be as in the definition of uniformly asymptotic stability. Then if we take

n= 52—1, there exists T> 0. Such that for every t, > a and ®ye ¢ with ||Dyl|r < 51|yl < 52—1 forallt >ty +T.

Consider any @, # 0. Then it can be shown using linearity (as in the Proof of lemma 3.1) that for each &,"¢ (0, §;) the
solution of (1.3) and (1.2) satisfies

ly®Ill < 2‘;11* |Dollr forallt =ty +T. Now for fixed t, > aand t > t, + T, let 6, - &,. To

Find [ly(©)ll <5 ll@ollr for all t = t +T. This implies that

ly,llr < %llqbollr = %||yt0||r forallt >ty +T +r. Repeated application of this inequality
Gives, fortg + k(T+r) <t <ty + (k+ (T +1r),

lyellr < 27l ®gllr = l|@gllre™ Ik, k = 1,2, ...

It follows that ||y, ||r < ||@g|lre=Un DE=to=T=)/T+1) = 2|, ||re~n 2E=t0)/(T+) For

t =ty + T + r. This, combined with the inequality (1.5), gives for all t > ¢t,,

ly, llr < 2M;||@g|lre=(n 2E=t0)/(T+1) Taking M = 2M;e X" and k = (In2)/(T + r) yield the Result. This completes
the proof.
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Corollary 4.1; if the trivial solution of (1.3) is uniformly asymptotically stable, zj(t) is Continuous and 7 j(t) # 1, then
foreacht > 0 > a and each £ eR™, The solution (1.3)

And the initial condition.

_ OtO—T‘,St<t0
y(t)—{f =t }4.3

Satisfies ||y (t)|| < M||¢|le ¥t Forall t > t, Where M and k are the same as in Theorem 4.1

Proof; Let u(8) be the unit step function, i.e.

o= (7= Z0)

Then the initial condition (4.3) can be written y,, = &u. Approximate u by the Continuous functions

0 —rse<—§}

u(l) = ,
L9+1—759s0

Now let y(t) be the solution to (1.3), (4.1), (4.2) and (4.3) and let y(1)(t) be the solution Of (1.3) and the initial
condition y,, = &u(l). Consider, for t > t;

YO-yO© = [ {B Ai)[3(s = () =y (s = ()] + [, BES, ) (s +8) — y()(s + 6)]d6}

Aj(s)
1-7j(s)

Defining K;j(t) = max; << || . j=01,..m,

K41 (8) = rmax, <<t —r<p<o SUplIB(s, 0)|| and k(t) = Z]’-";Bl kj(t), we find fort = ¢,

19 —yDOI < T ki) fi,_;II)?(S) —yMllds < k@IIEIl5; + k(t) ffollff(S) -y ©)llds.
By Generalized Gromwell’s Lemma,

1900 = yL®Il < k@ glle* Ot for ¢ > ¢,

But, since Eu(l) € C, we can apply Theorem 4.1 to obtain

19O < 190 =y OIl + llyL 1l < - k@IElle* @10 + M||g[le~*=t0) for ¢ > t,. since this Holds for each », we
can let x— oo to obtain the result. This completes the proof.

Theorem 4.2; Let the trivial solution of (1.3) be uniformly asymptotically stable and let M and K be The constants in
theorem 4.1. If for some constant Ne (0, %)

[|h(t, )|l < Nlle@llr, for all (t, )e(a, ) X Cp, Then the trivial solution of (1.4) is also uniformly Asymptotically
stable.

Proof; Let 0 < N <% and let h satisfy the condition given. Let (t,, @y)e(a, ) X Cp, be given, and let x(t) be the
unique, noncontinuable solution of (1.4)-(1.2) as x(t) = xg + x, fortg —r <t < By

Where is the solution of (1.4)-(1.2) and
x“ﬂzﬁC@QM&%Ms=gzwﬂm.

Then [lx(OIl < llxp (O + f;)IIZ(t; s)llds.
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Since the trivial solution of (1.3) is uniformly asymptotically stable, there exist constants M, k > 0 Such that for all
DyeCp. |lxe (@)l < M||Pyllre ¥ E—t0 for t > ¢,

Whish implies that Z(t; s) = C(t; s)h(s, x,) satifies the initial problem.
== L AJO) 2(t = Tj(0); ) + [2, B, 0)2(t + 0;5)d6,s < t < By

0, s—rSt<s>
h(s,x;), t=s

Z(t;s) = (
It follows from corollary 4.1 and the hypothesis on h that

lz(t, )|l < M||h(s; x5)lle™*E=) < MN||x||lre ),

Thus [|lx(t)|| < M||®g|lre k) 4 f:o MN||x,|lre %€= ds for t, <t < B,.Now define

M|yl to—T<t<t
v(t) = M||®y|lre k¢t 4 gkt ftto MN||x|lre ¢ ds fort, <t < B, )’

Then V is continuous and nonnegative, and ||x(t)|| < v(t) for t, —r <t < ;. moreover, For t, <t <p; v (t) =
—kv(t) + MN||x.||r < —kv(t) + MN||v,||r. Since MN < k, it follows

From lemma 3.2 that ||x(t)|| < v(t) < M||®,|lre ¢t for t, < t < B;, where A is the
unique positive solution of A= k — MNe?". Recall that D= {£||€|| < H}, for some H > 0.
Then provided M||®,||r < H,— 4.4. Guarantees x(t)eD forty, <t < f;.

So ||lx(®)]]| < M||®,llre 2t for t > t,. This completes the proof.

Below are useful applications of this theorem.

Example 4.1 (Linear DDE’S as Perturbations of linear ODE’S)

Consider the linear system.

x () = Ag(Ox(0) + XL, Aj(O)x(t — 7j (1)), - 4.5

Where each aj is a continuous matrix-valued function, and each zj is continuous with 0 < 7j <r forallt > a.
Suppose that the trivial solution of y (t) = Ay (t)y(t) — 4.6 isUniformly asymptotically stable, so that given t, > a and
Vo€R™ there are constants

M>1land k>0, Such that the solution (4.6) with initial condition y(t,) =y, satisfies
ly(®)l < M|ly,lle *¢=t0) for all t > t,. Regading (4.6) as a DDE, this gives

ly@Il < Mll®ollre ™t for t > ¢, .

where ®yeC with @,(0) = y,. it now follows from Theorem 4.2 that the trivial solution of (4.5) is uniformly
asymptotically stable provided that there is a number N such that

LAl < N <% forallt > a.

5. REFERENCES

[1]. An der Heiden U. Mackey M.C; The Dynamics of Production and Destruction. Analytic Insight into Complex
Behavior, J.Math. Biology, 16(1982),75-101

[2]. An der Heiden U. Mackey M.C; The Dynamics of Recurrent Inhibition, J. Math. Biology, 19(1984),211-225
[3]. Bellman, R. ands Cooke, K. (1963). Difference Equations. Academic Press, New York.

Asian Online Journals (www.ajouronline.com) 15




Asian Journal of Fuzzy and Applied Mathematics (ISSN: 2321 — 564X)
Volume 04 — Issue 02, April 2016

[4]. Balachandran B. Nonlinear dynamics of milling processes, Phil, Trans. R. Soc. Lond. A, 359 (2001) 793-819

[5]. Cushing J. (1977), Integro differential Equations and Delay models in Population Dynamics, VVolume 20 of
Lecture Notes in Biomathematics. Springer —Verlag, Berlin; New York.

[6]. Drive, R (1977) ordinary and Delay Differential Equations. Springer —Verlag, Berlin; New York.

[7]1 .Edwards, C. and Penney, D. (2000), Differential Equations and Boundary Value Problems. Prentice Hall,
Upper Saddle River, N.J.

[8] .El’sgol’ts, Introduction to the theory of differential equations with deviating argument’ Holden-Day,1966

[9] .Ebiendele E.P. (2010) on the Boundedness and Stability of Solutions of certain third-order non-linear
Differential Equations. Archives of Applied Science Research, 2010, 2(4); 329-337.

[10] .Glass L.Mackey M.C, Pathological conditions Resulting From Instabilities in Physiological control system,

Annals of the New York Academy of sciences 316(1979),214-235
[11].  Glass L.Mackey M.C “From clocks to Chaos’’ Princeton university press, 1988

[12].  Gilsinn D.E. Discrete Fourier Series approximation to periodic solutions of autonomous delay differential
equations, proceedings of IDETC/CIE 2005; ASME 2005 International Design Engineering Technical Conferences and
Computer and Information in Engineering Conference, September 24-25, Lung Beach, CA (CD Rom).

[13]. Hauie C; D.C. Dale, Rudnicki R, M.C Mackey, Modeling Complex Neutrophil Dynamics in The Grey Collie,
J.THEOR.biol.(in press)(2000)

[14] .Mac Donald N. Biological Delay Systems; linear stability theory, Cambridge University Press. Cambridge,
1989.

[15] .Paul C.A.H, Developing a delay differential solver, Applied Numerical Mathematics 9(1992) 403-414.

[16].  Tlusty J. and Polacek M. The Stability of Machine tool against self-excited vibration in Machining, Proc. Conf.
on International Research in Production Engineering, Pittsburgg, PA, USA, (1963), 465-474.

[17 ]Tobias S.A. Machine-Tool Vibration, Wiley, 1965.

Asian Online Journals (www.ajouronline.com) 16




