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1. INTRODUCTION

The Banach contraction principle is the first important result on fixed points for contractive-type mappings, many
authors have obtained interesting extensions and generalizations of the Banach contraction principle. The concept of
Ciric contraction and JS-contraction have been introduced, respectively, by Ciric [6] and Hussain et al.[4]. In this paper
we introduced Ciric type and JS type — contraction and established some fixed point theorems for such contraction in
complete 2 — metric spaces.

2. PRELIMINARIES

Definition 2.1.([2, 3, 17])
A 2-metric space is a set X with a real valued non -negative function is defined on X x X x X such that
(i) forallx,yeX, (x#Yy), there exists a point z € X such that 6(x, y, z) #0
(i) o(x,y, z) = 0 ifat least two of points X, y, z coincide.
(iii) o(x, y, 2) = o(X, 2, y) = o(y, z,X) = o(y, X, 2)
(iv) o(x,y,2) < o(x,y,w) + o(x,w,z) + o(w,y, z)

The function o is called 2-metric for the space and (X, o) is called a 2-metric space.

Definition 2.2 : ([6, 7])

Let (X, o) be a 2 — metric space. A mapping T : X — X is said to be Ciric type contraction.
If there exist non negative numbers a, b, ¢, d with0 <a+2d<1,0<b<1,0<c+d <1, Such that
o(Tx, Ty, z) < ao(X,y, z) + bo(x, Tx, z) + co(y, Ty, z) + d[o(x, Ty, z) + o(y, Tx, z)] forallx,y, z€X, Q)

Definition 2.3 : ([8])
Let (X, 6) be a 2 — metric space. A mapping T : X — X is said to be JS type contraction.
If there exist y € ¥ and non-negative numbers. a, b, ¢, dwith0<a+2d<1, 0<b<1, 0<c+d<1, Such that

v [o(Tx, Ty, 2)] < [w(o(x, ¥, 2))I* [w(o(x, Tx, 2)1° [w(o(y, Ty, 2)I° [w(o(x, Ty, 2) + o(y, Tx, )] forall x, y, ze X, (2)
Where Y is the set of all functions y : [0, ©) — [1, o) satisfying the following conditions:

(y1) v is non-decreasing, and y(t) = 1 if and only if t = 0;
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Lim . ., Lim
(y2)  for each sequence {tn} c (0, ), w(t,) =1if and only if t, =0;
n— oo n— o

(ys)  thereexistr € (0,1) and £ € (0, o] such that t:”3+ '//(:2_1 =
(ya) y(a+b+c)<wy(a) yb) y(c) forall a, b, c>0.

Definition 2.4 : ([17])
A sequence {x,} in X is said to be Cauchy sequence if for each z € X,
lim J(xn,xm, z) =0
m,n—co
A sequence {X,} in X is convergent to an element x € X if for each z € X,
lim a(xn,x, Z) =0
n—oo
A complete 2 — metric space is one in which every Cauchy sequence in X converges to an element of X.

Definition 2.5. ([3])
A mapping T : X — X of a 2-metric space (X, ¢ ) in to itself is said to be asymptotically regular at a
point x € X
.. lim
if a(‘l’”x, T”*lx,z)zo, (z € X).
n— o

3. MAIN RESULTS

We first introduce a new 2-metric p in a given 2- metric space (X, o) induced by the metric o,
Define, [11], p(x, ¥, 2) = n(o(x, y, 2)) = In(y[o(x, ¥, 2)])

Fory € W and t € [0, ), set n(t) = In(y(t)). Then n : [0, 0)—[0, ) has the following properties:
(M) 7 is non-decreasing, and 1 (t) = 0 if and only if t = 0;

Lim Lim
C t,)=0if ly if t. =0:;
(M) for each sequence {tn} < (0, ), N OO77( ) =0if and onlyi C et 0;

(Ma) n@+b+c)y<n(@mn@®d)n(c)foralla, b,c>0.

Lemma 3.1: [11] Let (X, o) be a 2-metric space then (X, p) is a 2-metric space,
where p(x, , 2) = n(6(X, » 2)) = In(y[o(x, y, 2)]).
Proof: Foreach Xy, z € X. we have
o(x, y, z) = 0 if at least two of points X, y, z coincide
this imply n(o(x, y, z)) = 0 if at least two of points X, y, z coincide, by (11)
Hence
0] p(x,y, z) =n(o(x, y, z)) = 0; if at least two of points x, y, z coincide,
(i) p(X, ¥, 2) =n(o(x, y, 2)) =n(c(X, z, y) = p(X, z, y); similarly we get
p(X, ¥, 2) = p(X, 2, y) = p(¥, X, 2) = p(¥, Z, X) = ...
(i) p(x,y,2)=n(o(x,y, 2))

<n(o(x, y, w) +o(x, w, 2)+ (o(W, y, 2))
<n(o(x, y, w)) + n(o(x, w, 2))+ n(o(W, ¥, 2))
<p(x, y, W) + p(x, W, 2)+ p(W, y, z)

Hence (X, p) is a 2-metric space.

Lemma 3.2: Let (X, o) be a 2-metric space with y € ¥ then (X, p) is complete if and only if (X, c) is complete.
where p(x, y, z) =n(o(x, y, 2)) = In(y[o(x, y, 2)]).

Proof:
Suppose that (X, o) is complete and {x,} is a Cauchy sequence of (X, o).
. Lim Lim
i.e P(Xys Xy, 2) =0. then we have n(o(Xp, Xm,2)) =0.
m,n — oo m,n — oo

Lim
and hence o(Xn, X, 2) =0 by (m2).
—> 00
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Lim
More over by completeness of (X, o) there exists x in X such that " o(X,,X,z)=0 and so
—w

Lim Lim
p(Xy, X, 2) = n(o(x,,%2)) =0 by (n2).
n— o n— oo

Hence (X, p) is complete.
Similarly we can prove if (X, p) is complete then (X, o) is complete.
Hence the proof.

Lemma 3.3: Let (X, o) be a 2-metric space and T : X — X be a JS type contraction with y € ¥ then T is a Ciric type
contraction in (X, p).

Proof: Forallx,y,zin X

p(Tx, Ty, z) = n(o(Tx, Ty, 2)) = In(y[o(Tx, Ty, z)])
<In{[y(o(x. ¥, 2)]" [y(o(x, Tx, 2)I" [W(5(y, Ty, 2)]° [y(o(x, Ty, 2) + o(y, Tx, 2))]}
<aln[y(o(x, y, 2))] + b In[y(o(x, Tx, 2))] + ¢ In[y(c(y, Ty, 2))] + d [In(y(o(x, Ty, 2)) + In(yo(y, Tx, 2))]
<ap(x,y,z) +bpx, Tx, z) +cp(y, Ty, z) + d[p(x, Ty, z) + p(y, Tx, z)] for all x, y, z € X,

that is, (1) is satisfied with respect to the metric p, and hence T is a Ciric type contraction in (X, p).

Theorem 3.4
Let (X, 6) be a complete 2-metric space and T : X — X be a mapping such that the following condition is
satisfied.
o(Tx, Ty, z) < a o(x, y, z) + bo(x, Tx, z) + co(y, Ty, z) + d[o(x, Ty, z) + o(y, Tx, z)] forall x, y, z € X,
0<a+2d<1,0<b<l,0<c+d<1 3)
If T is asymptotically regular at some point of X, then T has a unique fixed point in X.

Proof: We shall assume that T is asymptotically regular at a point x € X and consider the sequence {T"x}. Then
o(T™x, T'x, z) <a o(T™'x, T"'x, z) + bo(T™'X, T™x, ) + ¢ o(T"'X, T"x, 2) + d[o(T™'X, T"x, z) + o(T""x, T™, 2) ]

<a [o(T™X, T, T") + o(T™*x, T, z) + o(T"X, T"'x, 2)] + bo(T™*x, T™x, z) + ¢ o(T"'x, T"X, 2)
+d [o(T™X, T, T™) + o(T™x, T™x, z)+ o(T™ T"x, 2)+ o(T"*x, T™, T"%) + o(T"*x, T"X, Z)
+o(T"x, T™, 2)]
<a [o(T™, T" %, T™x) + o(T™x, T"X, T™x) + o(T™X, T"x, z) + o(T™X, T"X, z) + o(T"X, T"x, 2)]
+bo(T™X, T™x, z) +c¢ o(T"x, T"x, z) + d [o(T™x, T"X, T™x) + o(T™x, T"X, 2)
+o(T™ T, 2)+ o(T™ X, T™, T"x) + o(T" X, T"x, 2) + o(T"x, T"X, 2)]

(1-a-2d)o(T™, T"x, z) < (2a + b + 2d) o(T™x, T"x, z) + (2a + ¢ + 2d) o(T" %, T"X, Z)

(2a+c+2d)

m n < (2a+b+2d)
o(TX, T'x,z) S—= a2

< o(T™x, T™x, z) +
(1-a-24d)

Since T is asymptotically regular at x.

o(T™, T"x, z) — 0 as m, n — oo;

Hence {T"x} is a Cauchy sequence.

o(T"x, T"X, 2)

Lim
Since (X, o) is complete, there exist a point u in X such that T"x=u.
n— oo

Suppose that u is not a fixed point of T
Then by (3), we obtain
o(u,Tu,z) < o(u, Tu, T'X) + o(u, T"x, z) + o(T"X, TU, 2)
<o(u, Tu, T'%) + o(u, T"%, z) + a o(T"'x, u, z) + b o(T"*x, T"x, ) + ¢ o(u,Tu, 2)
+d [o(T""x, Tu, z) + o(u, T"X, 2)]
< (1 +d) o(u, T"%, ) + a o(T"x, u, 2) + b o(T™*x, T"x, ) + ¢ 6(u, Tu, z) + d [o(T"'x, Tu, z) + o(u, T"X, 2)]

Taking the limit as n — oo, we obtain o(u, Tu, z) < (c + d) o(u, Tu, z)
Which contradicts (¢ + d) < 1 unless u = Tu,

Suppose T has second fixed point v in X. Then by (3),

We obtain 6(u, v, z) < (a +2d) o(u, v, z)

Since (a + 2d) < 1 it follows that u = v.

Hence the fixed point is unique.

Theorem 3.5 [14]
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Let (X, o) be a complete 2-metric space and T : X — X be a JS type contraction then T has a unique fixed point.

Proof:
Let x in X be an arbitrary point in X, for some n € N, we have T"x = T"*x then T"x will be a fixed point of T.

So, without loss of generality, we can suppose that o(T"x, T"*1x, u) >0 foralln € N
Then by (2), we obtain
y[o(T", T™x, 2)]

< [W(o(T"% T%, ) [w(o(T™x, T, 2)I” [w(o(T%, T, 2)]° [w(o(T™x, T"x, 2) + 6(T"%, T, )]’

< [w(o(T™™, T, 2))I* [w(o(T™*x, T, Z))]° [w(o(T"X, T™X, 2))I° [w(o(T™*x, T"x, T"x ) + o(T"*x, T"X, Z)

+6(T", T™x, 2))]°
< [w(o(T™X, T, 2))]**°* 2 [y(s(T"%, T"*x, 2))I°**
a+b+2d

w(o(T"X,T"™x 2) <[w(cT"*x,T"x,z))] ¥¢¢ ,vneN

a+b+2d [
w(e@ "% T"™x 2) < (eI T "% 2] ¢-0 . <.[w(o(xTx 2)]
Letting n — o in (4), we obtain

a+b+2d Jn

1l-c—d @)

ylo(T"x, T™'x, z)] - 1 asn — o

PRI : Lim n n+l
which implies from (y,) that o(T'x,T"7x2)=0 5)
n—o

Lim "X, T"x, z)-1
From condition (y3), 3r € (0, 1) and € € (0, o] such that w(o(Tx, .7) =/

n— oo (G(T nX,T n+1X, Z))r

Suppose that £ < . In this case, let B=£/2 > 0.
From the definition of the limit, there exists nyg€ N, such that

|1//(o-(l'"x,T"+1x, 7)-1
‘ (a(T "x, T ", z))r
w(o(T"x,T"x 2)-1

(a(l’ My, T "X, z))r
then n[o(T"X, T™'X, 2)]" < nA [y(o(T"x, T™'x, z)) — 1], where A = 1/B.
Suppose now that £ = oo, let B > 0 be an arbitrary positive number.
From the definition of the limit, there exists nyg€ N, such that

— /| < B, for all n > n,.

= >(-B =B,

w(o(T"x,T"x 2)-1 N

(o-(T "x, T "y, z))r
= n[o(T", T™X, 2)]" < nA [y(o(T"x, T"'x, z)) — 1], where A = 1/B , for all n > ny.

Ba

Thus in all cases 3A >0 and ny€ N such that
n[o(T", T™X, 2)]" < nA [y(o(T"x, T™x, z)) = 1], for all n > ny.

Using (4), we obtain

a+b+2d n
lcd ) _4

o™ T " 21" <nA [w (o (x,Tx, z)]{ 6)

Lim
Letting n — oo, in (6), we obtain . n[o(T"x, T "X, 2)]" =0. Thus, there exists n;€ N such that
— ®

1
o(T n X, T n+1X, 7)< foralln>n;
n@ rj
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Now for m > n > n,, we have

m1 nt g
a(T“x,me,z)£Za(T'x,T'+1x,z)£ —
i=n i

0K

m-1
Since 0 < r < 1 then Z_l converges and hence o(T"X, T"x, z) — 0 as m, n — oo.

Gy

Thus {T"x} is a Cauchy sequence.

Lim
Since (X, o) is complete, there exist a point u € X such that 0 T"x=u.
— o

Suppose that u is not a fixed point of T

Then by (2), we obtain
v(o(u,Tu,z)) < y[o(u, T"x, z) + o(T"x, Tu, z) + o(u, Tu, T"X)]
<wy(o(u, T, 2)) y(o(T"x, Tu, 2)) y(o(u, Tu, T"X))
< w(o(u, T, 2)) y(o(u, Tu, T')) [w(o(T™X, U, Z))I* [y(o(T"™x, T, 2))I° [w(o(u, Tu, H)I°
[w(o(T™x, Tu, z ) + o(u, T"X, 2)]°
Taking limit as n — o
w(o(u,Tu,2)) < [y(o(u,Tu,z))]° "
which is contradiction, since 0 <c+d <1. = o(u, Tu, z) = 0.
ieTu=u.
Suppose T has second fixed point v in X then by (2), we obtain
y(o(u, v, 2))
=wy(o(Tu, Tv, z))
< [w(o(u, v, 2)))° [y(o(u, Tu, 2))I° [y(o(v, Tv, 2))I'Ty(o(u, TV, 2) + o(v, Tu, 2))]°
< [w(o(u, v, )™
which is contradiction, since 0 <a+2d < 1. =0c(u, v, z) = 0.
It follows that u = v.
Hence the fixed point is unique.

Theorem 3.6

Let (X, 6) be a complete 2-metric space and T : X — X be a JS type contraction. If T is asymptotically regular at
some point of X, then T has a unique fixed point in X.
Proof:

Since (X, o) is Complete 2-metric space. (X, p) is also a Complete 2-metric space by Lemma3.1 and Lemma 3.2:
Also T is a Ciric type contraction in (X, p) by Lemma 3.3,
Therefore T has a unique fixed point in X by Theorem 3.4:, The proof is complete.
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